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ABSTRACT
FLUCTUATIONS AND DISSIPATION IN A THERMALLY 
CONDUCTING, VISCOUS, HYDRODYNAMIC MEDIUM
by
KARL SUNDKVIST 
U n i v e r s i t y  o f  New Ham pshire ,  May 1979
The b e h a v io r  o f  small am p l i tu d e  f l u c t u a t i o n s  from e q u i l i b r i u m  in  a 
com press ib le  f l u i d  medium w ith  small v i s c o s i t y  and the rm al c o n d u c t i v i t y  i s  
c h a r a c t e r i s e d  by t h e  f l u c t u a t i o n s '  G re e n 's  f u n c t i o n s .
The hydrodynamic model i s  com prised  o f  t h e  mass,  momentum and en e rg y  
c o n s e rv a t io n  e q u a t io n s  and t h e  thermodynamic c o u p l in g  o f  low f r e q u e n c y ,  small 
wavenumber f l u c t u a t i o n s .  From t h e  hydrodynamic model,  f i e l d  e q u a t io n s  g o v ern ing  
th e  f l u c t u a t i o n s  o f  t h e  thermodynamic p r o p e r t i e s  and o f  t h e  v e l o c i t y  a r e  de ­
r iv e d .  The t r a n s v e r s e  component o f  v e l o c i t y  obeys a t r a n s v e r s e  v i s c o u s  d i f f u s i o n  
equa t ion  whereas th e  l o n g i t u d i n a l  v e l o c i t y  and thermodynamic p r o p e r ty  f l u c t u a t i o n s  
a l l  s a t i s f y  th e  same s c a l a r  th e r m a l - v i s c o u s  f i e l d  e q u a t i o n .  A v e c t o r i a l  th e r m a l -  
v iscous  f i e l d  e q u a t io n  f o r  t h e  t o t a l  v e l o c i t y  v e c to r  f l u c t u a t i o n  s im u l ta n e o u s ly  
in c lu d e s  th e  t r a n s v e r s e  v is c o u s  d i f f u s i o n  and l o n g i t u d i n a l  t h e r m a l - v i s c o u s  
e f f e c t s .
The impulse G re e n 's  f u n c t i o n s  1n t r a n s fo rm e d  domain a r e  d e r iv e d  from th e  
s p a t i a l l y  and te m p o ra l ly  F o u r ie r  t r a n s fo rm e d  f i e l d  e q u a t i o n s .  A s c a l a r  d i f ­
f u s iv e  type im pulse  G re e n 's  f u n c t io n  i s  o b ta in e d  f o r  t h e  t r a n s v e r s e  v e l o c i t y  
f l u c t u a t i o n  and a s c a l a r  t h e r m a l - v i s c o u s  ty p e  im pulse  G re e n 's  f u n c t i o n  i s  
o b ta in ed  f o r  t h e  f l u c t u a t i o n s  o f  l o n g i t u d i n a l  v e l o c i t y  and thermodynamic p ro -
x i i
p e r t i e s .  A t e n s o r i a l  t h e rm a l - v i s c o u s  v e l o c i t y  G re e n 's  f u n c t i o n  i s  d e r iv e d  and 
se p a ra te d  I n to  t r a n s v e r s e  and l o n g i t u d i n a l  com ponents .  The l o n g i t u d i n a l  compo­
n en t  c o n s i s t s  o f  t h e  s c a l a r  th e r m a l - v i s c o u s  im pulse  G re e n 's  f u n c t i o n  and a 
l o n g i t u d in a l  p o l a r i z a t i o n  t e n s o r  w hereas  t h e  t r a n s v e r s e  component c o n s i s t s  o f  
both  t r a n s v e r s e  v isc o u s  and the rm al d i f f u s i v e  G re e n 's  f u n c t i o n s  and a t r a n s ­
v e rse  p o l a r i z a t i o n  t e n s o r .
I n i t i a l  c o n d i t io n  G re e n 's  f u n c t i o n s  a r e  d e r iv e d  from t h e  H i l b e r t  t r a n s ­
formed s c a l a r  f i e l d  e q u a t io n s  v ia  Kubo's fo rm u la .  A s c a l a r  d i f f u s i o n  ty p e  
i n i t i a l  c o n d i t io n  G re e n 's  f u n c t io n  i s  o b ta in e d  f o r  t h e  r e s p o n s e  o f  t r a n s v e r s e  
v e l o c i t y  f l u c t u a t i o n  t o  I t s  i n i t i a l  c o n d i t i o n .  Numerous s c a l a r  th e r m a l -  
v iscous  ty p e  I n i t i a l  c o n d i t io n  G re e n 's  f u n c t i o n s  a r e  d e r iv e d  which r e l a t e  t h e  
resp o n se s  o f  t h e  thermodynamic p r o p e r t i e s  o r  t h e  l o n g i t u d i n a l  v e l o c i t y  to  
v a r io u s  i n i t i a l  c o n d i t i o n  te rm s .
The d i f f u s i o n  and th e r m a l - v i s c o u s  ty p e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  
e x h i b i t  t h e  same denom inato rs  as  t h e  r e s p e c t i v e  ty p e  im p u lse  G re e n 's  f u n c t i o n s .  
These denom inato rs  de te rm in e  th e  G re e n 's  f u n c t i o n s  wavenumber and f re q u e n c y  p o le s  
which c h a r a c t e r i z e  t h e  ty p e  o f  f l u c t u a t i o n  r e s p o n s e .  The d i f f u s i o n  ty p e  o f  G re en 's  
fu n c t io n s  p o sse ss  two wavenumber p o le s  and one f re q u e n c y  p o le  which a r e  o f  
d i f f u s i v e  form. The th e rm a l - v i s c o u s  t y p e  G re e n 's  f u n c t i o n s  p o s se s s  f o u r  wave­
number and t h r e e  f requency  p o le s .  T hese  p o le s  a r e  m odeled, f o r  small v i s c o u s  
and therm al e f f e c t s ,  a s  two wavenumber and one f re q u en c y  d i f f u s i o n  ty p e  p o le s  
p lus  two wavenumber and two f re q u en c y  damped a c o u s t i c  wave ty p e  p o l e s .  From 
th e s e  approx im ate  p o l e s ,  a t h e rm a l - v i s c o u s  model G re e n 's  f u n c t i o n s  a r e  c o n s t r u c t e d  
which d i s p l a y  t h e  coupled  e f f e c t s  o f  the rm al d i f f u s i o n  and a t h e r m a l ly  and 
v i s c o u s ly  damped a c o u s t i c  wave. T h is  th e r m a l - v i s c o u s  model G re e n 's  f u n c t i o n  
i s  a p p l i e d  t o  t h e  l o n g i t u d in a l  component o f  t h e  t e n s o r i a l  th e r m a l - v i s c o u s  
v e l o c i t y  o f  G re e n 's  f u n c t i o n .  Both t r a n s v e r s e  and l o n g i t u d i n a l  components d i s ­
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play  therm al d i f f u s i o n  however in  t h e  t r a n s v e r s e  component i t  i s  c o u p led  w i th  a 
t r a n s v e r s e  v is c o u s  d i f f u s i o n  whereas 1 n t h e  l o n g i t u d i n a l  component 1 t  i s  coup led  
w ith  a th e r m a l ly  and v i s c o u s ly  damped a c o u s t i c  wave.
The in fo rm a t io n  c o n ta in e d  by th e  wavenumber and f re q u en c y  p o le s  o f  th e  
G reen 's  f u n c t i o n s  i n  t ran s fo rm ed  domain 1s more a p p a r e n t  in  t h e  G re e n 's  f u n c t i o n s  
r e p r e s e n t a t i o n s  in  a l t e r n a t e  dom ains.  These a r e  d e r iv e d  by p er fo rm in g  an i n ­
v e r se  s p a t i a l  t r a n s f o r m  o r  bo th  on th e  G re e n 's  f u n c t i o n s  1n wavenumber and 
frequency  domain. The G re e n 's  fu n c t io n  1n each  domain i s  r e l a t e d  t o  t h e  f l u c t u a ­
t io n  re sp o n se  i n  space  and t im e  domain due t o  a p a r t i c u l a r  f o r c in g  o r  I n i t i a l  
c o n d i t i o n .  Some o f  t h e s e  re sp o n se s  a r e  compared t o  p re v io u s  p la n e  wave s o l u ­
t i o n s  fo r  a v i s c o u s ,  th e rm a l ly  c o n d u c t in g  medium. The G re e n 's  f u n c t i o n  approach  
1s more g ene ra l  and c o n s i s t a n t  and y i e l d s  s o l u t i o n s  which e x h i b i t  the rm al d i f ­
fu s ion  a s  well a s  t h e  th e rm a l - v i s c o u s  e f f e c t  on a t t e n u a t i o n  and p r o p a g a t io n  
v e l o c i t y  o f  a c o u s t i c  waves.
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I INTRODUCTION
The purpose o f  t h i s  p r o j e c t  i s  t o  c h a r a c t e r i z e  th e  b e h a v io r  o f  sm all •
am plitude f l u c t u a t i o n s  from e q u i l i b r iu m  in  a c o m p re s s ib le  f l u i d  medium w i th
small bu t  s i g n i f i c a n t  v i s c o s i t y  and the rm al c o n d u c t i v i t y .  T h is  i s  accom plished
by deve lop ing  t h e  im pulse  and i n i t i a l  G re e n 's  f u n c t i o n s  f o r  t h e  f l u c t u a t i o n s .
H i s t o r i c a l l y ,  i n t e r e s t  in  a c o u s t i c s  has l e d  t o  i n v e s t i g a t i o n  o f  t h e  e f f e c t s
o f  v i s c o s i t y  and the rm al  c o n d u c t i v i t y .  From c o n s e r v a t i o n  o f  mass and momentum
and assuming i s e n t r o p i c  sound speed S t o k e s ^  d e te rm in e d  t h a t  t h e  f i r s t  o r d e r
( 21e f f e c t  o f  v i s c o s i t y  was a v i s c o u s  a t t e n u a t i o n  o f  a c o u s t i c  w aves. R a y le ig h '  ‘ 
allowed f o r  m o d i f i c a t i o n ,  by the rm al c o n d u c t io n ,  o f  th e  the rm al  f l u c t u a t i o n s  
due to  an a c o u s t i c  wave and coup led  them w i th  t h e  p r e s s u r e  and d e n s i t y  f l u c t u ­
a t i o n s .  N eg le c t in g  v i s c o s i t y ,  t h e  f i r s t  o r d e r  e f f e c t  o f  the rm al  c o n d u c t i v i t y
alone  was a the rm al a t t e n u a t i o n .  N oting  t h a t  t h e  v i s c o s i t y  and the rm al  con-
(31d u c t i v i t y  a r e  o f t e n  o f  t h e  same o r d e r  o f  im p o r ta n ce ,  K i r c h h o f f '  '  s im u l ta n e o u s ly
inc luded  v i s c o s i t y  a s  c o n s id e r e d  by S to k es  and the rm al c o n d u c t i v i t y  a s  c o n s id e r e d
by R ay le igh .  The r e s u l t i n g  s o l u t i o n  d i s p l a y e d ,  t o  f i r s t  o r d e r ,  an a c o u s t i c
wave term  which was a t t e n u a t e d  by bo th  v i s c o s i t y  and the rm al c o n d u c t i v i t y  and a
thermal d i f f u s i o n  te rm . Landau and L i f s h i t z ^  a l s o  d e te rm in e d  t h e  a t t e n u a t i o n
o f  an a c o u s t i c  wave by examining t h e  d i s s i p a t i o n  o f  energy  due t o  v i s c o s i t y  and
thermal c o n d u c t iv i t y .  In  a l l  o f  t h e s e  i n v e s t i g a t i o n s ,  e x p o n e n t ia l  s o l u t i o n s  o f
g iven f requency  a s  wavenumber were assumed and th u s  t h e  r e s u l t s  were  l i m i t e d .
(51In  a much more fundam ental i n v e s t i g a t i o n ,  Kadanoff  & M a r t i n '  ‘ c o n s id e r e d  
a hydrodynamic model which in c lu d e d  t h e  e f f e c t s  o f  v i s c o s i t y  and the rm al 
c o n d u c t iv i ty .  T h e i r  i n t e r e s t  in v o lv e d  c o r r e l a t i o n  f u n c t i o n s  o f  s t a t i s t i c a l  
physics  which were t o  be c o m p a t ib le  in  th e  r e l a t i v e l y  low f r e q u e n c y  and small 
wavenumber l i m i t  w i th  th e  th e o r y  o f  f l u i d  m e ch a n ics .  However t h e i r  c o r r e l a t i o n  
fu n c t io n  approach t o  t h e i r  hydrodynamic model s u g g e s te d  t h i s  G re e n 's  f u n c t i o n  
in v e s t i g a t i o n  o f  a v i s c o u s  t h e r m a l ly  co n d u c t in g  c o m p re s s ib le  f l u i d  medium.
1
2The hydrodynamic model c o n s i s t s  o f  t h e  c o n s e r v a t i o n  e q u a t io n s  f o r  m ass ,  
v e c to r i a l  momentum and en e rgy  which a r e  co u p led  th ro u g h  t h e  thermodynamic i n t e r ­
r e l a t i o n s h i p  between p r o p e r t i e s  r e s u l t i n g  from as su m p tio n  o f  l o c a l  thermodynamic 
e q u i l ib r iu m .  Homogeneous f i e l d  f o r  t h e  f l u c t u a t i o n s  o f  v a r i a b l e s  a r e  d e r iv e d  
and t ran sfo rm ed  by F o u r ie r  o r  H i l b e r t  t r a n s f o r m a t io n s  y i e l d i n g  im pu lse  G reer i 's  
fu n c t io n s  o r  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  r e s p e c t i v e l y .  Two co u p led  
f i e l d  e q u a t io n s  f o r  two thermodynamic p r o p e r ty  f l u c t u a t i o n s ,  a s  u t i l i z e d  by 
Kadanoff and M a r t in ,  and a f i e l d  e q u a t io n  f o r  a s i n g l e  p r o p e r ty  f l u c t u a t i o n  
a r e  H i l b e r t  t r a n s fo rm e d  and i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  r e l a t i n g  v a r io u s  
p ro p e r ty  re sp o n se s  t o  v a r io u s  i n i t i a l  c o n d i t i o n  te rm s a r e  d e r i v e d .  The s i n g l e  
thermodynamic f l u c t u r a t i o n  f i e l d  e q u a t io n  and a t e n s o r i a l  f i e l d  e q u a t io n  f o r  
th e  v e l o c i t y  v e c to r  a r e  F o u r i e r  t r a n s f o r m e d .  From t h e s e  t h e  im pu lse  G re e n 's  
fu n c t io n  f o r  th e  p r o p e r ty  f l u c t u a t i o n s  and t h e  t e n s o r i a l  im pu lse  G re e n 's  f u n c t i o n  
fo r  t h e  v e l o c i t y  f l u c t u a t i o n ,  which s im u l ta n e o u s ly  i n c lu d e s  t h e  l o n g i t u d i n a l  
and t r a n s v e r s e  v e l o c i t y  com ponents ,  a r e  d e r iv e d .  The im pu lse  G re e n 's  f u n c t i o n s  
r e l a t e  th e  f l u c t u a t i o n  r e s p o n s e  t o  t h e  f o r c i n g .
The G re e n 's  f u n c t i o n s  in  t r a n s fo rm e d  domain c h a r a c t e r i z e  t h e  medium v ia  
th e  wavenumber and f re q u e n c y  p o l e s .  The in f o rm a t io n  c o n ta in e d  i s  o f t e n  more 
v i s i b l e  o r  a p p l i c a b l e  when t h e  G re e n 's  f u n c t i o n s  i s  in  an a l t e r n a t e  s p a t i a l  o r  
temporal domain, t h e r e f o r e  t h e  G re e n 's  f u n c t i o n s  a r e  e x p re s s e d  in  a l l  f o u r  
domains. In  o r d e r  to  perfo rm  t h e  i n v e r s e  t r a n s f o r m a t io n s  c o n s i s t a n t l y  t h e  p o le s  
o f  th e  G re e n 's  f u n c t i o n  a r e  app rox im ated  y i e l d i n g  a model G re e n 's  f u n c t i o n  which 
e x h i b i t s  damped wave b e h a v io r  combined w i th  d i f f u s i v e  b e h a v io r .  For t h e  sa k e  o f  
th e  model,  t h e  overdamped and c r i t i c a l l y  damped reg im es  a r e  i n v e s t i g a t e d  a s  
well a s  th e  underdamped reg im es  which i s  a p p l i c a b l e  t o  hydrodynam ics.
The in fo rm a t io n  c o n ta in e d  w i th in  t h e  model G re e n 's  f u n c t i o n s  i s  u t i l i z e d  
to  de te rm in e  th e  f l u c t u a t i o n  r e s p o n s e  t o  v a r io u s  f o r c i n g s  o r  i n i t i a l  c o n d i t i o n s .  
This d i s p l a y s  t h e  use  f o r  and t h e  p h y s ic a l  meaning o f  t h e  G re e n 's  f u n c t i o n s  in
3a th e rm a l -v is c o u s  medium. The r e s p o n s e s ,  a s  d e r iv e d  from t h e  model G re e n 's  
f u n c t i o n ,  t o  some p a r t i c u l a r  f o r c i n g s  co r re sp o n d  to  t h e  p r e v i o u s l y  d e r iv e d  
s o l u t i o n s .  In a d d i t i o n ,  t h e  G re e n 's  f u n c t i o n s  may be used  to  d e r i v e  r e s p o n s e s  
t o  s t a t i s t i c a l  f o r c in g  s i t u a t i o n s  and t h e r e f o r e  r e p r e s e n t  a  much more g e n e ra l  
c h a r a c t e r i z a t i o n  o f  th e  v i s c o u s  t h e r m a l ly  c o n d u c t in g  hydrodynamic medium.
I I  Governing E q u a t io n s  
C o n se rv a t io n  E g u a t io n s
F l u c tu a t i o n s  o f  t h e  thermodynamic p r o p e r t i e s  o f  a c o m p r e s s ib l e ,  v i s c o u s ,  
th e rm a l ly  c o n d u c t in g ,  s i n g l e  component f l u i d  w i l l  be i n v e s t i g a t e d  th ro u g h  t h e  
use o f  G re e n 's  f u n c t i o n  t e c h n iq u e s .  A l i n e a r i z e d  s e t  o f  f i e l d  e q u a t i o n s ,  r e q u i r e d  
f o r  such an a n a l y s i s ,  may be d e r iv e d  from t h e  c o n s e r v a t i o n  e q u a t io n s  f o r  mass 
d e n s i ty  ( p ) ,  v e c t o r i a l  momentum d e n s i t y  ( p v ) ,  and e n e rg y  d e n s i t y  (e  = u+ ^  pv ) 
which e x h i b i t  t h e  e f f e c t s  o f  c o m p r e s s i b i l i t y ,  v i s c o s i t y  and th e rm a l  c o n d u c t io n .  
In h e r e n t  in  t h e s e  c o n s e r v a t io n  e q u a t io n s  a r e  t h e  f l u i d  p r o p e r t i e s ;  mass d e n s i t y  
( p ) ,  t e m p e ra tu re  ( T ) ,  p r e s s u r e  ( p ) ,  i n t e r n a l  e n e rg y  d e n s i t y  (u )  and v e c t o r i a l  
v e l o c i t y  (v)  f o r  which f l u c t u a t i o n s  w i l l  be so u g h t .
Although th e  f l u i d  p r o p e r t i e s  ap p e a r  to o  numerous t o  be s o l u b l e  by t h e  
c o n s e rv a t io n  e q u a t io n s  a l o n e ,  t h e  p r o p e r t i e s  a r e  n o t  in d e p e n d e n t .  The e q u i l i b r iu m  
s t a t e  o f  th e  f l u i d  may be s p e c i f i e d  by any two o f  t h e  p r o p e r t i e s  p lu s  th e  
v e c t o r i a l  v e l o c i t y ,  which would be un ifo rm  and c o n s t a n t .  In t h i s  c a s e  t h e  f l u i d  
p r o p e r t i e s  would be i d e n t i c a l  to  t h e  thermodynamic p r o p e r t i e s .  However, dynamic 
( r a t h e r  than  s t a t i c )  s o l u t i o n s  a r e  d e s i r e d ,  which im p l ie s  t h a t  t h e  f l u i d  i s  n o t  
in  thermodynamic e q u i l i b r iu m .  T h is  d i f f i c u l t y  i s  surmounted by c o n s id e r in g  
th e  f l u i d  to  be com prised  o f  small r e g i o n s ,  each  o f  which a r e  in  q u a s i - s t a t i c  
e q u i l ib r iu m .  This  lo c a l  e q u i l i b r iu m  e x i s t s  when t h e  f l u c t u a t i o n s  in  th e  
p r o p e r t i e s  have t im e and l e n g th  s c a l e s  which a r e  long compared to  t h e  r e l a x a t i o n  
t im e and c h a r a c t e r i s t i c  l e n g th  o f  th e  lo c a l  r e g io n .  Hence t h e  f l u i d  p r o p e r t i e s ,  
which a r e  e s s e n t i a l l y  t h e  thermodynamic p r o p e r t i e s ,  a r e  i n t e r r e l a t e d  l o c a l l y  
th rough  th e  s t a n d a r d  thermodynamic r e l a t i o n s  and t h e  c o n s e r v a t i o n  e q u a t io n s  
a r e  s u f f i c i e n t  f o r  f i n d in g  s o l u t i o n s  t o  th e  f l u c t u a t i o n s  in  t h e s e  p r o p e r t i e s .
5The c o n s e r v a t io n  laws f o r  mass d e n s i t y ,  v e c t o r i a l  momentum d e n s i t y  (pv) 
and energy  d e n s i ty  (e  = u + j  pv ) r e l a t e  t h e  t im e  changes  o f  each  p r o p e r t y  to  
t h e i r  r e s p e c t i v e  f l u x  v e c t o r s .  In  d i f f e r e n t i a l  form t h e s e  c o n s e r v a t i o n  e q u a t io n s  
a re
l l + v - f P - O  , 4 t ^  + V* ^ PV* = 0  • and H + 7 ‘^ € = ° -  ( 2 . 1 a , b , c )
The p h y s ic a l  meaning o f  t h e  c o n s e r v a t io n  laws i s  more a p p a r e n t  in  t h e
c o n t ro l  volume form. T h is  may be o b ta in e d  by i n t e g r a t i n g  th e  d i f f e r e n t i a l  form
over a  c o n t ro l  volume and a p p ly in g  G re e n 's  fo rm ula  to  t h e  d iv e rg e n c e  o f  t h e  f l u x
v e c to r ,  r e s u l t i n g  in  th e  form f dV  ^ = 0 . ( 2 .2 )
J c . v .  a z  J C.S.
I f  th e  amount o f  th e  p r o p e r ty  i s  to  be co n serv ed  th e n  th e  t im e r a t e  o f  i n c r e a s e  
w ith in  th e  c o n t r o l  volume, r e p r e s e n te d  by t h e  f i r s t  i n t e g r a l ,  p lu s  t h e  t im e r a t e  
o f  flow o u t  o f  th e  c o n t r o l  volume, r e p r e s e n te d  by t h e  second i n t e g r a l ,  m ust equal 
ze ro .  From th e  p h y s ic a l  meaning o f  t h e  second i n t e g r a l  i t  i s  a p p a r e n t  t h a t  th e  
f lu x  v e c to r  i s  th e  amount o f  p r o p e r ty  p a s s in g  th ro u g h  a u n i t  a r e a  p e r p e n d i c u l a r  
to  i t s  d i r e c t i o n  in  a u n i t  t im e .
The m ass,  momentum and e n e rg y  f l u x  v e c to r s  may be e x p re s s e d  in  te rm s  o f  t h e  
f l u i d  p r o p e r t i e s .  S in ce  mass o n ly  moves by p a r t i c l e  m o t io n ,  t h e  mass f l u x  
v e c to r  i s  s im ply  = pv , t h e  momentum d e n s i t y .  Momentum may be a d v e c t e d ,  
as mass i s ,  and i t  may be t r a n s f e r e d  th rough  t h e  a c t i o n  o f  a f o r c e .  Thus t h e  
v e c to r i a l  momentum f l u x  v e c t o r ,  a c t u a l l y  a second o r d e r  t e n s o r ,  may be e x p r e s s e d  
as  an a d v e c t io n  t e n s o r  minus t h e  s t r e s s  t e n s o r ,
Fj PVi) ■ "1J ■ • <2 - * »
For a v is c o u s  f l u i d  t h e  s t r e s s  t e n s o r  i s  composed o f  p r e s s u r e ,  s h e a r  v i s c o s i t y ,
and d i l l i t a t i o n a l  v i s c o s i t y  e f f e c t s ,  a s  shown by t h e  r e s p e c t i v e  te rm s  on t h e  l e f t
s id e  o f  th e  e q u a t io n
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• u  ■ - V  * * 35?  ♦ si j (t + J  "> <2-3b>
where n i s  t h e  f i r s t  c o e f f i c i e n t  o f  v i s c o s i t y  o r  t h e  dynamic v i s c o s i t y  and c 
i s  t h e  second c o e f f i c i e n t  o f  v i s c o s i t y  o r  bu lk  v i s c o s i t y .
Energy may be a d v e c t e d ,  t r a n s f e r e d  by s t r e s s  o r  t r a n s f e r e d  by the rm al 
conduc tion .  With t h e s e  e f f e c t s  c o n s id e r e d  t h e  ene rgy  f l u x  v e c t o r  i s
^  *= Ve + v*a -  kVT ( 2 .4 )
where k  i s  th e  c o e f f i c i e n t  o f  therm al c o n d u c t i v i t y .
U t i l i z i n g  t h e s e  e x p r e s s io n s  f o r  t h e  f l u x  v e c t o r s  t h e  d i f f e r e n t a l  form s o f  
th e  c o n s e r v a t io n  e q u a t io n s  become in  index n o t a t i o n :
( 2 -5a)
3V • 3V., ~ 3V_
I t  {pvi } + f e r  [pVi Vj  + V  -  n ^3xT + 3 ^ } + 6 i j (?  + I  n) 3 ^ ]  = °  ( 2 ’ 5b)
3V 3 y , 3V
H + fer Cvje + vjp - + axj-) - VJ(? + I  ^  K 8j] = 0 (2*5c)
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L ln e a r i  z a t io n
The c o n s e r v a t io n  e q u a t io n s  a r e  n o t  s o l u b l e  by a n a l y t i c a l  m ethods p r i m a r i l y  
because o f  term s which a r e  n o n l i n e a r  in  t h e  thermodynamic p r o p e r t i e s  and 
c o e f f i c i e n t s .  I f  th e  f l u c t u a t i o n s  in  t h e  therm odynamics p r o p e r t i e s  a r e  s u f f i c i ­
e n t l y  small in  magnitude th e n  te rm s  which a r e  o f  second  o r  h ig h e r  o r d e r  in  th e  
f l u c t u a t i o n s  o r  t h e i r  d e r i v a t i v e s  may be n e g l e c t e d .  F u r th e rm o re ,  t h e  c o e f f i c i e n t s  
o f  v i s c o s i t y  and the rm al c o n d u c t i v i t y ,  which a r e  f u n c t i o n s  o f  t h e  thermodynamic 
p r o p e r t i e s ,  a l s o  w i l l  e x h i b i t  sm all f l u c t u a t i o n s .  Thus any  te rm  which i s  o f  
second o r  h ig h e r  o r d e r  i n  t h e  p r o p e r ty  f l u c t u a t i o n s  o r  t h e  c o e f f i c i e n t  f l u c t u a t i o n s  
may be n e g le c te d  l e a v in g  th e  c o n s e r v a t i o n  e q u a t io n s  in  l i n e a r i z e d  form.
T h is  l i n e a r i z a t i o n  may be e x p re s se d  more e x p l i c i t l y  by expand ing  each  p r o p e r ty  
and c o e f f i c i e n t  a s  th e  sum o f  i t s  e q u i l i b r iu m  v a l u e ,  d e n o te d  by t h e  s u b s c r i p t  z e r o ,
and i t s  f l u c t u a t i o n ,  deno ted  a s  a f u n c t i o n  o f  space  and t im e :
P = P0+ p ( r , t )  , T = TQ + T ( r , t )  , p = pQ + p ( r , t )  , u = uQ + u ( r , t ) ,  v = vQ + v ( r , t ) ,
n = nQ + n ( r , t )  , c = cQ + c ( r , t )  , * = (cQ + i c ( r , t )  . ( 2 . 6 )
An a d d i t i o n a l  s i m p l i f i c a t i o n  may be o b ta in e d  by u t i l i z i n g  a r e f e r e n c e  frame in  which
th e  e q u i l ib r iu m  v e l o c i t y ,  vQ, i s  z e r o .  Thus t h e r e  i s  no e q u i l i b r i u m  a d v e c t io n  o f
any o f  th e  p r o p e r t i e s ,  t o  f i r s t  o r d e r .  In te rm s  o f  e q u i l ib r u m  v a lu e s  and t o  
f i r s t  o r d e r  in  f l u c t u a t i o n s  t h e  l i n e a r i z e d  c o n s e r v a t i o n s  e q u a t io n s  s i m p l i f y  to
f t p ( r , t )  + pQv * v ( r , t )  = 0 ( 2 .7 a )
p0  f t  v ( r , t )  + v p ( r . t )  -  n0 v2 v ( r , t )  -  ( c 0  + j  n0 )v v - v ( r . t )  = 0 (2 .7 b )
f t  u ( r , t )  + (u0 +p0 ) v - v ( r , t )  -  kqv 2 T ( r , t )  = 0 - ( 2 .7 c )
Some p h y s ic a l  a s p e c t s  o f  t h e  l i n e a r i z a t i o n  w i l l  be n o te d .  In p a r t i c u l a r  
th e  f l u c t u a t i o n s  o f  th e  c o e f f i c i e n t s  o f  v i s c o s i t y  and the rm al c o n d u c t i v i t y  a r e
n e g le c te d ,  a s  th e y  do n o t  ap p e a r  in  th e  l i n e a r i z e d  e q u a t i o n s .  The momentum 
d e n s i ty  i s  s i g n i f i c a n t  o n ly  a s  t h e  e q u i l i b r iu m  d e n s i t y  t im e s  t h e  v e l o c i t y  
f l u c t u a t i o n  and th e  ene rgy  d e n s i t y  i s  e s s e n t i a l l y  t h e  i n t e r n a l  en e rg y  s i n c e  
th e  k i n e t i c  energy  i s  n e g l i g i b l e  when t h e r e  i s  no e q u i l i b r iu m  v e l o c i t y .  S i m i l a r l y  
momentum i s  n o t  advec ted  b u t  i s  o n ly  t r a n s p o r t e d  by t h e  f l u c t u a t i o n s  in  p r e s s u r e  
and v iscous  s t r e s s .  Energy i s  ad v e c te d  in  t h e  form o f  e q u i l i b r i u m  e n t h a lp y  
(hQ = U0 +P0 ) by t h e  f l u c t u a t i o n  o f  v e l o c i t y ;  t h e  p r e s s u r e  te rm  i s  a l l  t h a t  
remains o f  th e  s t r e s s  t e n s o r  in  t h e  l i n e a r i z e d  en e rg y  e q u a t io n .  Thus v is c o u s  
e f f e c t s  a r e  r e l e g a t e d  to  t h e  momentum e q u a t io n  by l i n e a r i z a t i o n .  However, a l l  
th e  in tended  e f f e c t s  ( c o m p r e s s i b i l i t y ,  v i s c o s i t y  and the rm al  c o n d u c t i v i t y )  
have su rv iv ed  t h e  p ro c e s s  o f  l i n e a r i z i n g  t h e  c o n s e r v a t i o n  e q u a t io n s  t o  an 
a n a l y t i c a l l y  s o lu b l e  form.
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The l i n e a r i z e d  c o n s e r v a t io n  e q u a t io n s  a r e  c o u p led  th ro u g h  t h e  th e rm odynam ica l ly  
r e l a t e d  f l u c t u a t i o n s  in  th e  f l u i d  p r o p e r t i e s  and th e  f l u c t u a t i o n s  in  v e l o c i t y .  
S p e c i f i c a t i o n  o f  t h e  thermodynamic p ro c e s s  o f  f l u c t u a t i o n  a l lo w s  d e r i v a t i o n  o f  
th e  f i e l d  e q u a t io n s  f o r  a l l  f l u c t u a t i o n s .  Two f l u c t u a t i o n  p r o c e s s e s  w i l l  be con­
s i d e r e d ,  t h e  i s e n t r o p i c  p ro c e s s  ap p ro x im a tio n  o f  c l a s s i c a l  a c o u s t i c s  and t h e  
n o n is e n t r o p ic  lo c a l  thermodynamic e q u i l i b r iu m  p r o c e s s  a p p r o p r i a t e  f o r  a com pres­
s i b l e ,  th e rm a l -v is c o u s  f l u i d .  The f i e l d  e q u a t io n s  f o r  each  f l u c t u a t i o n  w i l l  be 
developed f o r  both  p ro c e s se s  and a p a i r  o f  coup led  f i e l d  e q u a t io n s  f o r  two 
gene ra l  thermodynamic p r o p e r t i e s  w i l l  be d e r iv e d  f o r  t h e  th e r m a l - v i s c o u s  p r o c e s s .
The common l i n e a r i z e d  hydrodynamic e q u a t io n s  f o r  mass d e n s i t y  and v e c t o r i a l  
momentum d e n s i t y ,  e q u a t io n s  2 .7 a  and 2 .7 b ,  and th e  l i n e a r i z e d  e n e rg y  d e n s i t y  
e q u a t io n ,  e q u a t io n  2 .7 c ,  a r e  a l l  coup led  by t h e  d iv e rg e n c e  o f  th e  v e l o c i t y  
r e g a r d l e s s  o f  th e  f l u c t u a t i o n  p r o c e s s .  Thus i t  i s  t h e  v e l o c i t y  d iv e rg e n c e  
t h a t  i s  i n t e r r e l a t e d  w ith  t h e  thermodynamic f l u c t u a t i o n s .  T h e r e f o r e ,  t h e  
v e c t o r i a l  v e l o c i t y  i s  c o n v e n t io n a l ly  s e p a r a te d  i n t o  l o n g i t u d i n a l  and t r a n s v e r s e  
components deno ted  by th e  r e s p e c t i v e  s u p e r s c r i p t s  L and T ,
S ince  th e  d iv e rg e n c e  o f  t h e  t r a n s v e r s e  v e l o c i t y  and th e  c u r l  o f  t h e  l o n g i t u d i n a l  
v e l o c i t y  a r e  both  equal to  z e r o ,  t h e  l o n g i t u d i n a l  v e l o c i t y  f l u c t u a t i o n  i s  r e l a t e d  
to  th e  v e l o c i t y  d iv e rg e n c e  and th u s  to  th e  thermodynamic f l u c t u a t i o n s  and th e  
t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n  i s  r e l a t e d  to  th e  c u r l  o f  t h e  v e l o c i t y  o r  t h e  
v o r t i c i t y .
The t r a n s v e r s e  v e l o c i t y  o n ly  o c c u r s  in  t h e  momentum d e n s i t y  e q u a t i o n ,  
e q u a t io n  2 .7 b .  S in ce  th e  c u r l  o f  a g r a d i e n t  e q u a ls  z e ro  t h e  c u r l  o f  t h e  v e c t o r i a l  
momentum e q u a t io n  y i e l d s  th e  t r a n s v e r s e  momentum e q u a t io n ,  a f i e l d  e q u a t io n  f o r
v t f . t )  = ? L( r , t )  + ? T( ? , t ) (2 .8 )
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v o rt ic ity  fluc tua tion ,
[ f t  ”  p- 7^ v x vT( r . t ) = 0  • ( 2 -9 a )
S ince th e  t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n  c o n t r i b u t e s  e n t i r e l y  t o  t h e  v o r t i c i t y  
f l u c t u a t i o n  i t  a l s o  s a t i s f i e s  t h e  same d i f f u s i o n  f i e l d  e q u a t i o n ,
C ft " p v2 3vT( r , t )  = 0 , ( 2 .9 b )
where th e  t r a n s v e r s e  v is c o u s  d i f f u s i o n  c o e f f i c i e n t  i s  d e f in e d  a s
Dt  = J  . ( 2 . 1 0 )
The t r a n s v e r s e  v e l o c i t y  and t h e  v o r t i c i t y  a r e  in d e p en d e n t  o f  t h e  o t h e r  f l u i d  
p r o p e r t i e s  and th u s  a r e  inde p en d e n t  o f  th e  f l u c t u a t i o n  p r o c e s s .
The d iv e rg e n c e  o f  t h e  v e c t o r i a l  momentum d e n s i t y  e q u a t i o n ,  e q u a t io n  7b ,  y i e l d s  
th e  l o n g i t u d in a l  momentum e q u a t io n ,
+ —
[ft -  ( ^ - ~ V ] v  • v4 r , t )  + 1  v2 p ( r , t )  = 0  . ( 2 . 1 1 )
The lo n g i tu d in a l  v e l o c i t y  i s  coup led  to  th e  p r e s s u r e  by l o n g i t u d i n a l  momentum; to  
th e  mass d e n s i ty  by th e  mass d e n s i t y  e q u a t io n ,  2 . 7 a ,  and t o  t h e  i n t e r n a l  en e rgy  
and te m p era tu re  by th e  energy  2 .7 c  r e g a r d l e s s  o f  f l u c t u a t i o n  p r o c e s s .  S in ce  
th e  mass d e n s i ty  and l o n g i t u d i n a l  momentum e q u a t io n s  a r e  u t i l i z e d  f o r  e i t h e r  
p rocess  c o n s id e r e d ,  a u s e fu l  form o f  th e  l o n g i t u d i n a l  momentum e q u a t io n  
r e s u l t s  from e l im in a t in g  th e  v e l o c i t y  d iv e rg e n c e  between t h e s e  two e q u a t i o n s ,
2 .7a  and 2 .11 .  The r e s u l t i n g  form o f  t h e  l o n g i t u d i n a l  momentum e q u a t io n  r e l a t e s  
th e  mechanical f l u c t u a t i o n s ,  t h e  mass d e n s i t y  and p r e s s u r e  f l u c t u a t i o n s ,  r e g a r d ­
l e s s  o f  th e  f l u c t u a t i o n  p r o c e s s ,  by t h e  e q u a t io n ,
2  ? + -  n
[ .  3 _  + ( _ _ ± 1 )  v 2 ] p ( r , t )  + V2 p ( r , t )  = 0 . ( 2 .1 2 )
a t
The a d d i t i o n a l  in fo rm a t io n  r e q u i r e d  to  dev e lo p  th e  f i e l d  e q u a t io n s  in v o lv e s  
th e  s p e c i f i c a t i o n  o f  th e  f l u c t u a t i o n  p r o c e s s .
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For co n v e n t io n a l  a c o u s t i c  a n a l y s i s  t h e  mass d e n s i t y  and p r e s s u r e  a r e  assumed 
to  f l u c t u a t e  so r a p i d l y  t h a t  no h e a t  t r a n s f e r  o c c u r s  and t h e  v i s c o u s  d i s s i p a t i o n  
1s assumed to  be therm odynam ica l ly  u n im p o r ta n t .  The f l u c t u a t i o n  p r o c e s s  i s  th e n  
app rox im ate ly  a d i a b a t i c  and r e v e r s i b l e ,  and th u s  i s e n t r o p i c .  The therm odynamics 
o f  th e  p ro c e s s  r e s u l t s  in  t h e  i s e n t r o p i c  speed o f  sound r e l a t i o n  between th e  
mass d e n s i ty  and p r e s s u r e  f l u c t u a t i o n s ,
This i s e n t r o p i c  f l u c t u a t i o n  p ro c e s s  e q u a t io n  p ro v id e s  t h e  in f o r m a t io n  n e c e s s a r y  
to  supp l im en t  th e  l o n g i t u d in a l  momentum e q u a t i o n ,  e q u a t io n  1 2 , in  o r d e r  t o  
d e r iv e  th e  f i e l d  e q u a t io n s  govern ing  mass d e n s i t y  and p r e s s u r e  f l u c t u a t i o n s .  
Both f l u c t u a t i o n s  obey th e  same f i e l d  e q u a t io n ,
which r e p r e s e n t s  v is c o u s  damped p ro p a g a t io n  a t  a speed c-| w i th  a l o n g i t u d i n a l  
v iscous  d i f f u s i o n  c o e f f i c i e n t  d e f in e d  a s ,
The t im e d e r i v a t i v e  o f  th e  f i e l d  e q u a t io n  f o r  mass d e n s i t y ,  e q u a t io n  2 . 1 4 ,  
a l low s th e  t im e  d e r i v a t i v e  o f  t h e  mass d e n s i t y  t o  be r e p l a c e d  by t h e  d iv e rg e n c e  
o f  th e  v e l o c i t y  v ia  th e  mass d e n s i t y  c o n s e r v a t i o n  e q u a t i o n ,  e q u a t io n  2 . 7 a ,  and 
r e s u l t s  in  t h e  f i e l d  e q u a t io n  f o r  t h e  v e l o c i t y  d iv e r g e n c e ,
S ince th e  l o n g i t u d in a l  v e l o c i t y  f l u c t u a t i o n  c o n t r i b u t e s  e n t i r e l y  t o  t h e  v e l o c i t y  
d iv e rg e n ce  f l u c t u a t i o n  th e y  bo th  obey t h e  same f i e l d  e q u a t io n .  T h is  f i e l d  e q u a t io n
» (§£)s p(r.t) = cfp(r.t) . ( 2 .1 3 )
( 2 .1 5 )
( 2 .1 6 a )
i s  i d e n t i c a l  t o  t h a t  which governs  t h e  mass d e n s i t y  f l u c t u a t i o n  and in  t h i s  
ca se  a l s o  governs t h e  p r e s s u r e  f l u c t u a t i o n ,
(2 .1 6 b )
S in ce  th e  f i e l d  e q u a t io n s  f o r  t h e  t r a n s v e r s e  and l o n g i t u d i n a l  v e l o c i t y  f l u c t u ­
a t i o n s  have been d e r iv e d  s e p a r a t e l y ,  t h e  in f o rm a t io n  a s  t o  how t h e  two components 
r e l a t e  and form th e  t o t a l  v e l o c i t y  f l u c t u a t i o n  has been l o s t .  For t h i s  in f o rm a t io n  
i t  i s  n e c e s sa ry  to  d e r iv e  t h e  f i e l d  e q u a t io n  f o r  t h e  t o t a l  v e l o c i t y  f l u c t u a t i o n .
The p r e s s u r e  and mass d e n s i t y  f l u c t u a t i o n s  a r e  r e l a t e d  by t h e  i s e n t r o p i c  speed  o f  
sound in  e q u a t io n  2 . 1 1 , th u s  t h e  p r e s s u r e  g r a d i e n t  te rm  in  t h e  v e c t o r i a l  momentum 
d e n s i ty  e q u a t io n ,  e q u a t io n  2 .7 b ,  may be r e p la c e d  by Ci v p ( r , t )  . The t im e  d e r i v a t i v e  
o f  th e  momentum e q u a t io n  a l lo w s  t h i s  mass d e n s i t y  te rm  t o  be r e p l a c e d  by a v e l o c i t y  
d ive rgence  th rough  th e  mass d e n s i t y  e q u a t i o n ,  e q u a t io n  2 . 7 a ,  and r e s u l t s  in  t h e  
f i e l d  e q u a t io n  f o r  t h e  v e c t o r i a l  v e l o c i t y  f l u c t u a t i o n ,
This f i e l d  e q u a t io n  c o n t a in s  a l l  t h e  in fo rm a t io n  p r e v i o u s l y  d e r iv e d  f o r  t h e  v e l o c i t y  
s in c e  ta k in g  i t ' s  c u r l  y i e l d s  th e  f i e l d  e q u a t io n s  f o r  t h e  v o r t i c i t y  and t h e  
t r a n s v e r s e  v e l o c i t y ,  e q u a t io n s  2 .9 a  and 2 .9 b ,  and t a k in g  i t s  d iv e rg e n c e  y i e l d s  
th e  f i e l d  e q u a t io n s  f o r  t h e  v e l o c i t y  d iv e rg e n c e  and t h e  l o n g i t u d i n a l  v e l o c i t y ,  
eq u a t io n s  2 .16a  and 2 .1 6 b .  In a d d i t i o n ,  t h i s  v e c t o r i a l  v e l o c i t y  f l u c t u a t i o n  
f i e l d  e q u a t io n  w i l l  p r e s e n t l y  be shown t o  r e l a t e  th e  t r a n s v e r s e  and l o n g i t u d i n a l  
components o f  v e l o c i t y .
( 2 .1 7 )
2 $ S 2 £ 5 ^ S » * .fiiu
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Thermal-viscous f ie ld  equations
The f l u c t u a t i o n  p ro c e s s  may n o t  be c o n s id e r e d  i s e n t r o p i c  when s i g n i f i c a n t  
energy  t r a n s f e r  o c c u r s  due t o  the rm al c o n d u c t io n ,  o r  when v i s c o u s  d i s s i p a t i o n  
1s n o t  n e g l i g i b l e .  Following t h e  a n a l y s i s  o f  K adanoff  and M a r t i n ^ ,  t h e  
thermal con d u c t io n  o f  ene rgy  may be p r e d i c t e d  by t h e  l i n e a r i z e d  en e rgy  d e n s i t y  
c o n s e rv a t io n  e q u a t io n  which in t r o d u c e s  a d d i t i o n a l  p r o p e r ty  f l u c t u a t i o n s .  I f  
th e  f l u c t u a t i o n s  may be c o n s id e r e d  t o  be in  l o c a l  thermodynamic e q u i l i b r i u m ,  
then  th e  i n t e r r e l a t i o n s h i p s  between th e  thermodynamic p r o p e r t i e s  may be r e p r e s e n te d  
by l i n e a r i z e d  McLauren e x p a n s io n s  o f  d ep enden t  p r o p e r t i e s  i n  te rm s  o f  in d e p en d e n t  
p r o p e r t i e s .  The en e rgy  b a la n c e  and thermodynamic i n t e r r e l a t i o n s h i p s  o f  th e  
f l u c t u a t i o n s  com plete  th e  d e s c r i p t i o n  o f  t h e  f l u c t u a t i o n  p r o c e s s  and a l lo w  
d e r iv a t io n  o f  th e  f i e l d  e q u a t io n s  f o r  a th e rm o -v is c o u s  f l u i d .
The l i n e a r i z e d  energy  d e n s i t y  e q u a t i o n ,  2 . 7 c ,  c o n t a i n s  an e n e rg y  a d v e c t io n  
term which depends on th e  d iv e rg e n c e  o f  th e  v e l o c i t y .  The v e l o c i t y  d iv e rg e n c e  
may be r e p la c e d  w i th  a mass d e n s i t y  f l u c t u a t i o n  te rm  v i a  t h e  mass d e n s i t y  
e q u a t io n ,  e q u a t io n  2 .7 a ,  r e s u l t i n g  in  t h e  form o f  t h e  en e rg y  e q u a t io n
ft  C utfr .t )  -  ^  p ( r , t ) ]  -  K v 2  T ( f . t )  = 0 . ( 2 .1 8 )
S ince  th e  term  in v o lv in g  t h e  l a p l a c i a n  o f  t h e  te m p e r a tu re  r e p r e s e n t s  a h e a t  f l u x ,  
th e  b ra c k e te d  te rm  shou ld  r e p r e s e n t  a h e a t  e n e rg y  d e n s i t y  and f o r  co n v en ience  
w i l l  be d e f in e d  as
q ( r , t )  = u ( r , t )  -  ^  p ( r , t )  . ( 2 .1 9 )
The h e a t  en e rg y  d e n s i t y  f l u c t u a t i o n  may be r e l a t e d  to  t h e  e n t ro p y  f l u c t u a t i o n  
by th e  f i r s t  law o f  therm odynamics. S in c e  t o  f i r s t  o r d e r  i n  f l u c t u a t i o n s  th e  
energy  d e n s i t y  c o n s e r v a t i o n ,  e q u a t io n  2 . 7 c ,  i s  in d e p e n d e n t  o f  bo th  k i n e t i c  ene rgy  
and v is c o u s  d i s s i p a t i o n ,  t o  th e  same o r d e r  o f  ap p ro x im a t io n  t h e s e  e f f e c t s  may be
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n eg lec ted  in  th e  f i r s t  law o f  therm odynam ics,
TdS = d(uV) + pdV . (2 .2 0 a )
Also f o r  a c o n s t a n t  mass th e  volume and d e n s i t y  a r e  r e l a t e d  by
4Y.= . 4 f i .  ( 2 . 2 1 )
v p
which a l lo w s  t h e  f i r s t  law t o  be e x p re s se d  a s
I  ds  = du -  ^  dp . ( 2 . 2 0 b)v p
The f i r s t  law may be l i n e a r i z e d ,  a s  t h e  c o n s e r v a t i o n  e q u a t io n s  w ere ,  by e x p r e s s in g  
th e  p r o p e r t i e s  in  te rm s o f  e q u i l i b r iu m  v a lu e s  and f l u c t u a t i o n s  and th e n  n e g l e c t i n g  
terms o f  second and h ig h e r  o r d e r  o f  t h e  f l u c t u a t i o n s .  Thus t h e  f i r s t  o r d e r  a p p r o x i ­
mation o f  th e  f i r s t  law o f  thermodynamics i s
^ d S ( r . t )  = d u ( r , t )  -  d p ( r , t )  . ( 2 .2 2 )
o po
A comparison between t h i s  l i n e a r i z e d  form o f  th e  f i r s t  law and t h e  d e f i n i t i o n  o f
th e  h e a t  energy  d e n s i ty  f l u c t u a t i o n ,  e q u a t io n  2 .1 5 ,  a l lo w s  changes  in  t h e  h e a t
energy d e n s i ty  f l u c t u a t i o n  to  be r e l a t e d  t o  changes in  t h e  e n t ro p y  f l u c t u a t i o n
as
d q ( r , t )  = -2. d S ( r , t )  . ( 2 .2 3 )
o
In te rm s o f  th e  h e a t  ene rgy  d e n s i t y  and t e m p e r a tu re  f l u c t u a t i o n s ,  t h e  l i n e a r i z e d  
energy d e n s i t y  c o n s e r v a t io n  e q u a t io n  i s
q ( ? , t )  -  K V2 T ( ? , t )  = 0 . ( 2 .2 4 )
This energy  e q u a t io n ,  which r e p r e s e n t s  t h e  e f f e c t s  o f  the rm al  c o n d u c t io n ,  and t h e
»
lo n g i tu d in a l  momentum e q u a t io n ,  e q u a t io n  2 . 1 2  which in c lu d e s  v i s c o u s  e f f e c t s ,  
comprise two c o m p re s s ib le  c o n s e r v a t io n  e q u a t io n s  in  te rm s  o f  f o u r  thermodynamic
15
p ro p e r ty  f l u c t u a t i o n s .  To com ple te  th e  a n a l y s i s ,  t h e  i n t e r r e l a t i o n s  between 
th e  thermodynamic p r o p e r t i e s  m ust be in c lu d e d .
When in  lo c a l  e q u i l i b r iu m ,  t h e  f l u i d  may be c o n s id e r e d  t o  be a s im p le  
com press ib le  su b s tan ce  w ith  t h e  thermodynamic s t a t e  s p e c i f i e d  by two in d e p en d e n t  
p r o p e r t i e s .  Thus any o f  th e  f o u r  r e l e v e n t  thermodynamic p r o p e r t i e s  (mass 
d e n s i t y ,  t e m p e ra tu re ,  p r e s s u r e  and h e a t  en e rgy  d e n s i t y )  i s  a f u n c t i o n  o f  any 
o f  th e  rem ain ing  t h r e e  p r o p e r t i e s .  For co n v e n ie n ce  o f  n o t a t i o n  th e  thermodynamic 
p r o p e r t i e s  w i l l  be deno ted  in  g e n e ra l  by x£ . The s u b s c r i p t  may t a k e  th e  
va lues  1 ,2 ,3  o r  4 to  d en o te  t h e  p a r t i c u l a r  p r o p e r ty  a c c o rd in g  to  t h e  d e f i n i t i o n s :
x-j = p , = ^  > x^ = P » x4  = q . ( 2 .2 5 )
In t h i s  n o t a t io n  any f l u c t u a t i o n ,  xa ( r , t ) ,  may be expanded in  a McLauren s e r i e s  
abou t e q u i l i b r iu m ,  in  term s o f  two o t h e r  f l u c t u a t i o n s ,  xm( r , t )  and xn ( r , t ) .
R e ta in ing  on ly  th e  te rm s which a r e  o f  t h e  f i r s t  o r d e r  in  th e  f l u c t u a t i o n s ,  th e  
l i n e a r i z e d  expansion  becomes
3X 9x
x * ( r .T )  = ( g ^ ) x xm( ? , t )  + ( ^ )  xn ( ? , t )  , m f  l  t  n . (2 .2 6 )
m n n m
Since th e  f l u c t u a t i o n s  were expanded ab o u t  e q u i l i b r iu m  t h e  thermodynamic d e r i v a t i v e s
invo lve  on ly  th e  e q u i l ib r iu m  v a lu e s  o f  th e  p r o p e r t i e s  and th u s  a r e  n o t  f u n c t i o n s  o f
space and t im e .  A lso s in c e  th e  d i f f e r e n t i a l  o f  h e a t  en e rg y  d e n s i t y  i s  r e l a t e d  to  th e
en tropy  f o r  a c o n s ta n t  mass, e q u a t io n  2 .2 3 ,  a l l  thermodynamic d e r i v a t i v e s  w i l l  be
taken a t  c o n s ta n t  mole number. For e a s e  o f  n o t a t i o n  t h e  thermodynamic d e r i v a t i v e s
w i l l  be denoted in  g en e ra l  by
C” ' (^ n  '  <Z' 27)
The thermodynamic d e r i v a t i v e s  a r e  n o t  in d e p en d e n t  b u t  a r e  r e l a t e d  by t h e  
c a lc u lu s  o f  two v a r i a b l e s  d i f f e r e n t i a t i o n  r u l e s ,
and by Maxwells r e l a t i o n s .  In  f a c t ,  o n ly  t h r e e  o f  t h e  n o n - t r i v i a l  d e r i v a t i v e s  a r e  
independent so any may be ex p re s se d  in  te rm s o f  t h e s e  t h r e e .  The t h r e e  t h a t  w i l l  
be chosen as  independen t  a r e  t h e  i s e n t r o p i c  speed o f  sound ,  t h e  c o n s t a n t  p r e s s u r e  
s p e c i f i c  h ea t  and th e  c o n s t a n t  volume s p e c i f i c  h e a t :
C1 = ✓ ^ s  = /
Cp = v ( f f ) p  = ( f ^ p
Cv = v (f r }v = (f f ) v  -
(2 .2 9 a )
(2 .2 9 b )
(2 .2 9 c )
The c o e f f i c i e n t  o f  the rm al e x p a n s io n ,
-  1
“T "  v l 3TJp /  »TC,cf
w il l  a l s o  be used to  e x p re s s  th e  n o n - t r i v i a l  thermodynamic d e r i v a t i v e s :
C
C23 = ^ p  = ‘ poT
r 1 -  \ -  P
L24 " l 3T; s "  r r 2TCiCtI T
=  _ ^ £ _  
u32 l 3p; T r  r 2 
V 1
pi _ /3 p \  _ 1
c 2  = =
31 l 3pJp pCyC-jaj
( H )  
p  c p“ 34
r 2  = (21)  = I —
41 T l 3 s ; p Cy
'  y < & > .  = } -
(2 .2 9 (1 )
( 2 .3 0 )
The in v e rs e  o f  th e  above thermodynamic d e r i v a t i v e s  a r e  d e f in e d  by t h e  in v e r s i o n  
r u l e ,  e q u a t io n  2 .2 8 a ,  and th e  rem a in ing  t r i v i a l  d e r i v a t i v e s  t h a t  may be e n c o u n te re d  
a r e  o f  th e  forms:
The l a s t  two forms a r e  d e f in e d  so t h a t  t h e  ex p a n s io n  o f  a f l u c t u a t i o n  i n t o  i t s e l f  
and any o th e r  f l u c t u a t i o n  y i e l d s  i t s e l f .  An th e  n o t a t i o n  d e f in e d  above t h e  
l i n e a r i z e d  expansion  o f  any f l u c t u a t i o n  i n t o  two o t h e r s  i s  e x p re s s e d  a s
x ^ r . t )  = C*n xm( r , t )  + Cjm xn ( r , t )  ( 2 .3 2 )
The i n t e r r e l a t i o n s h i p  between thermodynamic f l u c t u a t i o n s ,  a s  r e p r e s e n t e d  by t h i s  
l i n e a r i z e d  e x p a n s io n ,  com ple tes  t h e  in fo rm a t io n  p ro v id e d  by t h e  l o n g i t u d i n a l  
momentum and energy  e q u a t io n s  and a l lo w s  th e  f i e l d  e q u a t io n s  t o  be d e r iv e d  f o r  a 
co m p re ss ib le ,  th e rm a l - v is c o u s  hydrodynamic medium.
Two coupled  f i e l d  e q u a t io n s  f o r  any two in d e p e n d e n t  thermodynamic f l u c t u a t i o n s  
may be d e r iv e d  by expanding a l l  f l u c t u a t i o n s  in  t h e  l o n g i t u d i n a l  momentum e q u a t i o n ,  
equa tion  2 . 1 2 , and th e  energy  e q u a t i o n ,  e q u a t io n  2 .2 4 ,  in  te rm s o f  t h e  same two 
independent f l u c t u a t i o n s ,  xm( r , t )  and xn ( r , t ) .  R e c a l l i n g  t h a t  t h e  g e n e ra l  
thermodynamic d e r i v a t i v e s  in  t h e  l i n e a r i z e d  expans ion  a r e  in d e p e n d e n t  o f  space  
and t im e ,  and th u s  n o t  o p e r a te d  on by s p a c i a l  and tem pora l  d e r i v a t i v e s  t h e s e  
coupled f i e l d  e q u a t io n s  may be e x p re s se d  in  g e n e ra l  a s ,
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The f i e l d  e q u a t io n s  f o r  any s im p le  thermodynamic f l u c t u a t i o n  may be 
der ived  from th e  coupled  f i e l d  e q u a t io n s ,  e q u a t io n s  2 .3 3 a  and 2 .3 3 b ,  by 
a l g e b r a i c ly  e l im in a t in g  one o f  th e  f l u c t u a t i o n s ,  xn ( r , t ) .  When t h i s  i s  
accomplished th e  r e s u l t i n g  thermodynamic d e r i v a t i v e  te rm s o c c u r  a s  J a c o b ia n s  
o f  v a r io u s  thermodynamic p r o p e r t i e s  which a r e  d e f in e d  a s ,
-  r ’ r J  
mn ” mn nm C1 CJ = nm mn
3X* 3Xj
/— 1 ) ( — I )
V xn n m
3X.




( 2 .3 4 )
which a l low s  th e  f i e l d  e q u a t io n  f o r  a g e n e ra l  f l u c t u a t i o n  t o  be e x p r e s s e d  a s
+ (°l J mn + ^ I n ) 7 2  + J mn 7 2  I t  " Dl Kjmn7 4  I t "  K J mn . t ) = 0  •L mn .*3  '  L n mn' „+2 n 3 t  L mn 3 t  mn m'
3 t  8 t  ( 2 .3 5 )
Since xn ( r , t )  has been e l im in a te d  th e  f i e l d  e q u a t io n  sh o u ld  be in d e p e n d e n t  o f  n .
This may be shown to  be so by m u l t i p ly in g  t h e  f i e l d  e q u a t io n  by and m a n ip u la t io n  
o f  th e  Ja co b ia n  r e l a t i o n s
= C1 . ,
m j  m j  *
j U  = j J 1 = _ j U  = _ j J 1
mn nm nm mn
J 1* J kl. = J k1 mn mn
(2 .3 6 a )
(2 .3 6 b )
(2 .3 6 c )
The r e s u l t i n g  f i e l d  e q u a t io n ,  
V ~ C41gt 3 + ( dl +ic  ^ 2  ^ 2  + C147 ^ I t  " DLKC417,|.a t " = 0
,32„4 i ( 2 .3 7 )
1s n o t  on ly  independen t  o f  n b u t  i s  a l s o  in d e p en d e n t  o f  m. T h a t  means t h a t  t h e  
f l u c t u a t i o n s  o f  a l l  th e  thermodynamic p r o p e r t i e s  (mass d e n s i t y ,  t e m p e r a t u r e ,  
p re s su re  and h e a t  en e rgy  d e n s i t y )  obey th e  same f i e l d  e q u a t io n .  As f o r  t h e  
a c o u s t i c  a n a l y s i s ,  th e  v e l o c i t y  d iv e rg e n c e  and th e  mass d e n s i t y  a r e  r e l a t e d  by
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th e  mass d e n s i t y  e q u a t io n ,  e q u a t io n  2 . 7 a ,  and t h e r e f o r e  t h e  v e l o c i t y  d iv e rg e n c e  
and lo n g i tu d in a l  v e l o c i t y  f l u c t u a t i o n s  a l s o  obey t h e  same f i e l d  e q u a t i o n ,  
equa t ion  2 .3 7 .  S in ce  t h e r e  a r e  no f r e e  s c r i p t s ,  n o r  m, in  t h e  o p e r a t o r  o f  t h e  
f i e l d  eq u a t io n  th e  thermodynamic d e r i v a t i v e s  may be e x p r e s s e d  in  te rm s  o f  th e  
a d i a b a t i c  speed o f  sound and t h e  c o n s t a n t  p r e s s u r e  o r  volume s p e c i f i c  h e a t s .
In th e s e  term s t h e  f i e l d  e q u a t io n  gov ern in g  t h e  f l u c t u a t i o n s  o f  t h e  g e n e ra l  
thermodynamic p r o p e r t i e s ,  th e  v e l o c i t y  d iv e rg e n c e  and t h e  l o n g i t u d i n a l  v e l o c i t y  
v e c to r  may be e x p re ssed  as
xm(r,t)  
v . 7 L( r . t )  
**■(?,t )
= 0  . 
( 2 .3 8 )
The t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n  obeys t h e  same f i e l d  e q u a t io n  a s  f o r  
th e  a c o u s t i c  c a s e ,  e q u a t io n  2 .9 b ,  because  i t  i s  in d e p en d e n t  o f  t h e  thermodynamic 
v a r i a b l e s .  However, in  o r d e r  to  r e l a t e  th e  t r a n s v e r s e  and l o n g i t u d i n a l  v e l o c i t y  
components th e  f i e l d  e q u a t io n  g o v ern ing  th e  t o t a l  v e l o c i t y  v e c t o r  f l u c t u a t i o n  
must be d e r iv e d .  T h is  may be accom plished  by e l i m i n a t i n g  t h e  p r e s s u r e  f l u c t u a t i o n  
from th e  momentum d e n s i t y  e q u a t io n ,  e q u a t io n  2 .7 b .  T h is  r e q u i r e s  a more m a th e m a t i c a l ly  
involved p rocedu re  f o r  t h i s  n o n i s e n t r o p ic  p ro c e s s  th a n  was r e q u i r e d  f o r  th e  
a c o u s t i c  ca se  because thermodynamic p ro c e s s  in v o lv e s  th e  ene rgy  d e n s i t y  e q u a t io n  
and th e  thermodynamic p r o p e r ty  ex p a n s io n  r a t h e r  th a n  t h e  s im p le r  i s e n t r o p i c  p r e s s u r e  
and mass d e n s i t y  r e l a t i o n s h i p ,  e q u a t io n  2 .1 3 .
The ene rgy  d e n s i t y  e q u a t io n ,  e q u a t io n  2 .2 4 ,  may be e x p r e s s e d  in  te rm s o f  t h e  mass 
d e n s i ty  and p r e s s u r e  f l u c t u a t i o n s  by expanding  t h e  te m p e r a tu re  and h e a t  en e rg y  
d e n s i ty  f l u c t u a t i o n s  w i th  th e  l i n e a r i z e d  thermodynamic e x p a n s io n ,  e q u a t io n  2 .3 2 .
Then th e  t im e d e r i v a t i v e  o f  t h e  ene rgy  e q u a t io n  a l lo w s  i t s  mass d e n s i t y  te rm  to  
be r e p la c e d  by a v e l o c i t y  te rm  th ro u g h  th e  mass d e n s i t y  e q u a t i o n ,  e q u a t io n  2 . 7 a ,  and 
r e s u l t s  in  th e  p r e s s u r e  and v e l o c i t y  r e l a t i o n s h i p ,
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(c31 I t  • C31kv2) f t  = (C?3 f t  - C ^ p v ^ . t )  . (2 .3 9 )
The p r e s s u r e  f l u c t u a t i o n  in  th e  momentum d e n s i t y  e q u a t i o n ,  e q u a t io n  2 . 7 b ,  may be 
e l im in a te d  by a p p ly in g  th e  term  t h a t  o p e r a t e s  on t h e  p r e s s u r e  in  e q u a t io n  2 .3 9  to  th e  
e n t i r e  momentum d e n s i ty  e q u a t io n ,  t a k in g  th e  g r a d i e n t  o f  e q u a t io n  2 .3 9  and th e n  
e lm in in a t in g  t h e  th e n  i d e n t i c a l  p r e s s u r e  te rm s o f  t h e  two r e s u l t i n g  e q u a t i o n s .
This y i e l d s  th e  v e l o c i t y  f l u c t u a t i o n  f i e l d  e q u a t io n .
Expressing  th e  thermodynamic d e r i v a t i v e s  in  te rm s o f  s p e c i f i c  h e a t s  and t h e  i s e n t r o p i c  
speed o f  sound, and t h e  v i s c o s i t i e s  in  te rm s o f  th e  v i s c o u s  d i f f u s i o n  c o e f f i c i e n t s ,  
th e  f i e l d  e q u a t io n  f o r  th e  v e c t o r i a l  v e l o c i t y  f l u c t u a t i o n  i s
As e x p e c te d ,  th e  d iv e rg e n c e  o f  t h i s  e q u a t io n  r e s u l t s  in  t h e  p r e v io u s l y  d e r iv e d  f i e l d  
eq u a t io n s  f o r  v e l o c i t y  d iv e rg e n c e  and l o n g i t u d i n a l  v e l o c i t y  f l u c t u a t i o n s ,  e q u a t io n  
2 .38 .  However th e  c u r l  o f  t h e  v e l o c i t y  f i e l d  e q u a t io n ,
, v ( r , t )  = 0 ( 2 .4 0 )
- c 3 i ( ? +  I  n )K  | t  ? 2 v v .  -  C j 3 p  I t  t v .  +  C2 3 p k V2 w  .
C1 f t  VV* '  C1 v2vv‘ } ''( r . t )  = 0 .
P
(2 .4 1 )
(2 .4 2 a )
does n o t  a p p e a r  to  be e q u i v a l e n t  t o  th e  f i e l d  e q u a t io n  which go v ern s  t h e  v o r t i c i t y  
and t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n s ,
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0  . ( 2 .4 3 )
which was p r e v io u s ly  d e r iv e d ,  e q u a t io n  2 . 9 .
This d is c re p a n c y  may be r e s o lv e d  by f a c t o r i n g  th e  o p e r a t o r  o f  e q u a t io n  2 .4 2  as
Thus i t  i s  a p p a r e n t  t h a t  a s o l u t i o n  o f  e q u a t io n  2 .4 3  i s  a l s o  a s o l u t i o n  o f  e q u a t io n s  
2.42 and 2 .44  and i s  t h e  t r u e  v o r t i c i t y  f l u c t u a t i o n  o r  t r a n s v e r s e  v e l o c i t y  
f l u c t u a t i o n .  The o t h e r  p o s s i b l e  s o l u t i o n  o f  e q u a t io n s  42 and 4 4 ,  t h a t  which 
s a t i s f i e s  th e  therm al d i f f u s i o n  o p e r a t o r  in  p a r a n t h e s e s ,  m ere ly  i n d i c a t e s  t h e  
com plex i ty  o f  th e  r e l a t i o n s h i p  between th e  t r a n s v e r s e  and lo n g i t u d i n a l  v e l o c i t y  
components. As f o r  t h e  a c o u s t i c  c a s e ,  t h i s  r e l a t i o n s h i p  w i l l  be shown in  a 
fo l lo w in g  c h a p te r .
- [ f t  -  DTv 2 ] . (! t  -  ^  v2) I t  **vT( ? , t )  = 0  . ( 2 .4 4 )
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Low Tem pera tu re  F ie ld  E q u a t io n s
The l i n e a r i z e d  c o n s e r v a t io n  e q u a t io n s  f o r  l o n g i t u d i n a l  momentum d e n s i t y  and 
energy d e n s i t y ,  e q u a t io n s  2 . 1 0  and 2 . 2 0 , a r e  co up led  th ro u g h  t h e  thermodynamic 
d e r i v a t i e s  which l i n e a r l y  r e l a t e  t h e  thermodynamic p r o p e r t i e s .  At low te m p e r a tu re s  
some o f  th e  thermodynamic d e r i v a t i v e s  a r e  n e g l i g i b l y  s m a l l ,  f o r  t h i s  f i r s t  o r d e r  
in  f l u c t u a t i o n  a n a l y s i s ,  and s i m p l i f i e d  f i e l d  e q u a t io n s  may be d e r iv e d .
The N ern s t  p o s t u l a t e ,  e n t ro p y  i s  equa l  t o  ze ro  a t  z e r o  t e m p e r a t u r e ,  im p l ie s  
t h a t  a t  low te m p e ra tu re s  th e  fo l lo w in g  thermodynamic d e r i v a t i v e s  a r e  e s s e n t i a l l y  
equal t o  z e r o ^
a r e  a l s o  n e g l i g i b l e .  Only two thermodynamic p r o p e r t i e s  a r e  in d e p e n d e n t  t o  f i r s t  
o rd e r  app rox im ation  in  t h e  f l u c t u a t i o n s .  The f i r s t  two v a n i s h in g  d e r i v a t i v e s ,  
eq u a t io n s  2 .45a and 2 .4 5 b ,  imply t h a t  e n t ro p y  i s  a f u n c t i o n  o f  t e m p e r a tu re .
The l a s t  two v a n ish in g  d e r i v a t i v e s  imply t h a t  mass d e n s i t y  and p r e s s u r e  a r e  
i n t e r r e l a t e d  and independen t o f  t e m p e r a tu re .
(2 .4 5 a )
(2 .4 5 b )
(2 .4 5 c )
(2 .4 5 d )
and from M axwell 's  r e l a t i o n s  th e  d e r i v a t i v e s ;
(2 .4 5 e )
( 2 .4 5 6 f )
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At low te m p e r a tu re ,  th e  p r e s s u r e  i s  a f u n c t i o n  o n ly  o f  mass d e n s i t y  th u s  
th e  f l u c t u a t i o n s  i n  p r e s s u r e  and mass d e n s i t y  may be r e l a t e d  by t h e  low te m p e r a tu re  
speed o f  sound , CQ, a s
This  p re ssu re -m a ss  d e n s i t y  r e l a t i o n  i s  an a la g o u s  t o  t h e  i s e n t r o p i c  speed o f  sound 
r e l a t i o n ,  e q u a t io n  2 . 1 1 , u t i l i z e d  i n  c o n v e n t io n a l  a c o u s t i c  a n a l y s i s  and a l lo w s  an 
ana logous  s o l u t i o n  o f  t h e  l o n g i t u d i n a l  momentum e q u a t i o n ,  e q u a t io n  2 .1 0 .  Thus f o r  
low te m p e r a t u r e s ,  a s  f o r  an i s e n t r o p i c  p r o c e s s ,  t h e  f l u c t u a t i o n s  o f  mass d e n s i t y ,  
and t h e r e f o r  th o s e  o f  th e  l o n g i t u d i n a l  v e l o c i t y  v e c t o r ,  and t h e  p r e s s u r e  a l l  s a t i s f y  
a v i s c o u s ly  damped sound f i e l d  e q u a t io n .
where DQ i s  th e  sound damping c o e f f i c i e n t  d e f in e d  by e q u a t io n  2 .1 3 .
S in c e  th e  h e a t  en e rgy  d e n s i t y  i s  r e l a t e d  to  t h e  e n t ro p y  by e q u a t io n  2 . 2 3 ,  
th e  low te m p e ra tu re  r e l a t i o n  between h e a t  e n e r g y  d e n s i t y  and t e m p e r a tu r e  becomes
I t  fo l lo w s  t h a t  th e  e n e rg y  e q u a t i o n ,  2 .2 4 ,  r e d u c e s  t o  an e q u a t io n  o f  the rm al 
d i f f u s i o n
P ^ )  = 0  p ( r . t )  = C p P ( r . t )  . ( 2 .4 6 )
( 2 .4 7 )
( 2 .4 8 )
Cfe * Dt o = 0 ( 2 .4 9 )
where t h e  low te m p e ra tu re  the rm al d i f f u s i o n  c o e f f i c i e n t  i s
( 2 .5 0 )
I l l  T ransform ed S o lu t io n s
F ie ld  e q u a t io n s  have been deve loped  f o r  t h e  f l u c t u a t i o n s  in  t h e  g e n e ra l  
thermodynamic p r o p e r t i e s ,  xm> and in  th e  t r a n s v e r s e ,  l o n g i t u d i n a l  and t o t a l  
components o.f t h e  v e c t o r i a l  v e l o c i t y ;  v ^ ,  and v . A lthough  t h e s e  f i e l d  e q u a t io n s  
c h a r a c t e r i z e  th e  dynamical b e h a v io r  o f  f l u c t u a t i o n s  in  t h e  f i e l d  medium, s p e c i f i c  
s o l u t i o n s  f o r  t h e  f l u c t u a t i o n s  r e q u i r e  a d d i t i o n a l  in f o rm a t io n  such a s  t h e  f o r c in g  
o f  o r  t h e  i n i t i a l  c o n d i t i o n s  o f  th e  f l u c t u a t i o n s .  I f  t h e  f o r c i n g  i s  known t h e  
fo rc e d  r e sp o n se  may be e v a lu a te d  by a c o n v o lu t io n  o f  t h e  f o r c i n g  and t h e  im pulse  
re sp o n se  o r  im pulse  G re e n 's  f u n c t i o n .  I f  t h e  i n i t i a l  c o n d i t i o n s  a r e  known t h e  
f r e e  r e sp o n se  o r  r e l a x a t i o n  may be e v a lu a te d  by a c o n v o lu t io n  o f  t h e  i n i t i a l  
c o n d i t i o n s  and th e  i n i t i a l  c o n d i t i o n  Greens f u n c t i o n .  Thus t h e  im pu lse  and i n i t i a l  
c o n d i t io n  G re e n 's  f u n c t i o n s  bo th  c h a r a c t e r i z e  th e  dynamical b e h a v io r  o f  t h e  f l u c t ­
u a t io n s  and may be c o n s id e re d  to  be g e n e ra l  s o l u t i o n s  o f  t h e  problem .
D e r iv a t io n  o f  t h e  G re e n 's  f u n c t i o n s  in v o lv e s  t r a n s f o r m a t io n  o f  t h e  f i e l d  e q u a t io n s  
from t h e  space  and tim e domain t o  th e  wavenumber and f re q u e n c y  domain. The im pulse  
G re e n 's  f u n c t io n  may be d e r iv e d  in  wavenumber and f re q u e n c y  domain by a p p ly in g  
F o u r ie r  t r a n s fo rm s  in  space  and t im e  to  t h e  f i e l d  e q u a t io n s  which each  in v o lv e  
one f l u c t u a t i o n  o n ly .  These f i e l d  e q u a t io n s  a r e  homogeneous and th u s  d i s p l a y  no 
f o r c in g  term  so a f o rc e d  s o l u t i o n  c a n n o t  be e v a lu a t e d .  However, an im p u ls iv e  
f o r c in g  w i l l  be assumed a l lo w in g  an a r t i f i c i a l  im pulse  G re e n 's  f u n c t i o n ,  which 
n e v e r t h e l e s s  i s  c h a r a c t e r i s t i c  o f  t h e  medium, to  be d e r iv e d .
The i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  may be d e r iv e d  in  wavenumber and f r e ­
quency domain by a p p ly in g  a s p a c i a l  F o u r i e r  t r a n s f o r m  and a complex tem poral 
L ap lace  t r a n s f o r m .  The L ap lace  t r a n s f o r m  o f  t h e  t im e  d e r i v a t i v e s  in  t h e  f i e l d  
e q u a t io n s  r e s u l t s  in  th e  i n i t i a l  c o n d i t i o n s  which need be s p e c i f i e d  i n  o r d e r  to  
o b t a in  a s p e c i f i c  s o l u t i o n .  Thus t h e  homogeneous f i e l d  e q u a t io n s  f o r  one f l u c t u a t i o n
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and t h e  two coup led  f i e l d  e q u a t i o n s ,  e q u a t io n s  2 .3 3 a  and 2 .3 3 b ,  r e s u l t  in  
d i f f e r e n t  s p e c i f i c a t i o n s  o f  t h e  i n i t i a l  s t a t e .  The i n i t i a l  c o n d i t i o n  G r e e n 's  
f u n c t i o n s  a r e  more p h y s i c a l l y  m ean ingfu l  th a n  t h e  im pu lse  G r e e n 's  f u n c t i o n s  
because  t h e i r  e x c i t a t i o n s  a r e  more r e a l i s t i c .
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Im pulse  G reen1s F u n c t io n s
F i e l d  e q u a t io n s  which c o n s i s t  o f  d i f f e r e n t i a l  o p e r a t o r s  in  s p a c e  and t im e  
o p e r a t in g  on one f l u c t u a t i n g  p r o p e r ty  may be used to  d e r i v e  t h e  im pu lse  Greens 
f u n c t i o n  f o r  t h a t  f l u c t u a t i o n .  For  bo th  th e  a c o u s t i c  and th e r m a l - v i s c o u s  ap p ro x ­
im a t io n s  such e q u a t io n s  have been f o r  t h e  f l u c t u a t i o n s  o f  thermodynamic p r o p e r t i e s ,  
v . o r t i c i t y ,  v e l o c i t y  d iv e rg e n c e  and o f  t h e  t r a n s v e r s e ,  l o n g i t u d i n a l  and t o t a l  com­
ponen t o f  v e c t o r i a l  v e l o c i t y .  S in c e  t h e s e  e q u a t io n s  a r e  homogeneous, a r t i f i c i a l  
f o r c in g  te rm s  w i l l  be assumed in  o r d e r  to  e x c i t e  t h e  sy s tem .
The im pulse  Greens f u n c t i o n  f o r  a s p e c i f i c  f l u c t u a t i o n  w i l l  be shown t o  be 
r e l a t e d  t o  t h e  o p e r a to r  o f  t h e  g o v e rn in g  f i e l d  e q u a t io n .  The o p e r a t o r s  in  t h e  
f i e l d  e q u a t io n s  d e r iv e d  a r e  e i t h e r  s c a l a r s  o r  second o r d e r  t e n s o r s  which r e q u i r e  
t h e  im pulse  G re e n 's  f u n c t i o n s  t o  be e i t h e r  s c a l a r s  o r  second o r d e r  t e n s o r s  
r e s p e c t i v e l y .  The s c a l a r  o p e r a t o r s  and s c a l a r  im pu lse  G re e n 's  f u n c t i o n s  a p p ly  
f o r  a l l  s c a l a r  f l u c t u a t i o n s  and to  t h e  v e c t o r i a l  f l u c t u a t i o n s  which do n o t  
change in  d i r e c t i o n  a s  t h e  system  r e l a x e s .  The s c a l a r  f l u c t u a t i o n s ,  x ,  sh o u ld  
be f o r c e d  by s c a l a r  f o r c in g  te rm s and th u s  t h e  a r t i f i c i a l l y  f o r c e d  s c a l a r  f i e l d  
e q u a t io n  in  space  and t im e domain i s  o f  th e  fo rm ,
The v e c t o r i a l  f l u c t u a t i o n s  whose d i r e c t i o n s  a r e  n o t  e f f e c t e d  by t h e  medium w i l l  
be in  t h e  d i r e c t i o n  t h a t  th e y  a r e  f o rc e d  and t h e r e f o r e  t h e i r  f o r c i n g  s h o u ld  be 
v e c t o r i a l  and t h e i r  v e c t o r i a l l y  f o rc e d  f i e l d  e q u a t io n s  sh o u ld  be o f  t h e  form
The s c a l a r  o p e r a t o r  e f f e c t s  o n ly  t h e  m agn itude  o f  t h e  f l u c t u a t i o n  and n o t  t h e  
d i r e c t i o n .  T h e r e f o r e ,  t h e  m agn itude  obeys t h e  s c a l a r  e q u a t io n  fo rm , e q u a t io n  
3 . 1 a ,  and t h e  f l u c t u a t i o n  i s  t h e  same a s  t h a t  o f  t h e  f o r c i n g .  The d i r e c t i o n  o f  
on ly  t h e  t o t a l  v e l o c i t y  f l u c t u a t i o n  i s  e f f e c t e d  by th e  medium s i n c e  i t  i s  t h e  
on ly  v e c t o r i a l  f l u c t u a t i o n  w i th  a t e n s o r i a l  o p e r a t o r  in  i t s  f i e l d  e q u a t io n .
L ( r , t )  x ( r , t )  = f ( r , t ) ( 3 .1 a )
L ( r , t )  v ( v , t )  = ? ( r , t )  . ( 3 .1 b )
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T his  i s  because t h e  t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n  and t h e  l o n g i t u d i n a l  v e l o c i t y  
f l u c t u a t i o n ,  which a r e  in  d i r e c t i o n s  t h a t  a r e  p e r p e n d ic u l a r  and p a r a l l e l  
r e s p e c t i v e l y  t o  t h e  d i r e c t i o n  o f  p r o p a g a t io n ,  decay  a t  d i f f e r e n t  r a t e s .
In o r d e r  t h a t  t h e  d i f f e r e n t i a l  o p e r a t o r  may i n t e r a c t  w i th  t h e  d i r e c t i o n  as 
well a s  t h e  m agnitude o f  t h e  v e l o c i t y  f l u c t u a t i o n  i t  sh o u ld  be a second o r d e r  
t e n s o r ,  L y f r . t ) ,  where th e  s u b s c r i p t  i n d i c e s  r e f e r  t o  t h e  s p a t i a l  d i r e c t i o n s  
and may ta k e  on th e  v a lu e  1 ,2  o r  3 .  Thus t h e  v e c t o r i a l l y  f o rc e d  v e c t o r i a l  f i e l d  
e q u a t io n  in  space  and t im e domain u s in g  index  n o t a t i o n  w i th  summation c o n v e n t io n  
i s  o f  t h e  form ,
L ^ t r . t )  V j ( r . t )  = f j ( r , t )  . ( 3 .1 c )
The t o t a l  v e l o c i t y  f l u c t u a t i o n  w i l l  g e n e r a l l y  be in  a chang ing  d i r e c t i o n  d i f f e r e n t  
from t h e  d i r e c t i o n  t h a t  i t  was f o rc e d  in .
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S c a l a r  im pu lse  G re e n 's  f u n c t i o n  th e o r y
The im pulse  G re e n 's  f u n c t i o n  in  space  and t im e  domain, G ( ? , t ) ,  f o r  t h e  s c a l a r  
f l u c t u a t i o n ,  X ( r , t ) ,  o r  t h e  c o n s t a n t  d i r e c t i o n  v e c t o r i a l  f l u c t u a t i o n ,  v ( r , t ) ,  
i s  d e f in e d  a s  th e  r e sp o n se  to  a  f o r c i n g  t h a t  i s  im p u ls iv e  in  sp a ce  and t im e .  Thus 
th e  e q u a t io n  g o v ern ing  th e  s c a l a r  im pulse  G re e n 's  f u n c t i o n  f o r  t h e  f o rc e d  f l u c t u a t i o n s  
governed by t h e  e q u a t io n  fo rm s ,  l a  and l b ,  i s  o f  t h e  fo rm ,
where t h e  s c a l a r  o p e r a t o r ,  L ( r , t ) ,  i s  t h e  same a s  in  e q u a t io n s  l a  o r  l b .  For 
a l l  f i e l d  p o i n t s  in  space  and t im e ,  r  and t ,  e x c e p t  t h e  e x c i t a t i o n  p o i n t ,  r '  
and t ' ,  t h e  s c a l a r  im pulse  G re e n 's  f u n c t i o n ,  G ( r - r ' , t - t ‘ ) ,  i s  a s o l u t i o n  t o  t h e  
homogeneous o r  un fo rc ed  form o f  th e  f i e l d  e q u a t io n ,  e q u a t io n  3 .1 a  o r  3 . 1 b ,  which 
r e p r e s e n t s  t h e  f r e e  r e l a x a t i o n  o f  t h e  s c a l a r  f l u c t u a t i o n ,  x ,  o r  o f  t h e  m agn itude  
o f  t h e  c o n s t a n t  d i r e c t i o n  f l u c t u a t i o n ,  v .
A t r a n s f o r m  te c h n iq u e  a l lo w s  t h e  d i f f e r e n t i a l  e q u a t io n  i s  sp a c e  and t im e  
domain, e q u a t io n  3 . 2 ,  to  be t r a n s fo rm e d  i n t o  an a l g e b r a i c  e q u a t io n  in  wavenumber 
and f re q u e n c y  domain which may be e a s i l y  s o lv e d  f o r  t h e  im pu lse  G re e n 's  f u n c t i o n  
in  t h a t  domain, G(ic,ui). The im pulse  G re e n 's  f u n c t i o n  and t h e  d e l t a  f u n c t i o n s  
i n  space  and t im e domain may be r e p l a c e d  w i th  t h e i r  s p a t i a l  and tem poral 
F o u r ie r  t r a n s f o r m  r e p r e s e n t a t i o n s ,
L ( r , t )  G ( r - r ' , t - t ' )  = 6 ( r - r ' )  f i ( t - t ' )  . ( 3 .2 )
( 3 .3 a )
( 3 .3 b )
( 3 .3 c )
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The co r re sp o n d in g  in v e r s e  s p a t i a l  and tem pora l  F o u r i e r  t r a n s f o r m a t i o n  o f  t h e  im pulse  
G re e n 's  f u n c t i o n  i s
G (1 U )  = f  d3?  e ^ ^ ' J  f  d t  e _ 1 < j ( t_ t , )  G ( r - r ' . t - t ' )  . ( 3 .4 )
J • «  J —CO
Then th e  d i f f e r e n t i a l  o p e r a t o r ,  L ( r , t ) ,  o p e r a t e s  o n ly  on t h e  t r a n s f o r m  k e r n a l ,  
s i n c e  a l l  o t h e r  te rm s a r e  in d e p en d e n t  o f  sp a ce  and t im e ,  p roduc ing  t h e  a l g e b r a i c  
e q u a t io n  in  wavenumber v e c t o r ,  £ ,  and f r e q u e n c y ,  u ,  domain;
L(l?,<ii) G(£,<i>) = 1 . ( 3 .5 )
Thus t h e  t r a n s f o r m  te c h n iq u e  has e f f e c t i v e l y  t r a n s f o r m e d  th e  sp a ce  and t im e 
d i f f e r e n t i a l  o p e r a t o r ,  L ( r , t ) ,  t o  an  a l g e b r a i c  o p e r a t o r  which may be d e f in e d  
a s
m u  = A  {3- 6)
^e - i t * ( r - r ' )  e i u ) ( t - t ' ) - j
S in c e  t h e  t r a n s f o r m s  o f  t h e  d e l t a  f u n c t i o n s  a r e  u n i t y ,  which im p l ie s  t h a t  a l l  
wavenumber components and f r e q u e n c ie s  a r e  u n ifo rm ly  e x c i t e d ,  t h e  t r a n s fo rm e d  im pulse  
G re e n 's  f u n c t i o n  i s  s im p ly  t h e  i n v e r s e  o f  t h e  o p e r a t o r  i n  t h e  t r a n s f o r m e d  domain,
6(1?,w) = [Ldc.o , ) ] ’ 1 . ( 3 .7 )
Thus t h e  im pulse  G re e n 's  f u n c t i o n  c h a r a c t e r i z e s  th e  f l u c t u a t i o n s  b e h a v io r  in  th e  
p a r t i c u l a r  medium as  does t h e  o p e r a t o r  o f  t h e  homogeneous f i e l d  e q u a t io n .
When s p e c i f i c  wavenumbers a n d /o r  f r e q u e n c ie s  a r e  e x c i t e d  by a f o r c in g  f u n c t i o n ,
f ( r , t ) ,  i t s  t r a n s f o r m ,  f ( 1?,u>), w i l l  be a f u n c t i o n  o f  wavenumber and f re q u e n c y  o t h e r
th a n  u n i t y .  In  g e n e ra l  th e  t r a n s f o r m s  o f  t h e  f i e l d  e q u a t io n s  w i th  s c a l a r  o p e r a t o r s ,  
e q u a t io n s  3 .1 a  and 3 . 1 b ,  w i l l  be o f  t h e  forms
L(l?,«>) x ( t w )  = f(l?,u>) ( 3 .8 a )
o r  L(l?»io) v(T?.<d) = ?(l?,ui) . ( 3 .8 b )
An In v e r s e  t r a n s f o r m a t io n  r e s u l t s  in  t h e  f o rc e d  f l u c t u a t i o n  in  sp a ce  and tim e 
domain be ing  equal to  t h e  s p a t i a l  and tem poral c o n v o l u t io n ,  d e f in e d  by an a s t e r i s k ,  
o f  th e  im pulse  G re e n 's  f u n c t i o n  and t h e  f o r c i n g  f u n c t i o n ,
x ( r , t )  = G ( r , t ) * f ( r , t )  = f  d3 r '  f  d t '  G ( r - r ' , t - t ' ) f ( r ’ , t ' ) ( 3 .9 a )
i  «oo J —a>
o r  v ( r , t )  = G ( r , t ) * ? ( r , t )  = f  d3? '  f  d t '  G ( r - r ' , t - t ' ) ? ( r ' , t ' ) ( 3 .9 b )
j *00 J «00
The e f f e c t  o f  t h e  c o n v o lu t io n  i s  t o  m u l t i p l y  on im p u lse  r e s p o n s e  e m in a t in g  from 
some p o in t  in  space  and t im e  by th e  f o r c in g  a t  t h a t  p o i n t  and th e n  sum, v e c t o r i a l l y  
i f  n e c e s s a r y ,  a l l  such r e s p o n s e s  which em ina te  from a l l  f o r c e d  p o i n t s  in  space
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T e n s o r ia l  im pu lse  G re e n 's  f u n c t io n  t h o e r y
In o r d e r  t h a t  t h e  G re e n 's  f u n c t i o n  may i n t e r a c t  w i th  t h e  d i r e c t i o n
a s  w ell  a s  t h e  m agnitude o f  t h e  f o r c i n g  t h e  im pu lse  G r e e n 's  f u n c t i o n  must be a
second o r d e r  t e n s o r .  Using in d ex  n o t a t i o n  and th e  summation c o n v e n t io n  th e
t e n s o r i a l  im pulse  G re e n 's  f u n c t i o n  in  sp a c e  and tim e domain, Gjm( r , 1 : ) , f o r  th e
v e c t o r i a l  f l u c t u a t i o n ,  v . ( r , t ) ,  i s  r e l a t e d  t o  t h e  t e n s o r i a l  im p u lse  f o r c i n g  by
J
and th u s  may be c o n s id e r e d  a s  t h e  f r e e  r e s p o n s e  t o  a t e n s o r i a l  im p u ls iv e  f o r c i n g .
The t e n s o r i a l  e q u a t io n  may be t r a n s f o r m e d  to  wavenumber and f r e q u e n c y  domain, 
a s  was t h e  s c a l a r  e q u a t io n  3 . 2 ,  by a s p e c i a l  and tem pora l  F o u r i e r  t r a n s f o r m  y i e l d i n g
The t r a n s fo rm e d  d i f f e r e n t i a l  o p e r a t o r  i s  an a l g e b r a i c  f u n c t i o n  o f  wavenumber com­
ponen ts  and f re q u en c y  d e f in e d  by
Thus a m u l t i p l i c a t i o n  o f  e q u a t io n  3.11 by t h e  i n v e r s e  o p e r a t o r  c o n s i d e r i n g  th e  
r e l a t i o n  o f  e q u a t io n  3 .1 3  y i e l d s
L i j C r . t )  Gjm( r , t )  = 6 1m 6 ( r - r ' )  < S ( t - t ' ) ( 3 .1 0 )
( 3 .1 1 )
£e - i t - ( r - r ' )  e i u ) ( t - t ' ) - |
( 3 .1 2 )
S in c e  t h e  t ra n s fo rm e d  o p e r a t o r  i s  a l g e b r a i c  i t s  i n v e r s e ,  [Ln^ ( ^ , u ) ] " ^ ,  s a t i s f i e s  
t h e  r e l a t i o n
( 3 .1 3 )
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C o n t ra c t io n  o f  t h e  I n d ic e s  by t h e  K ronecker d e l t a s  r e s u l t s  in  t h e  t r a n s fo rm e d  
t e n s o r i a l  im pulse  G re e n 's  f u n c t i o n  equal to  th e  i n v e r s e  o f  t h e  t r a n s fo rm e d  
o p e r a t o r ,
=  [ L n n ( l c , « ) ] ' 1 ,  ( 3 . 1 4 b )
a s  was t r u e  o f  t h e  s c a l a r  im pulse  G re e n 's  f u n c t i o n .  Thus t h e  t e n s o r i a l  im pulse  
G re e n 's  f u n c t i o n  may be c o n s id e r e d  a s  a s o l u t i o n  to  t h e  homogeneous f i e l d  e q u a t io n  
which c h a r a c t e r i z e s  t h e  f l u c t u a t i o n s  when a l l  wavenumbers and f r e q u e n c i e s  have been 
u n ifo rm ly  e x c i t e d .
In  g e n e ra l  t h e  t r a n s f o r m  o f  t h e  v e c t o r i a l  f o r c i n g  w i l l  be a  f u n c t i o n  wavenumber
and f re q u en c y  s in c e  s p e c i f i c  wavenumbers a n d / o r  f r e q u e n c i e s  w i l l  have been e x c i t e d
more th a n  o t h e r s .  Then t h e  t r a n s f o r m  o f  t h e  f o rc e d  f i e l d  e q u a t i o n ,  e q u a t io n  3 .1 6 ,  
w i l l  be
L j j f lc .u )  Vj(ic,ui) = f . ( l U )  . (3 .1 5 )
T his  e q u a t io n  may be m u l t i p l i e d  by Gm-j(^»“ ) w h ich ,  by e q u a t io n  3 .1 4 b ,  i s  equa l  
t o  [Lm^ ( t , o ) ) ] “  ^ . Using t h e  i n v e r s e  o p e r a t o r  form on t h e  l e f t  s i d e  o f  th e  
e q u a t io n  and th e  im pulse  G re e n 's  f u n c t i o n  on th e  r i g h t  s i d e  t h e  t r a n s fo rm e d  
f o rc e d  f i e l d  e q u a t io n  i s
[ L | n 1 ( t , u ) ] " 1 L 1j ( t , u )  V j ( f f , u )  =  G m i ( £ , w )  f 1 ( t , « )  .  ( 3 . 1 6 )
The i n v e r s e  o p e r a t o r ,  o p e r a t o r  c o n t r a c t i o n  r e s u l t s  in  a K ronecker  d e l t a ,  a s  in  
e q u a t io n  3 . 1 3 ,  which when c o n t r a c t e d  w i th  t h e  v e l o c i t y  r e s u l t s  in  e x p r e s s io n  
f o r  v e c t o r i a l  r e s p o n s e s  in  wavenumber and f re q u e n c y  domain
y u . )  = Gm i( * . “>) V * . " )  • ( 3 .1 7 )
An in v e r s e  t r a n s f o r m a t io n  to  space  and t im e  domain r e s u l t s  in  t h e  c o n v o lu t io n  
form ula  a t e n s o r i a l  im pulse  G re e n 's  f u n c t i o n ,
vmtf’t> = = f j * '  H  dt' ^
T his  c o n v o lu t io n  v e c t o r i a l l y  sums th e  f o rc e d  r e s p o n s e s  e m in a t in g  from each  f o rc e d  
p o in t  in  space  and t im e  w h i le  p r o p e r ly  a c c o u n t in g  f o r  t h e  chang ing  d i r e c t i o n s  o f  
th e  fo rc e d  r e s p o n s e s .
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A c o u s t ic  im pu lse  G re e n 's  f u n c t i o n s  
The th e o ry  n e c e s sa ry  f o r  t h e  e v a lu a t io n  o f  th e  s c a l a r  and t e n s o r i a l  im pulse  
G re e n 's  f u n c t i o n s  in  wavenumber and f re q u e n c y  domain from t h e  f i e l d  e q u a t io n s  
in  sp a ce  and t im e domain has  been p r e s e n te d  and shows t h a t  a s im p le  p ro c e d u re  
may be fo l lo w ed  to  e v a lu a t e  th e  im pulse  G re e n 's  f u n c t i o n  f o r  each  o f  t h e  f l u c t u a t i o n s .  
The p ro c e d u re  f o r  e v a lu a t in g  th e  im pulse  G re e n 's  f u n c t i o n  f o r  a s p e c i f i c  f l u c t u a t i o n  
i s  to  f i r s t  i d e n t i f y  t h e  d i f f e r e n t i a l  o p e r a t o r  in  sp a ce  and t im e  domain from t h e  
a p p r o p r i a t e  f i e l d  e q u a t io n  which was deve loped  in  a p r e v o u s - c h a p te r .  A s c a l a r  
o p e r a to r  im p l ie s  t h a t  th e  im pulse  G re e n 's  f u n c t i o n  w i l l  be a s c a l a r  and a t e n s o r i a l  
o p e r a to r  im p l ie s  t h a t  a t e n s o r i a l  im pulse  G re e n 's  f u n c t i o n  w i l l  be a p p r o p r i a t e .
The s c a l a r  o r  t e n s o r i a l  o p e r a t o r  may be e f f e c t i v e l y  t r a n s fo rm e d  to  wavenumber 
and f re q u e n c y  domain by per fo rm ing  t h e  o p e r a t io n  i n d i c a t e d  by e q u a t io n  3 .6  o r  3 .1 2  
r e s p e c t i v e l y .  The im pulse  G re e n 's  f u n c t i o n  in  wavenumber and f re q u e n c y  domain f o r  
th e  s p e c i f i c  f l u c t u a t i o n  i s  th e n  e v a lu a te d  a s  t h e  i n v e r s e  o f  t h e  o p e r a t o r ,  a s  
i n d i c a t e d  by e q u a t io n  3 .7  f o r  a s c a l a r  im p u ls iv e  G re e n 's  f u n c t i o n  o r  by e q u a t io n  
3 .14b  f o r  a t e n s o r i a l  im p u ls iv e  G re e n 's  f u n c t i o n .
For th e  a c o u s t i c ,  o r  i s e n t r o p i c ,  f l u c t u a t i o n  ap p ro x im a t io n  t h e  f i e l d  e q u a t io n s  
have been developed  f o r  s c a l a r  f l u c t u a t i o n s  o f  mass d e n s i t y ,  p r e s s u r e  and v e l o c i t y  
d iv e rg e n c e  and f o r  v e r t i c a l  f l u c t u a t i o n s  o f  v o r t i c i t y  and th e  t r a n s v e r s e ,  l o n g i t u d i n a l  
and t o t a l  components o f  v e l o c i t y .  The o p e r a t o r s  in  a l l  f i e l d  e q u a t io n s  a r e  s c a l a r s  
e x c e p t  f o r  th e  second o r d e r  t e n s o r  o p e r a t o r  in  th e  f i e l d  e q u a t io n  g o v e rn in g  th e  
v e c t o r i a l  v e l o c i t y  f l u c t u a t i o n .  As a r e s u l t  t h e  im pu lse  G re e n 's  f u n c t i o n s  f o r  a l l  
f l u c t u a t i o n s  a r e  s c a l a r s  e x c e p t  t h e  im pulse  G re e n 's  f u n c t i o n  f o r  t h e  v e c t o r i a l  
v e l o c i t y  f l u c t u a t i o n  which i s  a second o r d e r  t e n s o r .
The v e c t o r i a l  f l u c t u a t i o n s  o f  v o r t i c i t y  and t r a n s v e r s e  v e l o c i t y  obey t h e  same 
f i e l d  e q u a t io n ,  e q u a t io n s  2 .9 a  and 2 .9 b ,  which r e p r e s e n t s  a t r a n s v e r s e  momentum
d i f f u s i o n  in d e p en d e n t  o f  t h e  f l u c t u a t i o n  p r o c e s s .  These f i e l d  e q u a t i o n s ,  
i d e n t i f y  t h e  s c a l a r  o p e r a t o r  i n  space  and t im e  domain,
L % , t )  = C f t  -  °T v2J • (3.19a)
which a p p l i e s  to  t h e  v o r t i c i t y  and t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n s .  This  
d i f f e r e n t i a l  o p e r a t o r  may be e f f e c t i v e l y  t r a n s f o r m e d ,  a s  shown by e q u a t io n  3 . 6 ,  
to  th e  a l g e b r a i c  o p e r a t o r  i n  wavenumber and f re q u e n c y  domain,
The s c a l a r  im pulse  G re e n 's  f u n c t i o n  in  wavenumber and f re q u e n c y  domain i s ,  by 
e q u a t io n  3 . 7 ,  equal t o  th e  i n v e r s e  o f  th e  o p e r a to r  in  t h e  same domain. Thus t h e  
s c a l a r  im pulse  G re e n 's  f u n c t i o n  f o r  t h e  v e c t o r i a l  f l u c t u a t i o n s  o f  v o r t i c i t y  and 
t r a n s v e r s e  v e l o c i t y  i s
which r e p r e s e n t s  th e  d i f f u s i v e  r e l a x a t i o n  o f  t r a n s v e r s e  momentum. S in c e  th e  
impulse G re e n 's  f u n c t i o n  i s  a s c a l a r ,  as  i s  th e  o p e r a t o r ,  t h e  d i r e c t i o n  o f  th e  
f l u c t u a t i o n s  w i l l  be t h e  same a s  t h e  d i r e c t i o n  o f  t h e i r  f o r c i n g ,  from e q u a t io n  
3 .8 b ,  and w i l l  n o t  change a s  t h e  f l u c t u a t i o n s  r e l a x .  The t r a n s v e r s e  v e l o c i t y  
f l u c t u a t i o n  i s  always p e r p e n d ic u l a r  t o  t h e  d i r e c t i o n  o f  p r o p a g a t io n ,  t h e  p ro p a g a t io n  
d i r e c t i o n  i s  g iven  by t h e  d i r e c t i o n  o f  t h e  wavenumber v e c t o r  The im pulse  
G re e n 's  f u n c t i o n ,  which r e s u l t s  from f o r c i n g  a t  a p o i n t  in  s p a c e ,  i s  s p h e r i c a l l y  
symmetric s in c e  i t  1s a f u n c t i o n  o f  wavenumber sq u a re d .  Thus any v a r i a t i o n  in  
th e  t r a n s v e r s e  v e l o c i t y  o c c u r s  in  d i r e c t i o n  o f  p r o p a g a t io n  and t h e  v o r t i c i t y  
f l u c t u a t i o n  v e c to r  p e r p e n d ic u l a r  t o  bo th  t h e  t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n  
v e c to r  and t h e  p ro p a g a t io n  d i r e c t i o n .
L % , U) = [ i u+DTk2 ]  . (3 .1 9 b )
(3 .2 0 )
The s c a l a r  f l u c t u a t i o n s  o f  mass d e n s i t y ,  p r e s s u r e  and v e l o c i t y  d iv e rg e n c e  
and th e  v e c t o r i a l  f l u c t u a t i o n  o f  l o n g i t u d i n a l  v e l o c i t y  a l l  obey t h e  same f i e l d  
e q u a t io n ,  e q u a t io n s  2 .1 4 ,  2 .1 6 a  and 2 .1 6 b ,  which r e p r e s e n t s  a damped wave 
prop g a t io n .  The s c a l a r  d i f f e r e n t i a l  o p e r a t o r  a p p r o p r i a t e  f o r  t h e s e  f l u c t u a t i o n s ,
The in v e r s e  o f  t h i s  o p e r a t o r  e q u a l s  th e  s c a l a r  im pu lse  G r e e n 's  f u n c t i o n  f o r  t h e  
f l u c t u a t i o n s  o f  mass d e n s i t y ,  p r e s s u r e ,  v e l o c i t y  d iv e rg e n c e  and l o n g i t u d i n a l  
v e l o c i t y  v e c to r  in  wavenumber and f re q u e n c y  domain,
This im pulse  G re e n 's  f u n c t i o n  r e p r e s e n t s  a s p h e r i c a l l y  sym m etric  r e l a x a t i o n  o f  
th e  f l u c t u a t i o n s  in  t h e  form o f  a  damped sound wave p r o p a g a t in g  r a d i a l l y  outward 
from t h e  s p a c i a l  p o i n t  o f  e x c i t a t i o n .  The l o n g i t u d i n a l  v e l o c i t y  v e c t o r  f l u c t u a t i o n  
i s  in  t h e  d i r e c t i o n  o f  p r o p a g a t io n .
The v e c t o r i a l  v e l o c i t y  f l u c t u a t i o n  obeys t h e  f i e l d  e q u a t i o n ,  e q u a t io n  2 .1 7 ,  
which s im u l ta n e o u s ly  r e l a t e s  t h e  t r a n s v e r s e  and l o n g i t u d i n a l  v e l o c i t y  components . 
The d i f f e r e n t i a l  o p e r a to r  o f  t h i s  f i e l d  e q u a t io n  has te rm s which in c lu d e  th e  
g r a d i e n t  o f  th e  d iv e rg e n c e ,  and a r e  n a t u r a l l y  second o r d e r  t e n s o r s ,  a s  w e l l  as  
s c a l a r  te rm s .  To be c o n s i s t a n t  t h e  s c a l a r  te rm s sh o u ld  be m u l t i p l i e d  by a 
Kronecker d e l t a  o f  th e  p ro p e r  i n d i c e s  r e s u l t i n g  in  t h e  t e n s o r i a l  d i f f e r e n t i a l  
o p e r a to r  in  space  and t im e  domain,
(3 .2 1 a )
may be t ran s fo rm ed  t o  th e  a l g e b r a i c  o p e r a to r  in  wavenumber and f re q u e n c y  
domain,
Lp (1c,<d) = [o?" -  iwD^k2  -  C?k2] (3 .2 1 b )
Gp ( t , u )  =  Gp ( l c , u )  =  GV * ^ ( l c , t u )  =  G * L ( 1 U )  =  - y - J - - - - - - - - - - -
(u -itoDj^k
(3 .2 2 )
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This  t e n s o r i a l  o p e r a t o r  may be t r a n s f o r m e d ,  a s  shown by e q u a t io n  3 . 1 2 ,  t o  t h e  
a l g e b r a i c  o p e r a t o r  in  wavenumber and f re q u e n c y  domain,
LJlB( t « )  = [<*> “ iwDjk " Cit*j(Dj^—Dy) + ^ l ^ k ^  > (3 .2 3 b )
which i s  a second o r d e r  t e n s o r  o f  t h e  form
A6 _._ -  Bk.k . (3 .2 4 a )jm j  m '  '
I t  w i l l  be c o n v e n ie n t  t o  e x p r e s s  t h e  i n v e r s e  o f  t h i s  t e n s o r  fo rm , e q u a t io n  3 .2 4 a ,
1n t h e  form
i Mm ,  k.jk
T  (fijm -  “ Y 1) + — ~ z  * (3 .2 4 b b )
A Jm k A-Bk k
Applying t h i s  in v e r s i o n  t o  t h e  o p e r a t o r ,  e q u a t io n  3 .2 3 b ,  r e s u l t s  in  t h e  t e n s o r i a l  
im pulse G re e n 's  f u n c t i o n  f o r  t h e  v e c t o r i a l  v e l o c i t y  in  t h e  form 
Z ^ 1 Mm 1 Mm
= — 2-------- r  ( a 1m -  - V 11) + - p — - 7 - r r  ’ ( 3 ’ 25)
J -iu[i<i)+Djk ]  Jm k [u - iuD Lk -C2k ]  k
which i s  s e p a r a t e d  i n t o  t r a n s v e r s e  and l o n g i t u d i n a l  p a r t s .  T h is  form o f  t e n s o r i a l  
G re e n 's  f u n c t i o n  has been p r e s e n te d  by A. Y i l d i z ^  f o r  an e l a s t i c  medium and
( a )
by M. Y i I d i z v '  f o r  a t h e r m o v i s c o e l a s t i c  medium.
The t e n s o r i a l  te rm s ,
"In® '  <3-26a>
and
■ < - j r >  • <3 -26b )
a r e  d e f in e d  r e s p e c t i v e l y  a s  t h e  l o n g i t u d i n a l  and t r a n s v e r s e  p o l a r i z a t i o n  t e n s o r s  
in  wavenumber domain. The d iv e rg e n c e  in  wavenumber domain o f  t h e  t r a n s v e r s e  
p o l a r i z a t i o n  t e n s o r  e q u a ls  z e r o ,
M ,
-  - J r ’ ■ 0  '  ( S - 28*)




where e . nj. 1s t h e  p e rm u ta t io n  t e n s o r .  The s c a l a r  te rm s m u l t i p l y i n g  th e  
t r a n s v e r s e  and lo n g i t u d i n a l  p o l a r i z a t i o n  t e n s o r s  a r e  r e l a t e d  to  t h e  s c a l a r  
im pulse  G re e n 's  f u n c t i o n s  f o r  t r a n s v e r s e  and l o n g i t u d i n a l  v e l o c i t y  f l u c t u a t i o n s  
as shown i n - e q u a t io n s  3 .2 0  and 3 .2 2 .  Thus t h e  t e n s o r i a l  im p u lse  G re e n 's  
fu n c t io n  f o r  v e l o c i t y  may be e x p r e s s e d  as
which o b v io u s ly  r e l a t e s  th e  t r a n s v e r s e  and l o n g i t u d i n a l  v e l o c i t y  f l u c t u a t i o n s  in  
m agnitude ,  by t e h  s c a l a r  G re e n ’s f u n c t i o n s ,  and d i r e c t i o n ,  by t h e  p o l a r i z a t i o n  
t e n s o r s .
( 3 .2 8 )
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T herm a l-v lscous  Im pulse G re e n 's  f u n c t i o n s
For t h e  th e rm a l - v is c o u s  f l u c t u a t i o n  ap p ro x im a t io n  th e  f i e l d  e q u a t io n s  have 
been developed  f o r  s c a l a r  f l u c t u a t i o n s  o f  t h e  g e n e ra l  thermodynamic p r o p e r t i e s  
and t h e  v e l o c i t y  d iv e rg e n c e  f o r  v e c t o r i a l  f l u c t u a t i o n s  o f  t h e  v o r t i c i t y  and 
th e  t r a n s v e r s e ,  l o n g i t u d i n a l  and t o t a l  components o f  t h e  v e l o c i t y .  As f o r  th e  
a c o u s t i c  app rox im ation  th e  f i e l d  e q u a t io n s  f o r  a l l  f l u c t u a t i o n s  e x h i b i t  s c a l a r  
o p e r a to r s  e x c e p t  t h e  e q u a t io n  g o v ern ing  th e  v e c t o r i a l  v e l o c i t y  f l u c t u a t i o n  
which d i s p l a y s  a second o r d e r  t e n s o r  o p e r a t o r .  The p ro c e d u re  t h a t  w i l l  be used 
to  e v a l u a t e  th e  im pulse  G re e n 's  f u n c t i o n s  f o r  t h e  f l u c t u a t i o n s  from t h e i r  f i e l d  
e q u a t io n s  i s  t h e  same p ro ce d u re  a s  o u t l i n e d  and used in  t h e  p r e v io u s  s e c t i o n  
f o r  t h e  a c o u s t i c  f l u c t u a t i o n s .
The v e c t o r i a l  f l u c t u a t i o n s  o f  v o r t i c i t y  and t r a n s v e r s e  v e l o c i t y  a r e  t h e  
r e s u l t s  o f  t r a n s v e r s e  momentum d i f f u s i o n  which i s  in d e p e n d e n t  o f  t h e  f l u c t u a t i o n  
p r o c e s s .  T h e r e f o r e  t h e  s c a l a r  im pu lse  G re e n 's  f u n c t i o n  f o r  t h e  f l u c t u a t i o n s  o f  
v o r t i c i t y  and t r a n s v e r s e  v e l o c i t y ,
i s  e x a c t l y  t h e  same as d e r iv e d  in  t h e  a c o u s t i c  s e c t i o n .  The m agn itude  o f  th e  
f l u c t u a t i o n s  d i f f u s e s  outward in  a s p h e r i c a l l y  sym m etric  p a t t e r n  a b o u t  th e  
p o i n t  o f  e x c i t a t i o n .  The v o r t i c i t y  and t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n  v e c to r s  
a r e  i n  m u tu a l ly  p e r p e n d ic u l a r  d i r e c t i o n s  which a r e  a l s o  p e r p e n d i c u l a r  t o  th e  
d i r e c t i o n  o f  d i f f u s i o n ,  £ .
The s c a l a r . f l u c t u a t i o n s  o f  thermodynamic p r o p e r t i e s  and v e l o c i t y  d iv e rg e n c e  
and t h e  v e c t o r i a l  f l u c t u a t i o n  o f  l o n g i t u d i n a l  v e l o c i t y  a l l  s a t i s f y  t h e  same 
f i e l d  e q u a t io n ,  e q u a t io n  2 .3 8 ,  which r e p r e s e n t s  a more c o m p l ic a te d  p r o c e s s  than  
damped wave p ro p a g a t io n  o r  the rm al d i f f u s i o n  a l o n e .  The s c a l a r  d i f f e r e n t i a l  
o p e r a t o r  in  space  and t im e domain d i s p l a y e d  by t h e  f i e l d  e q u a t io n  i s
(3 .2 9 )
P -  h r  V* -  C? f -  V4 ] , (3 .3 0 a )
and I t s  t r a n s f o r m a t io n  in  wavenumber and f re q u e n c y  domain i s
= [ioj3+u>2 (D. + £ - ) k 2 -  io>C2k2 -  ia>D, 5 -  k4 -  C2 k2 ] . (3 .3 0 b )
v v P
The in v e r s e  o f  th e  t r a n s fo rm e d  o p e r a t o r  e q u a ls  th e  s c a l a r  im pu lse  G re e n 's  f u n c t i o n  
in  wavenumber and f re q u en c y  domain f o r  t h e  f l u c t u a t i o n s  o f  thermodynamic p r o p e r t i e s ,  
v e l o c i t y  di-vergence and lo n g i t u d i n a l  v e l o c i t y  v e c t o r ,
X ^  ^
G m(lc,to) = G7  v ( i U )  = Gv*"(Tc,o>) =  g— *---------- ------ X—  ^ 2  2---------- ------ t —  t  • ( 3 .3 1 )
1<o+u> (DL + ^ - ) k  -iuC ^k  - i  0L k -C^ ~  kH
The im pulse  G re e n 's  f u n c t i o n  a l s o  r e p r e s e n t s  a s p h e r i c a l l y  sym m etric  r e l a x a t i o n  
o f  t h e  f l u c t u a t i o n s  which p ro p a g a te s  r a d i a l l y  o u tw ard ,  which i s  a l s o  th e  d i r e c t i o n  
o f t h e  l o n g i t u d in a l  v e l o c i t y  v e c t o r ,  from t h e  s p a t i a l  p o i n t  o f  e x c i t a t i o n .  The 
form o f  t h i s  r e l a x a t i o n  w i l l  be f u r t h e r  i n v e s t i g a t e d  in  a l a t e r  c h a p t e r .
The v e c t o r i a l  v e l o c i t y  f l u c t u a t i o n  obeys t h e  f i e l d  e q u a t i o n ,  e q u a t io n  2 .4 1 ,  
which r e l a t e s  t h e  t r a n s v e r s e  and l o n g i t u d i n a l  v e l o c i t y  components th ro u g h  th e  
t e n s o r i a l  d i f f e r e n t i a l  o p e r a t o r  i n  space  and t im e domain,
= ~ s * (dt  + ^  j?  ’2-° t t v f t  ’'4' ‘s . * i(dl - dt> e ;  I t ,2+
. . 2  3 r 2 k . 2 .  3 3 . (3 .3 2 a )
+ C1 a t  ‘  C1 C  7  1 Tr“  W -P j  m
The t r a n s fo rm  in  wavenumber and f re q u en c y  domain o f  t h i s  o p e r a t o r ,
Lj^dc.oj) = [ iu  +io (Dt + js—)k -iwDy k ^ 6 jm- [ V ( D L-DT)+iu)(DL-DT)k ‘^ +ilo(DL-DT)k ‘^ +
*j
+iuC?+C? k2 ] k .k  , (3 .3 2 b )i i Up j  m
may be in v e r t e d  in  t h e  form shown by e q u a t io n s  3 .2 4  r e s u l t i n g  i n  t h e  form o f  th e
t e n s o r i a l  im pulse  G re e n 's  f u n c t i o n  f o r  t h e  v e c t o r i a l  v e l o c i t y  f l u c t u a t i o n ,
-*■ .  k .k
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In  term s o f  t h e  p o l a r i z a t i o n  t n e s o r s ,  e q u a t io n s  3 .2 6 ,  and t h e  s c a l a r  im pu lse  G re e n 's  
f u n c t io n s  f o r  t h e  t r a n s v e r s e  and lo n g i t u d i n a l  v e l o c i t y  f l u c t u a t i o n s ,  e q u a t io n s  
3.20 and 3 .3 1 ,  t h e  t e n s o r i a l  im pulse  G re e n 's  f u n c t i o n  may be e x p r e s s e d  as
------------- 2 - S ^ d t . u )  pT (IT) -  G^L(k ,w ) Pl.mW  . ( 3 .3 4 )
1o)(1ui+ * -  k ) jm jm
V
T his  t e n s o r i a l  im pulse  G re e n 's  f u n c t i o n  f o r  t h e  th e r m a l - v i s c o u s  v e l o c i t y  
f l u c t u a t i o n  i s  s i m i l a r  t o  t h a t  d e r iv e d  f o r  t h e  a c o u s t i c  v e l o c i t y  f l u c t u a t i o n ,  
e q u a t io n s  3 .2 5  and 3 .2 8 .  The n o te a b le  d i f f e r e n c e  i s  t h a t  the rm al c o n d u c t i v i t y  
has co m p l ic a te d  th e  s c a l a r  Im pulse  G re e n 's  f u n c t i o n  f o r  t h e  l o n g i t u d i n a l  
v e l o c i t y  f l u c t u a t i o n ,  e q u a t io n  3 .3 2 ,  and has  c o m p l ic a te d  t h e  t r a n s v e r s e  v e l o c i t y  
component o f  th e  t e n s o r i a l  G r e e n 's  f u n c t i o n  by th e  a d d i t i o n a l  the rm al d i f f u s i o n  
p o le ,  which i s  in  p a r e n t h e s i s  in  e q u a t io n s  3 .3 3  and 3 .3 4 .
Although t h e  t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n  once e x c i t e d ,  d i f f u s e s  
v i s c o u s ly  a s  a t r a n s v e r s e  momentum r e l a x a t i o n  in d e p e n d e n t  o f  f l u c t u a t i o n  p r o c e s s ,  
th e  the rm al d i f f u s i o n  which o c c u r s  d u r in g  t h e r m a l - v i s c o u s  f l u c t u a t i o n s  a l s o  
e x c i t e s  t h e  t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n .  T h is  e x p l a i n s  t h e  d i s c re p a n c y  which 
was d is c o v e r e d  in  t h e  d e r i v a t i o n  o f  t h e  f i e l d  e q u a t io n s  f o r  t h e  t r a n s v e r s e  
v e l o c i t y  f l u c t u a t io n s . ,  e q u a t io n s  2 .4 2 ,  2 .4 3  and 2 .4 4 .
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I n i t i a l  C on d i t io n  G re e n 's  F unc tions
Homogeneous d i f f e r e n t i a l  f i e l d  e q u a t io n s  t h a t  govern  t h e  p r o p e r ty  f l u c t u a t i o n s  
were d e r iv e d  in  th e  f i r s t  c h a p t e r .  In  th e  p re v io u s  s e c t i o n  a r t i f i c i a l  f o r c i n g  
term s were assumed in  o r d e r  t o  m a th e m a t i c a l ly  e x c i t e  t h e  sys tem  and p e rm i t  
d e r i v a t i o n  o f  th e  im pulse  G re e n 's  f u n c t i o n s .  The im pulse  G re e n 's  f u n c t i o n  i s  
th e  r e l a x a t i o n  o f  a f l u c t u a t i o n  from t h e  s p e c i f i c  e x c i t e d  s t a t e  r e s u l t i n g  from 
a f o r c in g  t h a t  i s  im p u ls iv e  in  sp a c e  and t im e ,  e q u a t io n  3 . 2 ,  and c o r r e l a t e s  th e  
re sp o n se  o f  t h e  f l u c t u a t i o n  w i th  t h e  a r b i t r a r y  f o r c i n g ,  e q u a t io n s  3 .8  and 3 .9 .
In  t h i s  s e c t i o n  th e  e x c i t e d  s t a t e  o f  t h e  system  w i l l  be s p e c i f i e d  by a s e t  o f  
i n i t i a l  c o n d i t i o n  te rm s ,  each  o f  which may be c o n s id e r e d  a s  a f o r c i n g .  The 
f l u c t u a t i o n s  r e l a x a t i o n ,  x(£,u>), from an i n i t i a l  s t a t e  o f  one n o n - z e ro  i n i t i a l  
c o n d i t io n  te rm  Y ( t , t= 0 )  i s  c o r r e l a t e d  to  t h a t  i n i t i a l  c o n d i t i o n  te rm  by th e  
co r re sp o n d in g  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n ,
x y ( t , u )  = G ^ t . u )  Y (£ , t= 0 )  . (3 .3 5 )
S in ce  t h i s  a n a l y s i s  i s  l i n e a r  t h e  f l u c t u a t i o n s  re s p o n s e  t o  an a r b i t r a r y  i n i t i a l  
s t a t e  i s  s im ply  th e  sum o f  t h e  r e s p o n s e s  due t o  each  i n i t i a l  c o n d i t i o n  te rm . The 
i n i t i a l  c o n d i t i o n  te rm s which a r e  a p p r o p r i a t e  f o r  each  f i e l d  e q u a t io n  a r e  d i s p l a y e d  
when a complex Laplace t r a n s f o r m a t io n  o f  t im e  i s  a p p l i e d  to  them r a t h e r  th a n  a 
temporal F o u r ie r  t r a n s f o r m a t io n .  Applying a s p a t i a l  F o u r i e r  t r a n s f o r m a t i o n  com ple tes  
th e  H i l b e r t  t r a n s f o r m  and y i e l d s  f i e l d  e q u a t io n s  su p p ly in g  th e  in f o r m a t io n  n e c e s s a r y  
f o r  th e  d e r i v a t i o n  o f  th e  i n i t i a l  c o n d i t i o n  Greens f u n c t i o n s  by Kubo's  fo rm u la .
Kubo's  fo rm u la^1 0 ,1 1  ^ was d e r iv e d  on t h e  b a s i s  o f  i n s t a n t a n e o u s l y  e x c i t i n g  a 
system  from r e s t  t o  an i n i t i a l  c o n d i t i o n  and r e l a t e s  t h e  r a t i o  o f  r e s p o n s e  
ov er  i n i t i a l  c o n d i t i o n ,  which may be d e te rm in e d  from t h e  H i l b e r t  t r a n s fo rm e d  
f i e l d  e q u a t io n s ,  to  t h e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n ,
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limn x ( £ ,_z j_ _  = 1^  [ G (TT.z) -  G ( £ ,z = 0 ) ]  . ( 3 .3 6 )
**" Y(lc,t=0) 1 2  xy xy
The complex f re q u e n c y ,
z = <D-1e , ( 3 .3 7 )
1s t h e  complex L ap lace  t r a n s f o r m  v a r i a b l e  and f o r  c a u s a l  p r o c e s s e s  u i s  t h e  
temporal F o u r i e r  t r a n s fo rm  v a r i a b l e .  C o ns ider  t h e  common L ap lace  t r a n s f o r m ,
L {f( t ) } = F (s )  = f  d t  e ' s t  f ( t )  . ( 3 .3 8 a )
•>0
The in v e r s e  t r a n s f o r m  may be r e p r e s e n te d  by th e  M e l l in  i n v e r s i o n  i n t e g r a l ,
(3 .3 8 b )L_1 { F (s )}  = f ( t )  = 4 ?  f ^ 1 ds e s t  F ( s )  ,
Jv -i»y~
where y  must be chosen to  be l a r g e r  th a n  t h e  r e a l  p a r t s  o f  t h e  s p o le s  o f  F ( s ) .  The 
complex L ap lace  t r a n s f o r m  and in v e r s i o n  may be o b ta in e d  by s u b s t i t u t i n g  i z  f o r  s 
w ith  e a s s u r i n g  i n t e g r a l  co n v e rg en ce ,
L ( f ( t )} = F (z )  = f  d t  e " 1 z t  f ( t )  , ( 3 .3 9 a )
c JO
and r iy + -
L ^ { f ( z ) }  = f ( t )  = 2^ T  I . id z  e 1 z t  F (z )  , (3 .3 9 b )
J -  i y - “>
where t h e  im ag inary  p a r t s  o f  t h e  complex f r e q u e n c y ,  z ,  p o le s  o f  F (z )  must be 
l a r g e r  th a n  - y .
The complex L ap lace  t r a n s fo rm s  o f  t h e  t im e d e r i v a t i v e s  su p p ly  t h e  i n i t i a l  
c o n d i t io n  te rm s th rough  th e  r e l a t i o n s ,
Lc{l t  f(t)} = iz f(z) ’ f(t=0) ’ (3-40a)
2
lc{1 T  f ( t ) }  = ' z2 f ( z )  " 1z f( t=0) " f t  f{t=0) * (3 -40b)3 t
3 2
L f ( t ) }  = - i z 3  f ( z )  + z 2  f ( t = 0 )  -  i z  f ( t = 0 )  -  2 - -  f ( t = 0 )  . ( 3 .4 0 c )
c a t d 3 t z
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The H i l b e r t  t r a n s fo rm  o f  t h e  f i e l d  e q u a t io n s  a l s o  in v o lv e s  a F o u r i e r  s p a t i a l  
t r a n s fo rm ,
The r a t i o  o f  r e sp o n se  o v e r  i n i t i a l  c o n d i t i o n  in  H i l b e r t  s p a c e  may be d e te rm in e d  
from t h e  H i l b e r t  t r a n s fo rm e d  f i e l d  e q u a t io n s  and i s  r e q u i r e d  t o  d e r i v e  th e  
i n i t i a l  c o n d i t io n  G re e n 's  f u n c t i o n  by K ubo's  fo rm u la .  However, Kubo's fo rm u la  
a p p l i e s  in  t h e  l i m i t  a s  z a p p ro a c h e s  oi, o r  a s  e a p p ro a c h e s  z e r o .  In t h i s  
l i m i t  t h e  complex L ap lace  t r a n s f o r m  and in v e r s i o n  become
which a r e  s i m i l a r  t o  th e  tem pora l  F o u r i e r  t r a n s f o r m  and i n v e r s i o n .  In f a c t  i f  
f ( t )  i s  a ca u sa l  f u n c t i o n  o f  t im e ,  i t  o n ly  e x i s t s  f o r  p o s i t i v e  t im e  and may be 
co n s id e re d  to  be equa l  to  z e r o  f o r  n e g a t iv e  t im e  which a l lo w s  t h e  t r a n s f o r m ,  
eq u a t io n  3 .4 2 a ,  to  be e x p re s se d  as
This i s  i d e n t i c a l l y  th e  tem pora l  F o u r ie r  t r a n s f o r m .  The f re q u e n c y  p o le s  o f  a 
temporal F o u r i e r  t r a n s f o r m ,  f ( w ) ,  o f  a c a u s a l  f u n c t i o n  o f  t im e  have p o s i t i v e  
Imaginary  p a r t s ,  t h e r e f o r e  i t  i s  s u f f i c i e n t  t o  choose  y equa l  t o  z e ro  in  th e  
i n v e r s e  t r a n s f o r m ,  e q u a t io n  3 .4 2 b .  Thus t h e  i n v e r s i o n  becomes e x a c t l y  t h e  i n v e r s e
(3 .4 1 a )
and in v e r s e  t r a n s fo rm
( 3 . 4 1 .b )
(3 .4 2 a )
and
™ J1 t  L"1 { f ( z ) }  = L’ V t u ) }  = f ( t )  = |  ’ Y+ f a  e 1(ut f ( M) (3 .4 2 b )
>00
d t  e " 1 u t  f ( t )  . (3 .4 3 a )
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temporal F o u r i e r  t r a n s f o r m ,
f ( t )  = f  #  e 1ait f ( u ) . (3 .4 3 b )
J *00
Since  th e  re s p o n s e  t o  an i n i t i a l  c o n d i t i o n  i s  c a u s a l ,  t h e  i n i t i a l  c o n d i t i o n  G re e n 's  
f u n c t io n  d e r iv e d  by Kubo's fo rm u la ,  e q u a t io n  3 .3 6 ,  and t h e  f l u c t u a t i o n  r e s p o n s e  t o  
an i n i t i a l  c o n d i t i o n ,  e q u a t io n  3 . 3 5 /  a r e  e f f e c t i v e l y  in  F o u r i e r  wavenumber and 
f re q u e n c y ,  £  and w, domain.
An I n v e r s e  s p a t i a l  and tem poral F o u r i e r  t r a n s f o r m  o f  th e  f l u c t u a t i o n  r e s p o n s e ,  
e q u a t io n  3 .3 5 ,  r e s u l t s  in  a sp a c e  and t im e  r e l a t i o n  o f  t h e  r e s p o n s e  equa l  t o  a s p a t i a l  
c o n v o lu t io n ,  d e f in e d  by * r ,  o f  t h e  i n i t i a l  c o n d i t i o n  G r e e n 's  f u n c t i o n  and t h e  f o r c i n g  
I n i t i a l  c o n d i t i o n ,
x ( r . t )  = Gxy( r , t ) * r  Y (? , t= 0 )  = £  d3? '  Gxy( r - r ' , t )  Y ( r ' , t = 0 )  . ( 3 .4 4 )
S in ce  t h e  t ran s fo rm ed  i n i t i a l  c o n d i t i o n  f o r c i n g  te rm ,  e q u a t io n  3 . 3 5 ,  i s  in d e p en d e n t  
o f  f re q u e n c y ,  e x c i t e s  a l l  f r e q u e n c ie s  e q u a l l y ,  i t  may be c o n s id e r e d  t o  be composed 
o f  a d e l t a  f u n c t i o n  in  t im e  domain. Thus t h e  tem pora l  c o n v o lu t io n  i s  u n n e c e s sa ry  
as  e x c i t a t i o n  o c c u r s  a t  o n ly  one p o in t  in  t im e .  The s p a t i a l  c o n v o lu t io n  sums 
th e  re sp o n se s  from each  s p a t i a l  p o i n t  which was i n i t i a l l y  e x c i t e d  by t h e  i n i t i a l  
c o n d i t io n  term under  c o n s i d e r a t i o n .  I f  t h e r e  i s  more th a n  one i n i t i a l  c o n d i t i o n  
te rm ,  t h e  re sp o n se  to  th e  i n i t i a l  s t a t e  i s  t h e  sum o f  t h e  r e sp o n se s  from th e  
i n i t i a l  c o n d i t i o n  te rm s .
Homogeneous e q u a t io n s  in  one f l u c t u a t i o n
Homogeneous d i f f e r e n t i a l  f i e l d  e q u a t io n s  which govern  a s i n g l e  f l u c t u a t i o n  
each may be used  to  deve lop  th e  i n i t i a l  v a lu e  G re e n 's  f u n c t i o n s  when t h e  
i n i t i a l  s t a t e  i s  d e f in e d  by t h e  i n i t i a l  v a lu e s  o f  t h e  f l u c t u a t i o n  and i t s  t im e 
d e r i v a t i v e s .
The f i e l d  e q u a t io n s  f o r  a s i n g l e  g e n e ra l  f l u c t u a t i o n ,  x ,  in  sp a c e  and t im e 
domain a r e  o f  t h e  homogeneous form ,
In o r d e r  t o  o b ta in  an a l g e b r a i c  e q u a t io n  w ith  i n i t i a l  c o n d i t i o n  f o r c i n g  te rm s 
th e  f i e l d  e q u a t io n  may be H i l b e r t  t r a n s fo rm e d  to  wavenumber and complex f re q u e n c y  
domain r e s u l t i n g  in
The i n i t i a l  c o n d i t io n  f o r c in g  i s  r e p r e s e n te d  by an o p e r a t o r ,  which i s  a l g e b r a i c  
in  wavenumber and complex f re q u e n c y  b u t  a l s o  in c lu d e s  t im e  d e r i v a t i v e s  e v a lu a t e d  
a t  t h e  i n i t i a l  t im e ,  o p e r a t in g  on t h e  i n i t i a l  wavenumber d i s t r i b u t i o n  o f  t h e  
f l u c t u a t i o n .  In g e n e ra l  t h e  i n i t i a l  c o n d i t i o n  f o r c in g  may be expanded in  term s 
o f  i n i t i a l  t im e d e r i v a t i v e s  o f  t h e  f l u c t u a t i o n  r e s u l t i n g  in  t h e  f o r c e d  f i e l d  
e q u a t io n  form ,
where th e  h ig h e s t  o r d e r  o f  t im e  d e r i v a t i v e  in  th e  i n i t i a l  c o n d i t i o n  i s  one l e s s  
th a n  t h e  h ig h e s t  o r d e r  o f  t im e d e r i v a t i v e  in  t h e  d i f f e r e n t i a l  o p e r a t o r  o f  t h e  
homogeneous e q u a t io n ,  e q u a t io n  3 .4 5 .
S in c e  a l l  i n i t i a l  t im e d e r i v a t i v e s  o f  t h e  f l u c t u a t i o n  t h a t  a r e  e x h i b i t e d  
in  e q u a t io n  3 .46b  a r e  r e q u i r e d  t o  s p e c i f y  th e  i n i t i a l  s t a t e  o f  t h e  sy s te m ,
L ( r , t )  x ( ? , t )  = 0 . ( 3 .4 5 )
L ( t , z )  x ( £ , z )  = L ( t , z , t = 0 )  x ( £ , t = 0 )  . ( 3 .4 6 a )
(3 .4 6 b )
each may be c o n s id e r e d  a s  an in d e p en d e n t  f o r c i n g .  The r e s p o n s e  t o  a p a r t i c u l a r  
i n i t i a l  f o r c in g  te rm  w ith  t h e  i n i t i a l  s t a t e  s p e c i f i e d  in  t h i s  manner i s  t h e  
i n i t i a l  c o n d i t io n  G re e n 's  f u n c t i o n  which may be e v a lu a t e d  by a p p ly in g  Kubo's 
form ula as
G f l U  = G ( t , u=0 ) -  i z  Re^ on^ e . ( 3 .4 7 )
F o rc in g  ( £ , t = 0 )
Thus th e  i n i t i a l  c o n d i t i o n  Greens f u n c t i o n  depends on t h e  s p e c i f i c  r e s p o n s e ,  
i n i t i a l  f o r c in g  te rm ,  and t h e  manner t h a t  t h e  i n i t i a l  s t a t e  was s p e c i f i e d .
S p e c i f i c  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  w i l l  be d e n o te d  by s u b s c r i p t s  as
^ re s p o n s e ,  f o r c i n g ,  o t h e r  i n i t i a l  c o n d i t i o n s ' * ^  * (3 .4 8 )
For example t h e  re s p o n s e  o f  x t o  an i n i t i a l  c o n d i t i o n  o f  x when a l l  i n i t i a l
t im e d e r i v a t i v e s  a r e  z e ro  i s  r e l a t e d  to  t h e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n ,
, . -*• L (k,oi)
G  ( k  “ l  =  G  * "  f t  “ = 0 1  -  i “  .  =  1 _ 1 “  — ? - - - - - - - -  ’  ( 3 - 4 9 )
x x x x . . . '  ’ '  x x x x . . /  * '  x ( lc , t= 0 ) L (^ ,u )
where t h e  G re e n 's  f u n c t i o n  a t  z e ro  f re q u e n c y  i s  s im ply  t h e  r a t i o  o f  t h e  s t a t i c  
r esponse  to  th e  i n i t i a l  f o r c in g  c o n d i t i o n  and th e  r a t i o  o f  r e s p o n s e  to  i n i t i a l  
f o rc in g  i s  e v a lu a te d  from e q u a t io n  3 .46b  when a l l  o t h e r  i n i t i a l  f o r c i n g  te rm s 
a r e  z e r o .  S i m i l a r l y  t h e  re s p o n s e  o f  x t o  a f i r s t  t im e  d e r i v a t i v e  i n i t i a l  
f o rc in g  te rm ,  x ,  i s  r e l a t e d  to  t h e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n ,
Gxixx (*•“ > = GxJxx U  1 ^ * 4    0 -  1“ ' <3-5°)x x x x . . .  x x x x . . .  3 _ x ( £ ) t = 0 ) L(l?,u>)
The s t a t i c ,  z e ro  f re q u e n c y ,  G reens f u n c t i o n  f o r  t h e  r e s p o n s e  o f  a f l u c t u a t i o n  to  
any tim e d e r i v a t i v e  o f  t h a t  f l u c t u a t i o n  m ust be equa l  t o  z e r o  s in c e  c o n s i d e r a t i o n  o f  
one t im e d e r i v a t i v e  f o r c in g  te rm  r e q u i r e s  t h a t  a l l  o t h e r  i n i t i a l  c o n d i t i o n s ,  
in c lu d in g  th e  f l u c t u a t i o n  i t s e l f ,  be equal to  z e r o .
The t o t a l  f r e e  re s p o n s e  o f  th e  f l u c t u a t i o n ,  x ,  i s  t h e  sum o f  t h e  r e sp o n se s  
from each i n i t i a l  c o n d i t i o n  te rm  in  e q u a t io n  3 .46b  which would be in  wavenumber 
and f re q u en c y  domain,
and would b e ,  by th e  s p a t i a l  c o n v o lu t io n  o f  e q u a t io n  3 . 4 4 ,  in  space  and t im e  domain
S p e c i f i c  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  may be e v a lu a t e d  by a l g e b r a i c  
m a n ip u la t io n  o f  th e  o p e r a t o r s  d e f in e d  by t h e  H i l b e r t  t r a n s f o r m s  o f  t h e  p a r t i c u l a r  
f i e l d  e q u a t io n s  deve loped  in  c h a p te r  1 .
The f i e l d  e q u a t io n  f o r  t h e  t r a n s v e r s e  v e l o c i t y  and v o r t i c i t y  f l u c t u a t i o n s ,  
e q u a t io n  2 . 9 ,  i s  a d i f f u s i o n  e q u a t io n  which i s  in d e p e n d e n t  o f  t h e  f l u c t u a t i o n  
p ro c e s s .  The H i l b e r t  t r a n s f o r m  o f  t h i s  f i e l d  e q u a t i o n ,  s p e c i f i c a l l y  f o r  th e  
m agnitude o f  th e  t r a n s v e r s e  v e l o c i t y  f l u c t u a t i o n
i s  th e  form o f  e q u a t io n  3 .4 6 b ,  d i s p l a y i n g  o p e r a t o r s  and one i n i t i a l  c o n d i t i o n  te rm . 
The one I n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  f o r  bo th  t h e  v o r t i c i t y  and t h e  t r a n s ­
v e r s e  v e l o c i t y  may be e v a l u a t e d ,  v ia  e q u a t io n  3 . 4 9 ,  as
xxxx (It.di) x ( lc , t= 0 )  + G,xxxx (£,w ) I f  x ( £ , t = 0 ) +
xxxx ( 3 .5 1 a )
x(£,<o) = GXXx i . . . ^ * t )*r  x ( r . t = 0 ) + Gx x x x . . . ^ 5 t )* r  f t  x ^ * t= ° )  +xxxx
xxxx (3 .5 1 b )
[ i z  + DTk ^ ]v ^ (1<,z) = vT( t , t = 0 ) , (3 .5 2 )
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The i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  f o r  t h e s e  f l u c t u a t i o n s  d i f f e r s  o n ly  by 
the  num era to r  from t h e  co r re sp o n d in g  im pulse  G re e n 's  f u n c t i o n ,  e q u a t io n  3 .2 0 ,  
which r e f l e c t s  th e  f a c t  t h a t  t h e  f o r c in g  te rm  i s  t h e  f l u c t u a t i o n ' s  i n i t i a l  
c o n d i t io n  r a t h e r  th a n  an a r t i f i c a l l y  a p p l i e d  im pulse  in  sp a ce  and t im e .  The 
i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  a l s o  r e p r e s e n t s  a s p h e r i c a l l y  symmetric 
r e l a x a t i o n  mode o f  t h e  f l u c t u a t i o n s .  S in c e  t h e  i n i t i a l  s t a t e  i s  s p e c i f i e d  by 
one i n i t i a l  c o n d i t i o n  term t h e  t o t a l  r e s p o n s e  in  wavenumber and f re q u e n c y  domain 
o f  th e  t r a n s v e r s e  v e l o c i t y  i s  s im ply
vT( £ , iu) = G -  T(]c,u) vT( t , t = 0 )  ( 3 .5 4 )
v v
which i s  ana logous  t o  t h e  t o t a l  v o r t i c i t y  re s p o n s e  r e l a t i o n .
In t h e  a c o u s t i c  a p p ro x im a tio n  t h e  f l u c t u a t i o n s  o f  mass d e n s i t y ,  p r e s s u r e ,  
v e l o c i t y  d iv e rg e n c e  and l o n g i t u d i n a l  v e l o c i t y  obey t h e  same damped wave f i e l d  
e q u a t io n ,  e q u a t io n s  3 .1 4  and 3 .1 6 .  S in c e  t h e  o p e r a t o r  i n c lu d e s  second o r d e r  
tim e d e r i v a t i v e s  t h e  H i l b e r t  t r a n s f o r m  o f  t h e  f i e l d  e q u a t i o n ,
[ z 2 - i 2 DLk2 - c f k 2 ]p (l< ,z)  = [ ( - i z - D Lk2 ) -  l ^ p d t . t - O )  , ( 3 .5 5 )
d i s p l a y s  i n i t i a l  c o n d i t i o n  term s o f  z e r o th  and f i r s t  t im e  d e r i v a t i v e s  o f  th e
f l u c t u a t i o n  which n e c e s s i t a t e s  two i n i t i a l  c o n d i t i o n  G r e e n 's  f u n c t i o n s .  The
G re en 's  f u n c t io n  which c o r r e l a t e s  th e  f l u c t u a t i o n  t o  i t s  i n i t i a l  wavenumber
d i s t r i b u t i o n  i s  o f  t h e  form shown by e q u a t io n  3 .4 9 ,
(-1m-DLk2 ) -C2 k2
G •(!?,<»)) = 1-iw — 5---------- 5 — 5 —9  = —5  5 — 9  o’ , (3.56)
ppp u -1uiDLk -C2k <u2 -iu,DLk2 -C2 k2
and th e  G re e n 's  f u n c t i o n  which c o r r e l a t e s  t h e  f l u c t u a t i o n  w i th  i t s  i n i t i a l  
tim e d e r i v a t i v e ,  a s  r e l a t e d  by e q u a t io n  3 .5 0 ,  i s
The denom inato rs  o f  bo th  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  a r e  i d e n t i c a l  to  
t h a t  o f  th e  c o r re sp o n d in g  im pulse  G re e n 's  f u n c t i o n ,  e q u a t io n  3 .2 2 ,  a l th o u g h  
th e  num era tors  d i f f e r .
The t o t a l  r e sp o n se  o f  t h e  f l u c t u a t i o n  in  wavenumber and f re q u e n c y  domain 
i s  th e  sum o f  t h e  r e sp o n se s  t o  each  i n i t i a l  c o n d i t i o n ,  e q u a t io n  3 .5 1 a ;  s p e c i f i c a l l y  
th e  t o t a l  mass d e n s i t y  f l u c t u a t i o n  i s
p ( t , u )  = G * ( t ,w )  p ( £ , t= 0 )  + G •(£,<■>) | r  p ( £ , t = 0 )  . ( 3 .5 8 )
PPP PPP o t
Analogous r e l a t i o n s  a r e  v a l i d  f o r  t h e  a c o u s t i c  f l u c t u a t i o n s  o f  p r e s s u r e ,  v e l o c i t y  
d iv e rg e n ce  and l o n g i t u d in a l  v e l o c i t y  which a l l  a r e  c o r r e l a t e d  to  t h e i r  i n i t i a l  
c o n d i t io n s  by i d e n t i c a l  c o r re sp o n d in g  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s .
In t h e  th e rm a l - v is c o u s  f l u c t u a t i o n  a p p ro x im a t io n  t h e  f l u c t u a t i o n s  o f  t h e  
gene ra l  thermodynamic p r o p e r t i e s ,  th e  v e l o c i t y  d iv e rg e n c e  and t h e  l o n g i t u d i n a l  
v e l o c i t y  s a t i s f y  t h e  same f i e l d  e q u a t io n ,  e q u a t io n  3 .3 8 .  The H i l b e r t  t r a n s f o r m  
o f  t h i s  f i e l d  e q u a t io n  f o r  any o f  t h e  above f l u c t u a t i o n s ,  x ,
[ i z 3+z2 (DL+ £ - ) k 2 - i z C 2 k2 - iz D Lk4 -C2  k4 ] x ( t , z )  =
2
= C- - ^ 2  + { - i z - ( D L+ £ - ) k 2 } + {z2 - i z ( D L+ J - ) k 2 -C^k2 -DLk4 }]x( l< ,t= 0 ) ( 3 .5 9 )
e x h i b i t s  z e r o t h ,  f i r s t  and second o r d e r  i n i t i a l  t im e  d e r i v a t i v e s  o f  t h e  f l u c t u a t i o n  
as  i n i t i a l  c o n d i t io n s  and t h e r e f o r e  r e q u i r e s  t h r e e  i n i t i a l  c o n d i t i o n  Greens 
f u n c t i o n s .  The c o r r e l a t i o n  between t h e  f l u c t u a t i o n  and i t s  i n i t i a l  c o n d i t i o n  
terms i s  r e l a t e d  to  th e  H i l b e r t  t r a n s fo rm e d  f i e l d  e q u a t io n s  o p e r a t o r s  a s  shown by 
e q u a t io n  3 .4 9  and may be e v a lu a te d  s p e c i f i c a l l y  a s ,
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The G re e n 's  f u n c t i o n s  r e l a t i n g  t h e  f l u c t u a t i o n  t o  I t s  f i r s t  and second i n i t i a l  
tim e d e r i v a t i v e s  a r e ,  in  term s o f  t h e  a p p r o p r i a t e  o p e r a t o r s ,  o f  t h e  form o f  
e q u a t io n  3 .5 0  and may be e v a lu a te d  r e s p e c t i v e l y  as  
{ -iw -(D L+ * - ) k 2 }
e ™ i U )  ‘  'M “  t . 3^ ( D L.  £ - ) J - 1 „ C ? k 2 - i l,DLk4 -C? j j -  k4  '
P
- u 2+io)(D.+ 7T- )k2  
_______________ v_________________
1u3+u.2 (Dl + ^ - ) k Z- iu C 2 k2 -ia)DLk4 -C2  k4
( 3 .6 1 )
and
Gx x x x ^ ’“  ^ 0  iw i u 3 +u2 (DL+ | ~ ) k 2 -ioiC2 k2 -ia)DLk4 -C2  k4
-v P
iw
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(3 .6 2 )
Again th e  denom ina to rs  o f  a l l  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  and o f  t h e  
co r re sp o n d in g  im pulse  G re e n 's  f u n c t i o n ,  e q u a t io n  3 . 3 1 ,  a r e  i d e n t i c a l  and th e  
num era tors  d i f f e r  because  t h e  n u m era to rs  o f  t h e  G r e e n 's  f u n c t i o n s  m e re ly  r e f l e c t  
th e  e x c i t a t i o n  o f  t h e  system  whereas t h e  denom ina to r  c h a r a c t e r i z e s  th e  sys tem .
The t o t a l  r e sp o n se  in  wavenumber and f re q u e n c y  domain i s  c o r r e l a t e d  to  th e  
i n i t i a l  s t a t e  a s  by e q u a t io n  3 .5 1 a ,
2
x(t ,o ))  = Sx x . j ( t , « )  x ( t , t= 0 ) + G xJx^(lc ,u .) |I  x ( t , t = 0 ) + G xxx*(l<,<u)^T  x ( t . t - O )  .
3 t  ( 3 .6 3 )
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Coupled th e rm a l - v i s c o u s  f i e l d  e q u a t io n s
The l o n g i t u d i n a l  momentum d e n s i t y  and t h e  en e rgy  d e n s i t y  e q u a t io n s  a r e  
coupled  th ro u g h  thermodynamic r e l a t i o n s h i p s  in  th e  th e r m a l - v i s c o u s  f l u c t u a t i o n  
ap p ro x im a t io n ,  a s  shown by e q u a t io n s  2 .3 3 a  and 2 .3 3 b .  Such e q u a t io n s  p ro v id e  
an a l t e r n a t e  s p e c i f i c a t i o n  o f  t h e  i n i t i a l  s t a t e  o f  th e  sys tem  and th u s  a l lo w  
d e r i v a t i o n  o f  a d d i t i o n a l  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s .
The lo n g i t u d in a l  momentum e q u a t io n  i n  te rm s  o f  mass d e n s i t y  and p r e s s u r e  
f l u c t u a t i o n s ,  e q u a t io n  2 . 1 2 , and th e  e n e rg y  e q u a t io n  in  te rm s  o f  h e a t  en e rg y  
d e n s i ty  and te m p e ra tu re  f l u c t u a t i o n s ,  e q u a t io n  2 .2 4 ,  H i l b e r t  t r a n s f o r m  as
[ z 2 - iz D Lk2 ] p ( l< ,z ) -k 2 p ( t , z )  = [ - i z - D Lk2 ]p (l< , t= 0 )  -  p(Tt,t=0) (3 .6 4 a )
and
i z q ( t . z )  + <k2  T (£ ,z )  = q ( lc , t= 0 )  . (3 .6 4 b )
These coup led  e q u a t io n s  d i s p l a y  t h e  i n i t i a l  s t a t e  in  te rm s  o f  t h e  i n i t i a l  mass
d e n s i t y  and h e a t  en e rgy  d e n s i t y  and t h e  i n i t i a l  t im e d e r i v a t i v e  o f  t h e  mass
d e n s i t y .  A lthough th r e e  i n i t i a l  c o n d i t i o n  te rm s  a r e  r e q u i r e d  t o  s p e c i f y  t h e  
i n i t i a l  s t a t e ,  a s  f o r  th e  t h e r m a l - v i s c o u s  f i e l d  e q u a t io n  in  te rm s  o f  one 
f l u c t u a t i o n ,  no i n i t i a l  second t im e  d e r i v a t i v e s  a r e  r e q u i r e d .  F u r th e rm o re  th e
i n i t i a l  t im e d e r i v a t i v e  o f  t h e  mass d e n s i t y  may be r e l a t e d  t o  t h e  i n i t i a l
d iv e rg e n c e  o f  th e  l o n g i t u d i n a l  v e l o c i t y  by th e  mass d e n s i t y  e q u a t i o n ,  e q u a t io n  
2 .7 a .  The H i l b e r t  t r a n s fo rm  o f  t h e  t im e d e r i v a t i v e  o f  t h e  mass d e n s i t y  e q u a t io n  
may be s u b t r a c t e d  from th e  p r o d u c t  o f  i z  and t h e  H i l b e r t  t r a n s f o r m  o f  t h e  mass 
d e n s i t y  e q u a t io n  y i e l d i n g  th e  r e l a t i o n
f t  p ( lc , t= 0 )  = i p £ . v L( £ , t = 0 )  . ( 3 .6 5 )
S in ce  t h e  l o n g i t u d in a l  v e l o c i t y  i s  in  th e  d i r e c t i o n  o f  t h e  wavenumber v e c t o r  a 
ze ro  i n i t i a l  t im e d e r i v a t i v e  o f  mass d e n s i t y  co r re sp o n d s  t o  a z e r o  i n i t i a l
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l o n g i t u d in a l  v e l o c i t y .  A lso  a F o u r i e r  s p a t i a l  t r a n s f o r m  o f  t h e  e x p a n s io n  o f  
one thermodynamic f l u c t u a t i o n  in  te rm s o f  two o t h e r s ,  e q u a t io n  2 . 3 2 ,  e v a lu a te d  
a t  t h e  i n i t i a l  t im e a l lo w s  th e  i n i t i a l  t im e  o f  t h e  mass d e n s i t y  t o  be r e l a t e d  
to  t h e  i n i t i a l  t im e d e r i v a t i v e s  o f  any two in d e p e n d e n t  thermodynamic f l u c t u a t i o n s  
as
Thus a z e ro  i n i t i a l  t im e d e r i v a t i v e  o f  mass d e n s i t y  f l u c t u a t i o n  c o r r e s p o n d s  t o  z e ro  
i n i t i a l  t im e  d e r i v a t i v e s  o f  two o t h e r  in d e p e n d e n t  f l u c t u a t i o n s  o r  z e ro  i n i t i a l  
l o n g i t u d in a l  v e l o c i t y .  The f l u c t u a t i o n s  and o t h e r  i n i t i a l  c o n d i t i o n  te rm s in  th e  
the rm odynam ical ly  coup led  f i e l d  e q u a t i o n s ,  e q u a t io n s  3 .6 4 a  and 3 .6 4 b ,  may be 
expanded s i m i l a r l y .  I t  i s  u s e fu l  t o  expand t h e  f l u c t u a t i o n s  and t h e  ze ro  
o r d e r  t im e  d e r i v a t i v e  i n i t i a l  c o n d i t i o n s  in  s e p a r a t e  p a i r s  o f  in d e p en d e n t  
p r o p e r t i e s  and f o r  s i m p l i c i t y  n o t  expand t h e  i n i t i a l  t im e  d e r i v a t i v e  o f  mass 
d e n s i t y .  The r e s u l t i n g  coup led  e q u a t i o n s ,  which c o r r e s p o n d  to  t h e  H i l b e r t  
t r a n s fo rm  o f  t h e  g e n e ra l  coup led  e q u a t io n s  2 .33a  and 2 .3 3 b ,  a r e
and f o r  p ro p e r  e x p a n s io n s  m f  n and 1 f  j  .
The f l u c t u a t i o n s ,  xn> may be e l im in a t e d  as  t h e  c o u p le d  e q u a t io n s  a r e  so lv e d  
f o r  t h e  g e n e ra l  f l u c t u a t i o n ,  xm, in  te rm s o f  t h e  i n i t i a l  c o n d i t i o n s ,
f t  p ( ^ , t = 0 )  = Cjj 3 t  x ^ ( t , t = 0 )  + c ] ,  3 t  X j ( £ , t= 0 )  . ( 3 .6 6 )
(3 .6 7 b )
where t h e  o p e r a t o r s  a r e  d e f in e d  by
(3 .6 8 b )
(3 .6 8 a )
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[L™ ( ' 1z ' ° L k2 )Cj r LL ,Cj i :I:<j ( t ' t ’ 0 ) ‘ Lnin I t  « - 6 9 )
{ J ^ [ i s 3+z2 ( DL+ * - ) k 2 - i z C 2 k2 - izD L k4  -  C2  j s -  k4 ] } " 1
This r e l a t i o n s h i p  may be used  to  e v a lu a t e  t h e  r a t i o  o f  r e s p o n s e ,  xm( £ , z ) ,  
to  th e  f o r c in g  i n i t i a l  c o n d i t i o n  te rm  which i s  r e q u i r e d  by K ubo 's  f o rm u la ,  
e q u a t io n  3 .4 7 ,  t o  d e r iv e  t h e  co r re sp o n d in g  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n .
Note t h a t  th e  f u n c t i o n a l  p a r t  o f  th e  d e n o m in a to r ,  in  s q u a re  b r a c k e t s ,  i s  
i d e n t i c a l l y  t h e  denom inator  o f  a l l  p r e v io u s l y  d e r iv e d  th e r m a l - v i s c o u s  G re e n 's  
f u n c t i o n s  a s  i s  ex p e c ted  s i n c e  o n ly  t h e  num era to r  o f  t h e  G re e n 's  f u n c t i o n s  i s  
e f f e c t e d  by t h e  i n i t i a l  c o n d i t i o n s .  Two s e p a r a t e  t y p e s  o f  i n i t i a l  c o n d i t i o n  
terms a p p e a r  in  e q u a t io n  3 .6 9 ,  an i n i t i a l  f l u c t u a t i o n ,  x ^ , and t h e  i n i t i a l  
time d e r i v a t i v e  o f  mass d e n s i t y .
The g e n e ra l  re sp o n se  f l u c t u a t i o n ,  xm( l< ,z ) ,  may be e x p r e s s e d  a s  a f u n c t i o n  
o f  th e  g e n e ra l  f o r c in g  i n i t i a l  f l u c t u a t i o n ,  x ^ ( ^ , t = 0 ) ,  when th e  i n i t i a l  s t a t e  
s p e c i f i c a t i o n s  i s  com pleted  by X j ( t , t = 0 )  and - | £ X i ( £ , t = 0 )  equa l  t o  z e r o ,
JiSD-LHz-D, k2)c],-Llmc},]x<(lc,t=0) 
x j f . z )  =  L > i j  nm _ (3>70)
i z  +z (Dl + ^ - ) k  +izC 2 k2 - iz D L j s -  k4 -C2  k4
From Kubo's fo rm u la ,  e q u a t io n  3 .4 7 ,  t h e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  
which c o r r e l a t e s  th e  r e sp o n se  f l u c t u a t i o n  w i th  t h e  f o r c i n g  i n i t i a l  f l u c t u a t i o n  
1s g iven  by
G , < * . » )  = G , { t , » = 0 )  -  " I f  ... ( 3 .7 1 )
m ljv  m ijv  x ^ ( lc , t= 0 )
where t h e  G re e n 's  f u n c t i o n ' s  s u b s c r i p t s  d en o te  t h e  in d ex  o f  t h e  r e s p o n s e ,  t h e  index  
o f  t h e  f o r c i n g ,  th e  index  o f  t h e  z e ro  i n i t i a l  f l u c t u a t i o n s  r e s p e c t i v e l y .  For
s i m p l i c i t y  t h e  f a c t  t h a t  t h e  i n i t i a l  t im e  d e r i v a t i v e  o f  mass d e n s i t y  i s  z e ro  
i s  deno ted  by t h e  f i n a l  s u b s c r i p t  which d en o te s  e q u i v a l e n t l y ,  e q u a t io n  3 . 6 5 ,  
t h a t  t h e  i n i t i a l  l o n g i t u d in a l  v e l o c i t y  i s  z e r o .  The z e ro  f re q u e n c y  G re e n 's  
fu n c t io n  e q u a ls  t h e  r a t i o  o f  s t a t i c  r e sp o n se  to  i n i t i a l  c o n d i t i o n  f o r c in g  
which a r e  r e l a t e d  the rm odynam ica l ly  as
3X_
G , ( t , « « 0 )  « = c ! 1 = c f .  c : .  (3 .72)
m ijv  3X1 ** 1J 1J 1J
Thus t h i s  ty p e  o f  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  may be e x p r e s s e d  in  g e n e ra l  
as
( m iu A ClL(-^-D, k2)-LnmC? J  1G L ( t , « )  =  ( c f  .  -  ■ - - 1 .4 - - HP! L ^ n m  i j  1 c , ( 3 < 7 3 )
m ijv  *• 3 1 u + u  (DL+ -0—) k —iaiC^k -iwDL k -C^ k4J
which may be shown t o  be in d e p en d e n t  o f  t h e  index  n ,  r e p r e s e n t i n g  t h e  e l im in a t e d  
f l u c t u a t i o n .  S in c e  t h e  dependence on t h e  f o r c i n g  i n i t i a l  c o n d i t i o n ,  r e p r e s e n te d  
by t h e  index  i ,  i s  l i m i t e d  t o  th e  m u l t i p ly in g  te rm  C!^ t h e  i n i t i a l  c o n d i t i o n
’ J
G re e n 's  f u n c t i o n s  f o r  d i f f e r e n t  f o r c in g  i n i t i a l  f l u c t u a t i o n s  a r e  r e l a t e d  a s
G , ( i c , u ) = c j ,  G ,(£ ,<d) . ( 3 .7 4 )
m ijv  J m ijv
T h e re fo re  o f  t h e  f o u r t y - e i g h t  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  d e r i v a b l e  from
eq u a t io n  3 .7 3 ,  a l l  com bina t ions  o f  m, i and j  where i f  j ,  s i x t e e n  need be e v a lu a te d
and t h e  rem a in ing  fo l lo w  s im p ly  from e q u a t io n  3 .7 4 .  For e a s e  o f  n o t a t i o n  th e
num era to rs  o f  t h e  G re e n 's  f u n c t i o n s  w i l l  be d e f in e d  by
N • L
G _ i ( k ,u )  = = s -  p ^ o 2  Ic 4  2 ic 4 (3 -7 5 )
m ijv  Iu  +w (D^+ q - ) k  - iuC 'jk  -iwD^ k -C-j jc— k
and th u s  t h e  s ix t e e n  o f  t h i s  ty p e  o f  i n i t i a l  c o n d i t i o n  G r e e n 's  f u n c t i o n s ,  a l l  
com bina t ions  o f  m and j ,  may be r e p r e s e n te d  by t h e  n u m e ra to r s ,
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These num era to rs  and th e  r e l a t i o n  o f  e q u a t io n  3 .7 4  com ple te  t h e  s e t  o f  i n i t i a l  
c o n d i t io n  G re e n 's  f u n c t i o n s  t h a t  may be d e r iv e d  from e q u a t io n  3 .7 0 .  However, f o r  
t h a t  manner o f  i n i t i a l  s t a t e  s p e c i f i c a t i o n ,  f o r c i n g  by t h e  i n i t i a l  t im e  d e r i v a t i v e  
o f  mass d e n s i t y  has y e t  t o  be c o n s id e r e d .
The g e n e ra l  re sp o n se  f l u c t u a t i o n ,  xm( £ , z )  in  e q u a t io n  3 . 6 9 ,  i s  a f u n c t i o n  o f  
th e  f o r c in g  i n i t i a l  t im e d e r i v a t i v e  o f  mass d e n s i t y  when t h e  i n i t i a l  f l u c t u a t i o n s ,  
x i ( £ , t = 0 )  and x j ( £ , t = 0 )  a r e  eq u a l  t o  z e r o ,
Lnn. It Mt.t-o)x (l? ,z) = . -I f  1 .-------------------- --------------- -- . ( 3 .7 7 )
i z  +z (D.+ 5 - ) k  - izC ?k  - izD , k4-C? 4 -  k4 
v v P
S in ce  two independen t thermodynamic p r o p e r t i e s  s p e c i f y  th e  thermodynamic s t a t e  
and x ,  and x ,  a r e  in d e p e n d e n t ,  a l l  i n i t i a l  f l u c t u a t i o n s  must equal z e r o .  T h e re fo re
* J
th e  z e r o  f re q u en c y  G re e n 's  f u n c t i o n ,  which c o r r e l a t e s  t h e  f o r c i n g  i n i t i a l  c o n d i t i o n  
t o  t h e  s t a t i c  r e s p o n s e ,  m ust be equa l t o  z e ro  and th e  g e n e r a l  form o f  th e  i n i t i a l  
c o n d i t io n  G re e n 's  f u n c t i o n  i s
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The f o u r  i n i t i a l  c o n d i t io n  G re e n 's  f u n c t i o n s  which c o r r e l a t e  each  o f  t h e  therm o­
dynamic f l u c t u a t i o n s  t o  th e  f o r c i n g  i n i t i a l  t im e  d e r i v a t i v e  o f  mass d e n s i t y  may 
be r e p r e s e n te d ,  th ro u g h  e q u a t io n  3 .7 5 ,  by t h e  n u m era to rs
^lpij(^*“ ) = a^i^ tu +
^ 1 ° T  2
^ p i j (  ) = •  “ C ^ ~  <" }
N3 *ij(l<,fc)) = C? ia i( iu  + k3 )
N4 p i j (^*w) = " “ 2 ~  k 2 ( iu )  * {3' 79)
TCl a T
These i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  a lo n g  w i th  t h o s e  d e f in e d  by 
e q u a t io n s  3 .7 4  and 3 .7 6  f o r  a com ple te  s e t  f o r  c o r r e l a t i n g  t h e  r e s p o n s e  o f  a 
thermodynamic f l u c t u a t i o n  t o  t h e  i n i t i a l  s t a t e  s p e c i f i e d  by t h e  i n i t i a l  t im e 
d e r i v a t i v e  o f  mass d e n s i t y  and two in d e p en d e n t  i n i t i a l  f l u c t u a t i o n s .  The 
t o t a l  r e sp o n se  i s  s im p ly  t h e  sum o f  t h e  r e s p o n s e s  from each  i n i t i a l  c o n d i t i o n  
term o f  e q u a t io n  3 .6 9 ,  which in  wavenumber and f re q u e n c y  domain i s
x (fc,M) = G , ( * , « )  x .( lc ,t=0)+G  ,(le,cu) x - ( lc , t= 0 )+ G *  - .(!<,w) f r X ^ t . t - O )  . 
m m ijv  1 m jiv  J mp1J 1 (3 .8 0 )
S in c e  t h e  l o n g i t u d in a l  v e l o c i t y  i s  r e l a t e d  to  t h e  thermodynamic p r o p e r t i e s ,  
s p e c i f i c a l l y  to  t h e  mass d e n s i t y  by e q u a t io n  2 . 7 a ,  i n i t i a l  c o n d i t i o n  G re e n 's  
f u n c t io n s  f o r  i n i t i a l  f o r c in g  by and re s p o n s e  o f  l o n g i t u d i n a l  v e l o c i t y  f l u c t u a t i o n s  
may be r e l a t e d  to  p r e v io u s l y  d e r iv e d  G re e n 's  f u n c t i o n s .  The s p a t i a l  F o u r i e r  
t r a n s fo rm  o f  t h e  mass d e n s i t y  e q u a t io n  e v a lu a t e d  a t  t im e  eq u a l  t o  z e ro  y i e l d s  
e q u a t io n  3 .6 5  which r e l a t e s  t h e  i n i t i a l  cime d e r i v a t i v e  o f  mass d e n s i t y  t o  t h e  
i n i t i a l  l o n g i t u d in a l  v e l o c i t y .  S in c e  t h e  l o n g i t u d i n a l  v e l o c i t y  i s  in  th e
59
d i r e c t i o n  o f  p r o p ig a t io n ,  th e  d i r e c t i o n  o f  t h e  wavenumber v e c t o r ,  e q u a t io n  3 .6 5  
becomes
Thus f o r c in g  i n i t i a l  c o n d i t io n  te rm s o f  t h e  i n i t i a l  t im e  d e r i v a t i v e  o f  mass 
d e n s i ty  may be r e p la c e d  by i n i t i a l  l o n g i t u d i n a l  v e l o c i t y  te rm s  which a l lo w  th e  
r e s p e c t i v e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s ,  which c o r r e l a t e  t h e  re s p o n s e  
w ith  th e  i n i t i a l  c o n d i t i o n  f o r c i n g ,  t o  be r e l a t e d .  The r e s p o n s e ,  xm, t o  i n i t i a l  
tim e d e r i v a t i v e  o f  mass d e n s i t y  f o r c in g  w i th  a z e ro  s t a t i c  i n i t i a l  s t a t e ,  t h e  
l o s t  term  on t h e  r i g h t  o f  e q u a t io n  3 .8 0 ,  may be e x p re s s e d  in  t h e  e q u i v a l e n t  forms
The second form, a d i r e c t  r e s u l t  o f  e q u a t io n  3 .8 1 ,  and t h e  t h i r d  fo rm , a 
d e f i n i t i o n  o f  th e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n ,  y i e l d  t h e  r e l a t i o n s h i p  
between th e  c o r re sp o n d in g  i n i t i a l  t im e  d e r i v a t i v e  o f  mass d e n s i t y  f o r c e d  and 
th e  i n i t i a l  l o n g i t u d in a l  v e l o c i t y  f o r c e d  G re e n 's  f u n c t i o n s ,
S im i l a r ly  th e  i n i t i a l  c o n d i t io n  G re e n 's  f u n c t i o n  c o r r e l a t i n g  mass d e n s i t y  r e s p o n s e  
to  i n i t i a l  f i r s t  t im e d e r i v a t i v e  o f  mass d e n s i t y  i n i t i a l  c o n d i t i o n  w i th  z e ro  
z e r o th  and second i n i t i a l  t im e d e r i v a t i v e s ,  in  th e  second  te rm  on t h e  r i g h t  
s id e  o f  e q u a t io n  3 .63  when x = p ,  r e l a t e s  t o  a c o r r e s p o n d in g  i n i t i a l  l o n g i t u d i n a l  
v e l o c i t y  fo rc e d  G re e n 's  f u n c t i o n  a s ,
p ( £ , t= 0 )  = ipkvL( t , t = 0 )  . (3 .8 1 )
i pk = G | (£»“ ) ■
p J  mv i j
( 3 .8 3 )
6 o o o o ^ ' “ )  =  G  L  •pv PPpppp
(3.84)
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A r e l a t i o n s h i p  between t h e  mass d e n s i t y  and l o n g i t u d i n a l  v e l o c i t y  re s p o n s e  
f l u c t u a t i o n s  in  wavenumber and f re q u e n c y  domain may be o b ta in e d  by a s p a t i a l  
and temporal F o u r ie r  t r a n s f o r m  o f  t h e  mass d e n s i t y  e q u a t i o n ,  e q u a t io n  2 . 7 a ,
1u p ( t , u ) = ip k  vL( l U )  . ( 3 .8 5 )
Consider  a mass d e n s i t y  re s p o n s e  and i t s  e q u i v a l e n t  l o n g i t u d i n a l  v e l o c i t y  re s p o n s e  
t o  any i n i t i a l  c o n d i t i o n  f o r c i n g ,  Y (lc , t= 0 ) ,  and any z e r o  i n i t i a l  c o n d i t i o n s ,
p(£ ,a .)  = GpY( t , u ) Y(lc,t=0) = &  vL(£,<u) . (3 .8 6 a )
By d e f i n i t i o n  th e  l o n g i t u d i n a l  v e l o c i t y  r e s p o n s e  i s  c o r r e l a t e d  t o  t h e  same f o r c i n g  
i n i t i a l  s t a t e  as
vL( £ , id) = G . (Tc. m) Y ( t , t = 0 )  . (3 .8 6 b )
v Y
T h e re fo re  t h e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  f o r  mass d e n s i t y  r e s p o n s e  and th e  
G re e n 's  f u n c t i o n s  f o r  l o n g i t u d in a l  v e l o c i t y  w i th  th e  same i n i t i a l  s t a t e  a r e  r e l a t e d  
as
pHT Gpy(k»d)) = G L ( t , u ) . ( 3 . 8 7 )
IV G re e n 's  F u n c t io n s  i n  A l t e r n a t e  Domains
Impulse and I n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s ,  which c o r r e l a t e  t h e  
response  f l u c t u a t i o n s  t o  t h e  f o r c i n g  and I n i t i a l  c o n d i t i o n s  r e s p e c t i v e l y ,  have 
been d e r iv e d  in  wavenumber and f re q u e n c y  domain f o r  bo th  a c o u s t i c  and th e rm a l -  
v isc o u s  f l u c t u a t i o n  p r o c e s s e s .  These G re e n 's  f u n c t i o n s  r e p r e s e n t  t h e  r e l a x a t i o n  
o f  t h e  f l u c t u a t i o n s  from s p e c i f i c  modes o f  e x c i t a t i o n  and th u s  c h a r a c t e r i z e  t h e  
behav io r  o f  t h e  medium. The n u m era to r  o f  a  p a r t i c u l a r  G re e n 's  f u n c t i o n  r e f l e c t s  
th e  s p e c i f i c  mode o f  e x c i t a t i o n  by b i a s i n g  t h e  r e s p o n s e  w hereas  t h e  d en o m in a to r ,  
which r e p r e s e n t s  th e  t ra n s fo rm e d  d i f f e r e n t i a l  o p e r a t o r ,  d e te r m in e s  t h e  ty p e  o f  
f l u c t u a t i o n  b e h a v io r .
Three b a s i c  ty p e s  o f  G re e n 's  f u n c t i o n s ,  c o r r e s p o n d in g  to  t h e s e  d i s t i n c t  
denom inators  in  wavenumber and f re q u e n c y  domain, have been d e r iv e d  and a r e  th e  
d i f f u s i o n  ty p e ,  t h e  damped wave ty p e ,  and t h e  th e r m a l - v i s c o u s  ty p e .  The t e n -  
s o r i a l  G re e n 's  f u n c t i o n s  f o r  t h e  t o t a l  v e l o c i t y  o f  b o th  a c o u s t i c  and th e rm a l -  
v isc o u s  f l u c t u a t i o n s  in c lu d e  t r a n s v e r s e  and l o n g i t u d i n a l  p a r t s  which r e p r e s e n t  
d i f f e r e n t  b e h a v io r s .  The t r a n s v e r s e  p a r t s  a r e  p r i m a r i l y  d i f f u s i v e  and th e  
l o n g i t u d in a l  p a r t s  a r e  p r i m a r i l y  damped w av e l ik e  o r  t h e r m a l - v i s c o u s ,  depend ing  
on t h e  f l u c t u a t i o n  p r o c e s s ,  a l th o u g h  bo th  p a r t s  a r e  c o m p l ic a te d  by a d d i t i o n a l  
ze ro  wavenumber o r  z e ro  f re q u en c y  p o le s .  As a r e s u l t  t h e  t e n s o r i a l  t o t a l  
v e l o c i t y  G re e n 's  f u n c t io n s  f o r  t h e  a c o u s t i c  and th e r m a l - v i s c o u s  f l u c t u a t i o n s  
w i l l  each  be t r e a t e d  s e p a r a t e l y  from th e  t h r e e  b a s i c  G re e n 's  f u n c t i o n  ty p e s .
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Wavenumber and f re q u en c y  domain
The denom inator  o f  a G re e n 's  f u n c t i o n  in  wavenumber and f r e q u e n c y  domain 
i s  t h e  dominant f a c t o r  in  c h a r a c t e r i z i n g  th e  mediums r e s p o n s e  t o  some form 
o f  e x c i t a t i o n  because  th e  G re e n 's  f u n c t i o n  p o se s se s  s i n g u l a r i t i e s  c o r re s p o n d in g  
to  t h e  wavenumber and f re q u en c y  r o o t s  o f  t h e  d en o m in a to r .  The number, complex 
form and a rrangem en t o f  t h e s e  r o o t s  d e te rm in e s  t h e  ty p e  o f  G re e n 's  f u n c t i o n  
and th e  b a s ic  form o f  th e  r e s p o n s e .  S p e c i f i c a l l y ,  t h e  complex wavenumber and 
frequency  p o le s  o f  th e  G re e n 's  f u n c t i o n  a r e  bo th  f u n c t i o n s  o f  t h e  sys tem s  
param ete rs  and r e s p e c t i v e l y  th e  f re q u e n c y  and wavenumber. Thus f o r  an a r b i t r a r y  
f l u c t u a t i o n  f req u en cy  th e  wavenumber p o le s  a r e  th e  r e l a t e d  f l u c t u a t i o n  wave- 
numbers and v ic e  v e r s a .  In t h i s  manner t h e  wavenumber o r  t h e  f r e q u e n c y  p o le s  
o f  th e  G re e n 's  f u n c t i o n  d e te rm in e  th e  s p e c i f i c  w avenum ber-frequency  r e l a t i o n  
o f  th e  f l u c t u a t i o n  and c o n ta in  th e  m a j o r i t y  o f  th e  in f o rm a t io n  p e r t a i n i n g  to  
th e  r e l a x a t i o n  o f  an e x c i t e d  medium.
Although a G re e n 's  f u n c t i o n  in  wavenumber and f re q u e n c y  domain c o n t a in s  
a l l  t h e  in fo rm a t io n  r e g a rd in g  th e  r e l a x a t i o n  o f  th e  c o r r e s p o n d in g  f l u c t u a t i o n  
from a s p e c i f i c  mode o f  e x c i t a t i o n  i t  may n o t  be in  t h e  m ost v i s a b l e  o r  u s e fu l  
form. More in fo rm a t io n  may be e x t r a c t e d  from and in  some i n s t a n c e s  more u s e fu l  
forms may be o b ta in e d  o f  th e  G re e n 's  f u n c t i o n  when i t  i s  t r a n s f o r m e d  t o  a l t e r n a t e  
domains. S in ce  wavenumber may be t r a n s fo rm e d  to  space  by an in v e r s e  s p a t i a l  
F o u r ie r  t r a n s f o r m a t io n  and f re q u e n c y  may be t r a n s fo rm e d  to  t im e  by an i n v e r s e  
temporal F o u r ie r  t r a n s f o r m a t io n ,  t h e  G re e n 's  f u n c t i o n  may be o b ta in e d  in  th e  
a l t e r n a t e  space  and f re q u e n c y ,  wavenumber and t im e ,  and sp a ce  and t im e  domains 
by t h e  a p p r o p r i a t e  t r a n s f o r m a t io n s .
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Space and f re q u e n c y  domain 
The G re e n 's  f u n c t i o n s  in  space  and f re q u e n c y  domain may be d e r iv e d  by 
perform ing in v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t io n s  o f  t h e  wavenumber and 
frequency  domain r e p r e s e n t a t i o n s ,
S ince t h i s  in v o lv e s  i n t e g r a t i o n  o v e r  a l l  r e a l  wavenumber s p a c e ,  t h e  wavenumber 
po les  o f  th e  G re e n 's  f u n c t i o n s  w i l l  be o f  p r im ary  im por tance  in  t h e  e v a l u a t i o n .
The o n ly  dependence o f  any o f  th e  G re e n 's  f u n c t i o n s  on t h e  d i r e c t i o n  o f  th e  
wavenumber v e c to r  i s  l i m i t e d  to  th e  p e rm u ta t io n  t e n s o r s ,  e q u a t io n s  3 . 2 6 ,  o f  t h e  
t e n s o r i a l  v e l o c i t y  G re e n 's  f u n c t i o n s .  All o th e r  G re e n 's  f u n c t i o n s  r e p r e s e n t  
s p h e r i c a l l y  symmetric r e l a x a t i o n s  which a r e  even f u n c t i o n s  o f  t h e  wavenumber 
m agnitude,  k. The t r i p l e  i n t e g r a t i o n  o v e r  wavenumber sp a c e  o f  f u n c t i o n s  o f  
t h i s  form has been s i m p l i f i e d  to  a s i n g l e  i n t e g r a t i o n ,  e q u a t io n  A -1 .9 ,  by 
u t i l i z i n g  s p h e r i c a l  c o o r d in a te s  which a l lo w  two i n t e g r a t i o n s  t o  be p e r fo rm ed ,  
and symmetry. Thus th e s e  n o n d i r e c t io n a l  G re e n 's  f u n c t i o n s  in  sp a ce  and f re q u e n c y  
domain may be ex p re s se d  more s im p ly  as
which may be e v a lu a te d  in  p a r t i c u l a r  by complex c o n to u r  i n t e g r a t i o n .  The t e n s o r i a l  
v e l o c i t y  G re e n 's  f u n c t i o n s  in  wavenumber and f re q u e n c y  domain a r e  o f  t h e  form
where th e  l o n g i t u d in a l  and t r a n s v e r s e  a r e ,  a s  a l l  o t h e r  G r e e n ' s  f u n c t i o n s ,  even 
fu n c t io n s  o f  t h e  wavenumber m agn itude  and in d e p e n d e n t  o f  t h e  wavenumber d i r e c t i o n .
( 4 .1 )
( 4 .2 )
Gy t o . )  =  G T ( ^ > 'a i)  +  P j : m ( £ )  G L ( l U ) ( 4 .3 )
With th e  p e rm u ta t io n  t e n s o r s  e x p re sse d  e x p l i c i t l y  a s  d e f in e d  by e q u a t io n s  3 .2 6  
th e  t e n s o r i a l  v e l o c i t y  G re e n 's  f u n c t i o n s  in  sp a ce  and f r e q u e n c y  domain become
S ince  a s p a t i a l  d e r i v a t i v e  o f  t h e  i n t e g r a l  r e p r e s e n t a t i o n  i n t e r a c t s  o n ly  w ith  
th e  t r a n s fo rm  k e rn a l  as
th e  wavenumber component te rm s ,  th e  d i r e c t i o n a l  t e rm s ,  may be r e p l a c e d  by s p a t i a l  
d e r i v a t i v e s  p e r m i t t i n g  t h e  G re e n 's  f u n c t i o n  t o  be e x p r e s s e d  a s
Thus th e  wavenumber v e c to r  d i r e c t i o n a l i t y  o f  t h e  p e rm u ta t io n  t e n s o r s  has been 
r e p la c e d  by d i r e c t i o n a l  s p a t i a l  d e r i v a t i v e s  l e a v in g  o n ly  even f u n c t i o n s  o f  
wavenumber t o  be i n t e g r a t e d  o v er  wavenumber sp a c e .  These i n t e g r a t i o n s  may be 
s i m p l i f i e d ,  as  were t h e  n o n d i r e c t io n a l  G re e n 's  f u n c t i o n s ,  r e s u l t i n g  in  th e  
space and f re q u en c y  domain r e p r e s e n t a t i o n s  o f  t h e  t e n s o r i a l  v e l o c i t y  G re e n 's  
f u n c t i o n s ,
(4.4)
( 4 .5 )
( 4 .6 )
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Wavenumber and t im e  domain
h
The wavenumber and t im e  domain G re e n 's  f u n c t i o n s  may be d e r iv e d  by p e r  
forming an in v e r s e  temporal F o u r ie r  t r a n s f o r m a t io n  on t h e  Greens f u n c t i o n s  
in  wavenumber and t im e  domain,
The r e q u i r e d  i n t e g r a t i o n  t o  be perform ed o v e r  a l l  r e a l  f r e q u e n c i e s  w i l l  d i s p l a y  
t h e  pr im ary  im portance o f  t h e  complex f re q u e n c y  p o le s  o f  t h e  G r e e n ' s  f u n c t i o n  
in  wavenumber and f re q u en c y  domain. R eca l l  t h a t  c a u s a l i t y  im p l ie s  t h a t  t h e  
im aginary  p a r t s  o f  t h e  G re e n 's  f u n c t i o n s  f re q u en c y  p o le s  m ust be p o s i t i v e .
This  i s  t r u e  o f  a l l  G re e n 's  f u n c t i o n s  e x c e p t  f o r  t h e  t r a n s v e r s e  p a r t s  o f  t h e  
t e n s o r i a l  v e l o c i t y  G re e n 's  f u n c t i o n s  in  wavenumber and f re q u e n c y  dom ain ,  which 
posess  ze ro  f req u en cy  p o l e s .  Such e n t i r e l y  r e a l  f re q u e n c y  p o le s  a r e  in  
c o n f l i c t  w i th  p h y s ic a l  c o n d i t i o n  t h a t  t h e  system  must be c a u s a l .  The c o n f l i c t  
may be r e s o lv e d  by assuming t h a t  t h e  z e ro  f re q u e n c y  p o le s  a c t u a l l y  p o se s s  a 
p o s i t i v e  im ag inary  p a r t  which was to o  small to  be e v a lu a t e d  in  t h i s  ap p ro x im a t io n  
and thus  o n ly  has th e  e f f e c t  o f  s a t i s f y i n g  t h e  c a u s a l i t y  c o n d i t i o n .  O th e rw ise ,  
th e  t e n s o r i a l  v e l o c i t y  G re e n 's  f u n c t i o n  t r a n s f o r m s  as  a l l  o t h e r  G r e e n 's  f u n c t i o n s  
s in c e  th e  p o l a r i z a t i o n  t e n s o r s  a r e  f u n c t i o n s  o f  wavenumber v e c t o r  o n ly ,
( 4 .8 )
Gjm( t > t )  = p T ( t )  f  3T  e ia i t  qT(1?i“ ) + pL(lt) T  S ’ e1a>t GL(tlU)) =
( 4 .9 a )
= PT(lc) GT( £ , t )  + PL(lc) GL( lc , t )  . ( 4 .9 b )
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Space and time domain
The G re e n 's  f u n c t i o n s  in  sp a c e  and t im e  domain may be d e r iv e d  by per fo rm in g  
e i t h e r  i n v e r s e  tem poral t r a n s f o r m a t io n s  o f  t h e  sp a ce  and f r e q u e n c y  domain 
r e p r e s e n t a t i o n s  o r  i n v e r s e  s p a t i a l  t r a n s f o r m a t io n s  o f  t h e  wavenumber and t im e  
domain G re e n 's  f u n c t i o n s ,
For th e  d e r iv e d  G re e n 's  f u n c t i o n s  t h e  space  and f re q u e n c y  domain r e p r e s e n t a t i o n  
a r e  more d i f f i c u l t  t o  i n t e g r a t e  o v e r  r e a l  f r e q u e n c i e s  th a n  t h e  wavenumber and 
tim e G re e n 's  f u n c t i o n s  a r e  t o  i n t e g r a t e  o v e r  r e a l  wavenumber s p a c e  so t h e  l a t t e r  
method w i l l  be u t i l i z e d .  Thus d e r i v a t i o n  o f  t h e  G re e n 's  f u n c t i o n s  in  sp a c e  and 
tim e domain i s  ana logous  t o  th e  d e r i v a t i o n  o f  t h e  G re e n 's  f u n c t i o n s  in  space  
and f req u en cy  domain. Only th e  p e rm u ta t io n  t e n s o r s  w i l l  be d i r e c t i o n a l  f u n c t i o n s  
o f  th e  wavenumber v e c to r  and t h e i r  d i r e c t i o n a l i t y  may be r e p l a c e d  by d i r e c t i o n a l  
s p a t i a l  d e r i v a t i v e s ,  e q u a t io n  4 . 5 .  A ll  r em a in in g  wavenumber sp a ce  in t e g r a n d s  
w i l l  be f u n c t i o n s  o f  th e  wavenumber m a g n itu d e ,  k ,  on ly  and t h e  r e q u i r e d  t r i p l e  
i n t e g r a t i o n s  may be s i m p l i f i e d  to  a s i n g l e  i n t e g r a l  e a c h .  By a n a lo g y  w i th  
eq u a t io n s  4 .2  and 4 . 7 ,  th e  n o n d i r e c t i o n a l  G re e n 's  f u n c t i o n  in  s p a c e  and t im e  
i s  most s im p ly ,
( 4 . l 0 a , b )
( 4 .1 1 )
and th e  t e n s o r i a l  v e l o c i t y  G re e n 's  f u n c t i o n  in  t h e  same domain i s
(4.12)
D if fu s io n  Type G re en ' s F u n c t io n s  
Wavenumber and f re q u en c y  domain
D if fu s io n  ty p e  f i e l d  e q u a t io n s  have been d e r iv e d  w hich govern  t h e  
f l u c t u a t i o n s  o f  t r a n s v e r s e  v e l o c i t y  and v o r t i c i t y ,  e q u a t io n s  2 . 9 ,  and th e  
low te m p e ra tu re  th e rm a l - v is c o u s  te m p e r a tu re  f l u c t u a t i o n ,  e q u a t io n  2 .4 8 .  From 
th e s e  f i e l d  e q u a t io n s  both  im pulse  and i n i t i a l  c o n d i t i o n  G r e e n ' s  f u n c t i o n s  in  
wavenumber and f req u en cy  domain have been d e r i v e d ;  f o r  t h e  t r a n s v e r s e  v e l o c i t y  
they  a r e  shown a s  e q u a t io n s  3 .2 0  and 3 .5 3 .
The t e n s o r i a l  p a r t  o f  t h e  im pulse  G re e n 's  f u n c t i o n  i n d i c a t e s  t h a t  t h e  r e s p o n s e  
was in  th e  d i r e c t i o n  t h a t  i t  was f o r c e d  a s  i s  im p l ied  by t h e  s c a l a r  i n i t i a l  
c o n d i t io n  G re e n 's  f u n c t i o n .  F u rthe rm ore  th e  Kronecker d e l t a  i s  in d e p e n d e n t  o f  
domain and r e q u i r e d  on ly  f o r  c o n v o l u t io n ,  e q u a t io n  3 .1 8 ,  so  t h a t  a s c a l a r  
impulse G re e n 's  f u n c t io n  i s  s u f f i c i e n t  f o r  r e p r e s e n t i n g  t h e  f l u c t u a t i o n  b e h a v io r  
in  a l t e r n a t e  domains,
Gv f l U )  = — -— k— . (4
iw+Djk
Only t h e  t r a n s v e r s e  v e l o c i t y  G re e n 's  f u n c t i o n s  need be e v a lu a t e d  in  a l t e r n a t e  
domains s in c e  t h e  v e l o c i t y  G re e n 's  f u n c t i o n s  a r e  i d e n t i c a l  and t h e  low te m p er ­
a t u r e  th e rm a l - v is c o u s  t e m p e r a tu re  G re e n 's  f u n c t i o n s  d i f f e r  o n ly  by t h e  d i f f u s i o n  
c o e f f i c i e n t .  The s c a l a r  im pulse  and i n i t i a l  c o n d i t i o n  G r e e n 's  f u n c t i o n s  d i f f e r  
on ly  by t h e  n u m e ra to rs ,  which r e f l e c t  t h e  mode o f  e x c i t a t i o n .  The den o m in a to rs
ioj+Dyk2 Jm
( 4 .1 3 )
G T T(lc,aj) =
V V
( 4 .1 4 )
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d e r iv e  from t h e  f i e l d  e q u a t io n  o p e r a t o r s  and th u s  d i s p l a y  t h e  d i f f u s i v e  form 
by th e  two o p p o s i t e  complex wavenumber r o o t s ,
kl  = ( 1 _ i )  * 2 0 7  ( 4 - 1 6 a>
k2 * ( - 1 + i )  J  (4 .1 6 b )
and t h e  s i n g l e  im ag inary  f re q u e n c y  r o o t ,  
u j  = iDTk2 (4 .1 6 c )
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Space and f re q u en c y  domain 
The d i f f u s i v e  G re e n 's  f u n c t i o n s  may be d e r iv e d  in  sp a ce  and f re q u e n c y  domain 
a s  th e  s i m p l i f i e d  i n v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t io n s  o f  t h e  n o n - d i r e c t i o n a l  
G re en 's  f u n c t io n s  in  wavenumber and f re q u e n c y  domain, e q u a t io n  4 . 2 .  The s i m p l i f i e d  
i n t e g r a l  forms o f  th e  im pulse  and i n i t i a l  c o n d i t io n  G re e n 's  f u n c t i o n s  a r e
GvV . ‘- ) = - 12 -  f  dkke1kr D yvF r v  = ---\ ---------  d l J  (4 .1 7 a )
14n r  J — uT lK Kl n K  k2 } i4ir rDT 0 1
D k^
G -  j ( r , u )  = o I ^kke" D ( k -k  H k - k  ) ~ 2~  d^l * (4 .1 7 b )v V  i4ir r  J— Dr k kl MK 2 '  °  1
The r e q u i r e d  i n t e g r a t i o n  form d l ” i s  e v a lu a te d  in  Appendix A -2 , e q u a t io n s  A -2 .8 a ,  
f o r  t h e  complex wavenumber p o le  forms o f  e q u a t io n  4 .1 6  by a p p ly in g  t h e  Cauchey 
r e s id u e  theorem t o  a complex c o n to u r  i n t e g r a t i o n  as
A  ? = f  J(. k2n+1 e 1kr _ r  ,2n  _ - i k ,  I r lJ_„ dk '(X-'k'^fF+k-') - - f F f ^ ^ l 5 e 1 , n > 0  , ( 4 .1 8 )
which d i s p l a y s  th e  im portance  o f  t h e  wavenumber p o le s  and y i e l d s  t h e  G re e n 's
fu n c t io n s  in  space  and f re q u en c y  domain,
• , W * k J F - - ( W , ' $ f | r |  (4.19a)
GvV (?,w) = ‘1u gV (7‘u) ’ (4-19b)
The te rm ,  ^ j - j- , r e p r e s e n t s  a d e c r e a s e  in  t h e  m agn itude  o f  t h e  f l u c t u a t i o n  w i th  
r a d i a l  d i s t a n c e  due t o  s p h e r i c a l  s p r e a d in g .
The ex p o n e n t ia l  term r e p r e s e n t s  th e  r a d i a l  d i s t a n c e  and f r e q u e n c y  dependence 
o f  th e  d i f f u s i v e  f l u c t u a t i o n  decay and o s c i l l a t i o n  a s  d e te rm in e d  by t h e  wavenumber 
p o le s .  An exam ina t ion  o f  th e  i n t e g r a t i o n  form , e q u a t io n  4 . 1 8 ,  and t h e  wavenumber
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p o le ,  e q u a t io n  4 .1 6 a ,  i n d i c a t e s  t h a t  th e  complex d i f f u s i v e  wavenumber shou ld  
be d e f in e d  a s  t h e  p ro d u c t  o f  i and t h e  f i r s t  wavenumber p o l e ,
kd = 1kl = kd + i k d * (4 .2 0 a )
where t h e  r e a l  and im aginary  p a r t s ,
kd = ^  and kd = ’ ( 4 .2 0 b ,c )
a r e  t h e  d l s s a p i t i o n  and o s c i l l a t i o n  wavenumbers r e s p e c t i v e l y .  S in c e  th e y  a r e  
equal t h e  d i f f u s i v e  f l u c t u a t i o n  r e l a x e s  w i th  an e x p o n e n t ia l  r a d i a l  decay 
e x h i b i t i n g  l i t t l e  r a d i a l  o s c i l l a t i o n .  The r e l a x a t i o n  form rem a ins  unchanged b u t  
p e n e t r a t e s  f a r t h e r  in  th e  r a d i a l  d i r e c t i o n  when e i t h e r  t h e  f re q u e n c y  i s  d e c re a s e d  
o r  th e  d i f f u s i o n  c o e f f i c i e n t  i s  in c r e a s e d .  Zero f r e q u e n c y  y i e l d s  no e x p o n e n t ia l  
decay o r  o s c i l a t i o n ,  o n ly  s p h e r i c a l  s p r e a d in g .  In term s o f  t h e  d i f f u s i o n  
wavenumber components , th e  d i f f u s i v e  G re e n 's  f u n c t i o n s  a r e ,
i  - k A M  - i ^ k l  
G ( r ‘u )  = 47I7TD7 e  e ( 4 -21a)
G j  T(r ,o i)  -  - iw  Gv ( r , u )  (4 .2 1 b )
v v
where t h e  d i f f e r e n c e  i s  due t o  t h e  d i f f e r e n t  e x c i t a t i o n  modes.
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Wavenumber and time domain
The d i f f u s i v e  G re e n 's  f u n c t i o n s  in  wavenumber and t im e  domain a r e  equa l  to  
in v e r s e  temporal F o u r ie r  t r a n s f o r m a t io n s  o f  th e  wavenumber and f re q u e n c y  domain 
r e p r e s e n t a t i o n s ,  a s  shown by e q u a t io n  4 . 8 ,  r e s u l t i n g  in  t h e  f re q u e n c y  i n t e g r a t i o n s ,
The r e q u i r e d  f req u en cy  i n t e g r a t i o n  may be e v a lu a te d  by a complex c o n to u r  i n ­
t e g r a t i o n ,  e q u a t io n  A -3 .7 a ,  f o r  which t h e  p o s i t i v e  im ag ina ry  f re q u e n c y  p o le  r e s u l t s  
i n  th e  u n i t  s t e p  in  t im e ,  U ( t ) ,  and t h e  e x p o n e n t ia l  te rm ,
d i s p l a y  th e  wavenumber and t im e f l u c t u a t i o n  r e l a x a t i o n  c h a r a c t e r i s t i c s  r e s u l t i n g  
from th e  f requency  p o le .  The e x p o n e n t ia l  te rm  o f  th e  i n t e g r a t i o n  fo rm ,  e q u a t io n  
4 .2 1 ,  and t h e  f re q u en c y  r o o t ,  e q u a t io n  4 .1 6 c ,  s u g g e s t  t h a t  t h e  d i f f u s i v e  
f req u en cy  be d e f in e d  a s  t h e  o p p o s i t e  o f  t h e  p ro d u c t  o f  i  and t h e  d i f f u s i v e  
f requency  r o o t ,
Uj = -iw-j = + iwjj , (4 .2 5 a )
w ith  th e  r e a l  and im ag inary  p a r t s ,
= DTk2 and = 0 . ( 4 .2 5 b ,c )
(4 .2 2 a )
(4 .2 2 b )
(4 .2 3 )
The r e s u l t i n g  c a u s a l  G re e n 's  f u n c t i o n s  in  wavenumber and t im e  domain,
v v
( 4 .2 4 a )
(4 .2 4 b )
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The complex d i f f u s i v e  f re q u e n c y  i n d i c a t e s  t h a t  d i f f u s i v e  f l u c t u a t i o n s  r e l a x  
e x p o n e n t ia l ly  in  t im e  w ith  no tem poral o s c i l l a t i o n  and decay  more r a p i d l y  a s  
th e  wavenumber o r  d i f f u s i o n  c o e f f i c i e n t  i s  i n c r e a s e d .
The d i f f u s i v e  G re e n 's  f u n c t i o n s  may be e x p r e s s e d  in  te rm s  o f  t h e  d i f f u s i v e  
f requency  a s ,
v v
which r e f l e c t  t h e  d i f f e r e n t  modes o f  e x c i t a t i o n  by t h e i r  d i f f e r e n c e s .
(4 .2 6 a )
(4 .2 6 b )
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Space and time domain
The d i f f u s i v e  G re e n 's  f u n c t i o n s  1n sp a c e  and t im e  domain may be m ost 
e a s i l y  e v a lu a te d  as  th e  i n v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m s  o f  t h e  wavenumber 
and time domain r e p r e s e n t a t i o n s ,  e q u a t io n s  4 .2 6  which a r e  n o n - d i r e c t i o n a l , 
as  shown in  s i m p l i f i e d  form by e q u a t io n  4 .1 1 .  An a l t e r n a t e  method o f  d e r i v a t i o n  
would in v o lv e  t h e  i n v e r s e  tem pora l  t r a n s f o r m s ,  a s  shown by e q u a t io n  4 . 1 0 a ,  o f  
th e  space and f re q u e n c y  G re e n 's  f u n c t i o n s ,  e q u a t io n s  4 . 1 9 ,  w hich a r e  c o m p l ic a te d  
by th e  appearance  o f  te rm s in v o lv in g  t h e  s q u a re  r o o t  o f  t h e  f r e q u e n c y  t h a t  
would r e q u i r e  b ranch  c u t s .  The s i m p l i f i e d  i n v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m  
method produces th e  G re e n 's  f u n c t i o n s  in  t h e  wavenumber i n t e g r a t i o n  forms
The r e q u i r e d  i n t e g r a t i o n  forms a r e  r e l a t e d  by e q u a t io n  A -4 .5  t o  t h e  r e s u l t s  o f  
known i n t e g r a t i o n s  as
The d i f f u s i v e  G re e n 's  f u n c t i o n s  in  space  and t im e domain may be e x p r e s s e d ,  a f t e r  
some m athem atical m a n ip u la t io n s ,  as
(4 .2 7 a )
1 6 =DTt
(4 .2 7 b )
(4 .2 8 )
( 4 .2 9 a )
(4.29b)
The space  and t im e  dependance o f  t h e  e x p o n e n t ia l  te rm  i s  a r e s u l t  o f  t h e  
ex p o n e n tia l  term  i s  a r e s u l t  o f  t h e  e x p o n e n t ia l  te rm  o f  t h e  wavenumber 
and t im e domain r e p r e s e n t a t i o n  which was i n  t u r n  a r e s u l t  o f  t h e  f re q u e n c y  
po le  o f  t h e  wavenumber and f re q u e n c y  domain G r e e n 's  f u n c t i o n .  The t im e 
dependence te rm ,
r  j  = /4Dyt ,
r e p r e s e n t s  a r a d i u s  c h a r a c t e r i s t i c  o f  t h e  t r a n s v e r s e  v i s c o u s  d i f f u s i o n .  As 
t h i s  r a d i u s  in c r e a s e s  t h e  e x p o n e n t ia l  r a d i a l  decay  r a t e  d e c r e a s e s  and t h e  
m u l t ip ly in g  term d e c r e a s e s .  The G re e n 's  f u n c t i o n  d i s p l a y s  a maximum a t  z e ro  
r a d iu s  which d e c r e a s e s  a s  t im e  in c r e a s e s  and t h e  r a d i a l  form s p r e a d s .
( 4 .3 0 )
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Damped Wave Type G reen1s F u n c t io n s  
Wavenumber and f re q u en c y  domain
Damped wave ty p e  f i e l d  e q u a t io n s  have been d e r iv e d  which govern  t h e  
a c o u s t i c  f l u c t u a t i o n s  o f  mass d e n s i t y ,  p r e s s u r e ,  l o n g i t u d i n a l  v e l o c i t y  and 
v e l o c i t y  d iv e rg e n c e ,  e q u a t io n s  2 .1 4 ,  2 .1 6 ,  and 2 .4 5 .  A lthough  t h e  a c o u s t i c  
and th e  low te m p e ra tu re  th e r m a l - v i s c o u s  f i e l d  e q u a t io n s  e x h i b i t  d i f f e r e n t  
damping c o e f f i c i e n t s  and sound s p e e d s ,  t h e i r  forms a r e  i d e n t i c a l .  T h e r e f o r e  
th e  s e t  o f  im pulse  and i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  f o r  t h e  a c o u s t i c  
mass d e n s i t y ,  e q u a t io n s  3 .2 2 ,  3 .5 6  and 3 .5 7 ,
Gp (£,&>) =  - y - y - y -  (4 .3 1 a )
w -iwDLk - q k
-C2 k2
6noA(*’“ > = “ 5 ■ - T - p T  (4-31b>ppp <d -iwDjJc -C3k
G • ( tc,«) = .  ■ 1“  (4 .3 1 c )
p p p  o,2- i a . D L k 2- c f k 2
r e p r e s e n t  a l l  o f  t h e  damped wave ty p e  f i e l d  e q u a t io n  fo rm s .  Two i n i t i a l  
c o n d i t io n  G re e n 's  f u n c t i o n s ,  e q u a t io n s  4 .31b  and 4 . 3 1 c ,  a r e  r e q u i r e d  because  two 
i n i t i a l  c o n d i t i o n  modes o f  e x c i t a t i o n  r e s u l t  from a f i e l d  e q u a t io n  o p e r a t o r  
which p o se sses  second o r d e r  t im e d e r i v a t i v e s .  The d i f f e r e n t  n u m e ra to rs  f o r  
each o f  t h e  t h r e e  G re e n 's  f u n c t i o n s  in  wavenumber and f r e q u e n c y  domain r e f l e c t  
th e  d i f f e r e n t  e x c i t a t i o n  modes and t h e  i d e n t i c a l  d e n o m in a to rs  f o r  a l l  r e s u l t  
from t h e  common damped wave ty p e  f i e l d  e q u a t io n  o p e r a t o r .  The damped wave 
form i s  d i s p l a y e d  by th e  d en om ina to rs  two o p p o s i t e  complex wavenumber r o o t s ,
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ki = -k , U l
J2. /C*+D2w2
(✓cf + /cf+D2^ 2 - i / - C 2  + /cJ+D2** ) , (4.32a,b)
and th u s  f re q u en c y  r o o t s ,
 2------
2 2 d 2
Uj = / C p r  -  J=- k*  + i ~  r  ( 4 .3 2 c )
D2  D
tog a - /C 2 k2 -  jp- + i  p -  k2  , (4 .3 2 d )
which a r e  t h e  p o le s  o f  th e  wavenumber and f re q u e n c y  domain G re e n 's  f u n c t i o n s .
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Space and frequency domain
The damped wave G re e n 's  f u n c t i o n s  i n  sp a ce  and f re q u e n c y  domain a r e ,  
by eq u a t io n  4 . 2 ,  equal t o  th e  s i m p l i f i e d  i n v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t i o n s  
o f  t h e  wavenumber and f re q u e n c y  domain r e p r e s e n t a t i o n s ,
Gp (r,(o) = - A ? -  f  dkkei k r  — 5 -^   d 1?  ( 4 .3 3 a )
i4 n  r (cf+ia>DL) ( k - k 1 ) ( k - k 2 ) i^rrM C j+iwD L)
G -(r,u>) = — f  dkke1kr — 5 -^ --------------------- d1! (4 .3 3 b )
ppp i4ir r  ■'-« (C^+ia1DL) ( k - k 1 ) ( k - k 2 ) i4 *  r(Cy+iu.DL)
Sp 5p ^ * “ J = iu) GP(^ u) (4 .3 3 c )
The wavenumber i n t e g r a t i o n  form and th e  complex wavenumber p o le  form s a r e  t h e  
same a s  was r e q u i r e d  f o r  th e  an a lo g o u s  d i f f u s i v e  G re e n 's  f u n c t i o n s  t r a n s f o r m a t i o n s  
so t h e  same i n t e g r a t i o n  e v a l u a t i o n ,  e q u a t io n  4 .1 8 ,  i s  v a l i d .  T h is  s u g g e s t s  t h a t  
an ana logous  complex damped wave wavenumber be d e f in e d  f o r  t h e  s p e c i f i c  damped 
wave ty p e  wavenumber r o o t s  o f  e q u a t io n  4 . 3 2 ,
kw = 1kl = kw + ik w * ( 4 *34a)
w ith  s p e c i f i c  r e a l  and im ag inary  p a r t s
k '  = Kw / - c f  + / c j+ 0 2 w2 k^ =  110 ' /C2  + /C4 +D2 gj2  . ( 4 .3 4 b ,c )
J l  /C4+D2u 2  f t  /C4 +D2 u)2
In t h e s e  te rm s th e  sp a ce  and f re q u e n c y  domain G re e n 's  f u n c t i o n s  may be e v a lu a t e d
 d   e " kw lr l e " 1kw lr l ( 4 .3 5a)
4i r | r | ( C | + i D Lo , )
Gp(r,n i)
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(4 .3 5 b )
G • (r . iu)  = i u  Gp (r,a>) .
p p p
( 4 .3 5 c )
The damped wave G re e n 's  f u n c t i o n s  e x h i b i t  s p h e r i c a l  s p r e a d in g  and e x p o n e n t ia l  
decay and o s c i l l a t i o n  in  t h e  r a d i a l  d i r e c t i o n  a s  do t h e  d i f f u s i v e  G re e n 's  f u n c t i o n s  
and in  a d d i t i o n  p o s s e s s  t h e  f re q u en c y  p o le ,
This f re q u en c y  p o le  a lo n g  w i th  t h e  d i f f e r e n t  f u n c t i o n a l  f re q u e n c y  dependence o f  
the  damped wave wavenumber s u g g e s t  t h a t  t h e  damped wave G re e n 's  f u n c t i o n s  in  space
f u n c t i o n s ,  e q u a t io n s  4 .2 9 .
The r e a l  p a r t  o f  th e  complex wavenumber i s  a lw ays l e s s  th a n  t h e  im ag ina ry  
p a r t ,  e q u a t io n s  4 .3 4 b  and c ,  which y i e l d s  damped wave f l u c t u a t i o n  r e l a x a t i o n s  
which a r e  more o s c i l a t o r y  a s  th e y  decay  i n  t h e  r a d i a l  d i r e c t i o n  th a n  a r e  t h e  
d i f f u s i v e  f l u c t u a t i o n s .  The o s c i l a t o r y  n a t u r e  i s  more pronounced a s  th e  
frequency  o r  damping c o e f f i c i e n t  d e c r e a s e s  s in c e  t h e  r e l a t i v e  d i f f e r e n c e  
in  th e  r e a l  and im ag inary  p a r t s  o f  t h e  complex wavenumber w i l l  i n c r e a s e .
However t h e  r e a l  p a r t  w i l l  d e c r e a s e ,  and t h e r e f o r e  t h e  f l u c t u a t i o n  r e l a x a t i o n  
w i l l  p e n e t r a t e  f a r t h e r  when th e  f re q u e n c y  i s  d e c re a s e d  o r  th e  damping c o e f f i c i e n t  
i s  i n c re a s e d .
( 4 .3 6 )
and t im e  domain would be o f  a form q u i t e  d i f f e r e n t  from t h a t  o f  t h e  d i f f u s i v e  G re e n 's
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Wavenumber and time domain
The damped wave G re e n 's  f u n c t i o n s  in  wavenumber and t im e  domain may be 
r e p re s e n te d  in  i n t e g r a l  form a s  i n v e r s e  tem pora l  F o u r i e r  t r a n s f o r m a t i o n s  o f  
th e  wavenumber and f re q u e n c y  domain G re e n 's  f u n c t i o n s ,
The f req u en cy  i n t e g r a t i o n  fo rm , e q u a t io n  A -3 .7 c ,  e x h i b i t s  c a u s a l i t y  a s  a r e s u l t  
o f  p o s i t i v e  im ag inary  p a r t s  o f  b o th  f re q u e n c y  p o l e s ,
Three d i s t i n c t  forms o f  t h e  f re q u e n c y  p o le s  e x i s t  c o r r e s p o n d in g  t o  a p o s i t i v e ,  ze ro  
o r  n e g a t iv e  te rm  under t h e  r a d i c a l  in  e q u a t io n s  4 .3 2 c  and d which r e l a t e  t o  
te m p o ra l ly  underdamped, c r i t i c a l l y  damped, o r  overdamped G r e e n 's  f u n c t i o n s .
For each c o n d i t i o n  th e  complex f re q u e n c y  components may be d e f in e d  and u t i l i z e d  
to  ex p re ss  t h e  f re q u e n c y  p o le s .
Tem porally  underdamped G re e n 's  f u n c t i o n s  o c c u r  when t h e  damping c o e f f i c i e n t  
o r  wavenumber a r e  small a s  shown' by t h e  i n e q u a l i t y ,
(4.37a)
Gppp(^*t ) = -Cl k2 (4 .3 7 b )
(4 .3 7 c )
1 2
(36)
( 4 .3 8 )
(37)
The components o f  th e  complex f re q u e n c y
“ w = ^ |C ?k 2 - ^ k 4 | ( 4 .4 0 a ,b )
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a l lo w  t h e  underdamped f re q u en c y  p o le s  t o  be e x p r e s s e d  a s
(4.41a,b)
which e x h i b i t  both  r e a l  and im ag ina ry  p a r t s  c o r r e s p o n d in g  t o  tem pora l  d ecay  and 
o s c i l l a t i o n .  The r e s u l t i n g  t e m p o r a l ly  underdamped G re e n 's  f u n c t i o n s  a r e
The r e a l  p a r t  o f  one complex f r e q u e n c y ,  e q u a t io n  3 8 a ,  r e l a t e s  t o  an e x p o n e n t ia l  
decay in  t im e which o c c u r s  more r a p i d l y  a s  t h e  damping c o e f f i c i e n t  o r  wavenumber 
i s  i n c re a s e d .  Meanwhile th e  im ag ina ry  p a r t  o f  th e  complex f r e q u e n c y ,  e q u a t io n  
4 .40  which c o r re sp o n d s  t o  t h e  f re q u e n c y  o f  s in u s o id a l  o s c i l a t i o n ,  d e c r e a s e s ,  
r e s u l t i n g  in  a lo n g e r  t im e p e r io d  o f  o s c i l a t i o n s  which a r e  d ec ay in g  more 
r a p id l y  in  t im e .  T h is  l e s s  o s c i l a t o r y ,  more r a p i d  d ec ay  in  t im e  t r e n d  c o n t in u e s  
as th e  damping c o e f f i c i e n t  o r  wavenumber a r e  in c r e a s e d  u n t i l  t h e  c r i t i c a l  
damping c o n d i t io n  i s  met.
The c r i t i c a l  temporal damping c o n d i t i o n ,
co rresponds  t o  ze ro  im ag ina ry  component o f  t h e  complex f re q u e n c y  and th e  
r e s u l t i n g  c o i n c i d e n t ,  c r i t i c a l l y  damped f re q u e n c y  p o le s
Gp ( t , t )  = - U ( t )  e
-m^t s in ( u £  t )
( 4 .4 2 a )
Gpp- ( t , t )  = -C2 k2  Gp ( t , t )
G • ( £ , t )  = - U ( t )  e [cos(a." t )  -
(4 .4 2 b )
( 4 .4 2 c )
( 4 .4 3 )
( 4 .4 4 )
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The c r i t i c a l l y  damped wave G re e n 's  f u n c t i o n s ,
-<*>' t
Gp ( lc , t )  = -U ( t )  t  e w (4 .4 5 a )
Gpp-Oc.t) = -C2 k2 Gp ( £ , t )  (4 .4 5 b )
Q p - p t t . t )  = U (t)  [1 -  ^  k2 t ] e  “ w * , (4 .4 5 c )
d i s p l a y  no o s c i l a t i o n ,  o n ly  t h e  e x p o n e n t ia l  tem pora l  d ecay  due t o  t h e  r e a l  p a r t  
o f  th e  complex f re q u e n c y ,  e q u a t io n  4 .4 0 a .  For t h e  c r i t i c a l  c o n d i t i o n ,  e q u a t io n  
4 .4 3 ,  th e  r e a l  p a r t  o f  t h e  complex f re q u e n c y  i s  a l s o  equa l  t o  t h e  p r o d u c t  o f  th e  
a d i a b a t i c  speed o f  sound and t h e  wavenumber,
D. o o
“ w = r k C1 k • ( 4 *46)
Tem porally  overdamped G re e n 's  f u n c t i o n s  o c c u r  f o r  l a r g e r  damping c o e f f i c i e n t  
o r  wavenumber ac c o rd in g  t o  t h e  i n e q u a l i t y ,
2 °L 2Cf < ^  k2  . (4 .4 7 )
For t h i s  c o n d i t i o n ,  t h e  te rm  un d er  t h e  r a d i a l  in  t h e  f r e q u e n c y  p o l e s ,  e q u a t io n s  
4 .32c and d ,  i s  n e g a t iv e  and th u s  t h e  r a d i c a l  te rm  i s  im a g in a ry .  C onsequen t ly  
th e  complex f re q u en c y  c o n s i s t s  o f  two r e a l  p a r t s ,
D l D2  |
“C  = ^  k2  k4  -  c 2 k2 | , ( 4 .4 8 a ,b )
th e  f i r s t  o f  which i s  i d e n t i c a l l y  th e  r e a l  p a r t  o f  t h e  underdamped complex 
f re q u e n c y ,  e q u a t io n  4 .4 0 a ,  and t h e  second o f  which c o r r e s p o n d s  t o  t h e  im ag ina ry  
p a r t  o f  t h e  underdamped complex f r e q u e n c y ,  e q u a t io n  4 .4 0 b .  The r e s u l t i n g  o v e r ­
damped wave G re e n 's  f u n c t i o n s ,
e x h i b i t  two e x p o n e n t i a l l y  d ec ay ing  f u n c t i o n s  o f  t im e .  The f i r s t  e x p o n e n t ia l  
term i s  dependent on th e  d i f f e r e n c e  o f  t h e  two r e a l  p a r t s  o f  t h e  complex 
f requency  and t h e r e f o r e  decays more s lo w ly  in  t im e  th a n  t h e  second  e x p o n e n t ia l  
which i s  dependent on th e  sum o f  t h e  r e a l  p a r t s .  F u r th e rm o re  a s  t h e  damping 
c o e f f i c i e n t  o r  wavenumber i n c r e a s e  t h e  f i r s t  e x p o n e n t ia l  decays  even more 
s low ly  in  t im e s in c e
lo j-  K ,  -  < o , | r K - - ; o ) < 0  ( 4 .S 0 a ,b )
whereas th e  second ex p o n e n t ia l  decays  more r a p i d l y .
The te m p o ra l ly  underdamped, c r i t i c a l l y  damped and overdamped G r e e n 's  f u n c t i o n s  
in  wavenumber and tim e domain have been e x p r e s s e d  e x p l i c i t l y  in  o r d e r  t o  d i s p l a y  
th e  co r resp o n d in g  d i f f e r e n t  fo rm s .  However, t r a n s f o r m a t io n  o f  t h e s e  G re e n 's  
f u n c t io n s  to  space and t im e domain r e q u i r e s  i n t e g r a t i o n  o v e r  a l l  wavenumber space  
which would be f a c i l i t a t e d  by d e f i n i n g  s i n g l e  f u n c t i o n a l  forms t h a t  a r e  v a l i d  
f o r  a l l  wavenumbers. S ince  th e  f re q u e n c y  p o l e s ,  e q u a t io n s  4 .3 2 c  and d ,  a r e
f u n c t i o n a l l y  v a l i d  f o r  a l l  wavenumber and a r e  o f  t h e  underdamped fo rm ,  G r e e n 's
fu n c t io n s  d e r iv e d  d i r e c t l y  from them a r e
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[ c o s ( /C 2 k2-  k4  t ) - s i n ( / C 2 k2-  J t .  k4  t ) ] ,
( 4 .5 1 c )
which a r e  f u n c t i o n a l l y  v a l i d  f o r  a l l  wavenumber. When t h e  r a d i c a l  te rm  e q u a l s  
zero  t h e s e  G re en 's  f u n c t i o n s  r e d u c e  t o  t h e i r  c r i t i c a l l y  damped form s i n c e
H a lt  s M x t l  .  t  (4 52)
and when th e  r a d i c a l  term i s  im a g in a ry  t h e s e  G re e n 's  f u n c t i o n s  t a k e  on t h e i r  
overdamped form s in c e
c o s ( i x t )  n c o s h (x t )  and = S l M s H ( 4 . 5 3 a , b )
Space and time domain
The damped wave G re e n 's  f u n c t i o n s  in  sp a c e  and t im e  domain may be 
expressed  in  i n t e g r a l  form a s  t h e  s i m p l i f i e d  i n v e r s e  s p a t i a l  F o u r i e r  t r a n s ­
form ations
°L * .2 .2  DL. ^  6= ^i f ”  i i , -  ~ '7T s in ( /C T k  -  k t )  n
Gp( r , t )  = f  dkke U ( t ) e  2 .............  1......... 4     = L I ? ]
14ir r  J — n 2  i4ir r  w 3
/C2 k2-  k4
2 ^
»3 ‘  2C'  
\
(4 .5 4 a )
D
“L i . ,  , 2 , l ( t ) t  , S = 2
»3= 2
, r  . . .  1 1  —s t k ‘ s 1 n ( / c : k ‘ -  7T- k t )  CtUCt) t  ,
G = - V  f  dkke U(t)C2k2e 2----— - J -  -~4------- -  = u j ]
ppp i4ir r  1 n2 i4ir r  w 3
/C2 k2-  ^  k4
(4 .5 4 b )
G p - p ( r , t )  = A ^ -  £  dkkei k r  m ^ ' T  ^  [ c o s ( /C 2 k2-  ^  k4  t )  -
£ l  , 2  ^ 2  D, \  u f t , t  D,
2 sin{kc2k2- £ k< tn - y j r  r  * ♦ vS]f’ £  ‘
n2 i4ir r  i4 u  r
/C2k2-  ±  k4
1 4  ( 4 .5 4 c )
The r e q u i r e d  i n t e g r a l s  have been e v a lu a te d  in  s e r i e s  form and may be e v a lu a te d  
n u m e rica l ly .  However, such forms a r e  n o t  e a s i l y  compared w i th  t h e  c lo s e d  form 
d i f f u s i v e  o r  th e rm a l - v is c o u s  G re e n 's  f u n c t i o n s  in  sp a c e  and l im e  domain and t h e r e f o r e  
w i l l  n o t  be in c lu d e d .
T herm al-V iscous Type G re e n 's  F u n c t io n s  
Wave and f re q u e n c y  domain 
T herm al-v iscous  ty p e  f i e l d  e q u a t io n s  have been d e r iv e d  f o r  t h e  f l u c t u a t i o n s  
o f  mass d e n s i t y ,  t e m p e r a tu re ,  p r e s s u r e ,  h e a t  en e rgy  d e n s i t y ,  l o n g i t u d i n a l  
v e l o c i t y  and v e l o c i t y  d iv e rg e n c e .  Each o f  t h e s e  f l u c t u a t i o n s  s a t i s f y  t h e  same 
f i e l d  e q u a t io n  s e p a r a t e l y ,  e q u a t io n  2 . 3 8 ,  and any two o f  t h e  thermodynamic 
f l u c t u a t i o n s  s a t i s f y  t h e  coup led  f i e l d  e q u a t i o n s ,  e q u a t io n  2 . 3 3 ,  s im u l ta n e o u s ly .  
Furtherm ore th e  l o n g i t u d in a l  v e l o c i t y  and v e l o c i t y  d iv e rg e n c e  a r e  r e l a t e d  by th e  
mass d e n s i ty  e q u a t io n ,  e q u a t io n  2 . 7 a ,  to  th e  mass d e n s i t y  which i s  in  t u r n  
therm odynam ically  coupled  t o  th e  o t h e r  thermodynamic f l u c t u a t i o n s  by t h e  
expansion e q u a t io n  2 .3 2 .  T h is  r e s u l t s  in  a coirmon im pulse  G r e e n 's  f u n c t i o n ,  
equa t ion  3 .3 1 ,  f o r  a l l  f l u c t u a t i o n s ,
GXm("£,w) = 3  i  K 2 . c 2 k 2 . -  K k4 r 2 k k4 * ^4 ' 55^
1 a) +o) (D . +  p —) k  - itd C -ik  - lu iD . k  -C-* tt“  k
v V p
and a m u l t i tu d e  o f  i n i t i a l  c o n d i t i o n  G r e e n ' s  f u n c t i o n s .  As f o r  t h e  d i f f u s i v e  
and damped wave ty p e  f l u c t u a t i o n s ,  a l l  t h e r m a l - v i s c o u s  G re e n 's  f u n c t i o n s  d i s p l a y  
th e  same denom inator  which th e  n u m era to rs  d i f f e r  a s  a r e s u l t  o f  t h e  mode o f  
e x c i t a t i o n .  The f i e l d  e q u a t io n  f o r  a s i n g l e  f l u c t u a t i o n  r e s u l t s  in  p o s s i b l e  
i n i t i a l  c o n d i t io n s  o f  th e  z e r o t h ,  f i r s t  and second i n i t i a l  t im e  d e r i v a t i v e s  and 
th e  num erator  forms o f  e q u a t io n s  3 .6 0 ,  3 . 6 1 ,  3 .6 2 .  The a d d i t i o n a l  num era to r  
forms o f  e q u a t io n s  3 .7 6  and 3 .7 9 ,  r e s u l t  from t h e  i n i t i a l  c o n d i t i o n s  o f  t h e  
coupled f i e l d  e q u a t io n s .  Of th e  many d i s t i n c t  n u m e ra to rs  t h a t  have been d e r i v e d ,  
only  f i v e  f u n c t i o n a l  forms o f  t h e  wavenumber and f re q u e n c y  e x i s t ,
NQ = 1 N] = iu k 2  N2  = k4  N- = < A 2  N4  = ioik4  ( 4 .5 6
c , d ,
Thus any th e rm a l - v i s c o u s  G re e n 's  f u n c t i o n  may be c o n s t r u c t e d  from t h e  sys tem  
pa ra m e te rs ,  th e  f u n c t i o n a l  num era to r  form s and t h e  th e r m a l - v i s c o u s  d en o m in a to r
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defined as,
DTV = i u 3  + u2 (Dl  + j j - ) k 2  -  1u C2 k2  -  i u DL k4  -  C2  k2 ( 4 .5 7 )
The th e rm a l-v is c o u s  G re e n 's  f u n c t i o n s  may be r e p r e s e n te d  c o n c i s e l y  in  wavenumber 
and f requency  domain by th e  f i v e  b a s i c  f u n c t i o n a l  fo rm s ,
o f  which th e  f i r s t ,  Gq(1?,q) ) ,  i s  i d e n t i c a l l y  t h e  im pulse  G r e e n 's  f u n c t i o n  and t h e  
remaining may be used to  c o n s t r u c t  any o f  th e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s .
The denom inato r ,  which d i s p l a y s  t h e  th e r m a l - v i s c o u s  fo rm ,  i s  a q u a r t i c  
fu n c t io n s  o f  wavenumber and a c u b ic  f u n c t i o n  o f  f re q u e n c y  and t h e r e f o r e  p o s s e s s e s  
form wavenumber r o o t s  and t h r e e  f re q u e n c y  r o o t s .  The wavenumber r o o t s  may be 
der ived  as th e  s o lu t i o n s  t o  t h e  e q u a t io n
The gene ra l  s o lu t io n s  y i e l d  two p a i r s  o f  o p p o s i t e  complex wavenumber r o o t s
( 4 .5 8 a ,b
c . d . e )
A1 k4  + A2 k2  + A3  = 0 (4 .5 9 a )
where A-| = i<uD^  -  C2  js- A2  = w2 (Dl  + £ - )  -  iwC2 ( 4 .5 9 b , c , d )
( 4 .6 0 c ,d )
k3 ■ - k4 ’  "  { 557  C - V » 2 - 4 AlA3 ) ' / ^ } V 2  '
The f requency  r o o t s  a r e  t h e  s o l u t i o n s  t o  t h e  c u b ic  e q u a t i o n ,
w3 + B-ju2 + + Bj = 0




B1 = ■1(DL + r ") k 2  * B2 = -Ci k2- DL I T  k 4  B3  = i c f  k4  . ( 4 . 6 1 b , c , d )
The g ene ra l  s o l u t i o n s  a r e  known to  be
B1 (B6 +B7 )  ^ (B6 -B7 ) ^  _ B7 (B6+B7 )  ^ (B6 -B7 ) ^
“ 1 " 3  2 1 2 3  “ 2  "  3 '  2  _ 1 2
( 4 . 6 3 a , b , c )B1
“ 3 = T  + B6  + B7 
here
B? 2B? B,B?
b4 = b2 -  j -  B5 = ^ ---------3 + B
Be ■ h r  * 4 *  *7 * h r  - 4 + % y 2 i ' n  •
The e x a c t  wavenumber and f re q u e n c y  r o o t s  o f  th e  d enom ina to r  a r e  such  c o m p l ic a te d
complex f u n c t i o n s  o f  th e  system  p a ra m e te rs  and r e s p e c t i v e l y  t h e  f r e q u e n c y  and
wavenumber t h a t  i t  i s  n o t  p r a c t i c a l  to  u se  them as  t h e  p o le s  o f  t h e  G re e n 's
fu n c t io n s  f o r  t r a n s f o r m a t io n  p u rp o se s .
In o r d e r  to  a n a l y t i c a l l y  perform  t h e  i n t e g r a t i o n s  r e q u i r e d  t o  t r a n s f o r m  th e
G reen 's  f u n c t io n s  to  space  and f re q u e n c y  domain, e q u a t io n  4 . 2 ,  and wavenumber and
tim e domain, e q u a t io n  4 . 8 ,  i t  i s  n e c e s s a r y  t o  ap p rox im ate  t h e  wavenumber and
frequency  p o le s .  The th e rm a l - v i s c o u s  G re e n 's  f u n c t i o n s  have been f o rm u la te d
from th e  assum ption  o f  lo c a l  thermodynamic e q u i l i b r iu m  which s u g g e s t s  a sm all
f requency  and wavenumber a p p ro x im a tio n  f o r  t h e  wavenumber and f re q u e n c y  r o o t s .
U t i l i z i n g  binomial ex p a n s io n s  and th e  r e s p e c t i v e  sm a l ln e s s  c r i t e r i a ,
C2  C2
k2 «  -A and u «  - J -  , ( 4 .6 3 ,
D D 4 .6 4 )





( 4 . 6 5 c , d , e )
The f i r s t  p a i r  o f  wavenumber r o o t s ,  kj and kg, and t h e  f i r s t  two f re q u e n c y  r o o t s ,
w-j and Wg, a r e  s i m i l a r  to  th e  damped wave ty p e  r o o t s ,  e q u a t io n s  4 .3 2 .  I n d e e d ,  t h e
small f requency  and wavenumber a p p ro x im a t io n  o f  t h e  damped wave r o o t s  r e s u l t s  in
th e  therm al v isc o u s  r o o t s  w i th  t h e  the rm al d i f f u s i o n  c o e f f i c i e n t s ,  £ -  and ,
p v
a b s e n t .  T h is  i n d i c a t e s  t h a t  t h e  f i r s t  p a i r  o f  t h e rm a l - v i s c o u s  wavenumber r o o t s  
and th e  f i r s t  two th e rm a l - v is c o u s  f re q u e n c y  r o o t s  a r e  r e l a t e d  t o  a damped wave 
w ith  a th e rm a l ly  m o d if ied  l o n g i t u d i n a l  v i s c o u s  damping c o e f f i c i e n t ,  o r  
th e rm a l-v isc o u s  damping c o e f f i c i e n t ,  d e f in e d  a s
The rem ain ing  p a i r  o f  wavenumber r o o t s ,  kg and k^ ,  and t h e  rem a in in g  f re q u e n c y  r o o t ,  
Wg, a r e  o f  th e  same form a s  t h e  d i f f u s i o n  ty p e  r o o t s ,  e q u a t io n s  4 .1 6 .  The 
d i f f e r e n c e  i s  t h a t  th e s e  t h e rm a l - v i s c o u s  r o o t s  d i s p l a y  a the rm al d i f f u s i o n  c o ­
e f f i c i e n t ,  o r  therm om etric  c o n d u c t i v i t y ,  d e f in e d  as
r a t h e r  than  th e  t r a n s v e r s e  v i s c o u s  d i f f u s i o n  c o e f f i c i e n t .  Thus t h e  a p p ro x im a te  
r o o t s  i n d i c a t e  t h a t  th e  therm al v i s c o u s  denom inato r  i s  a p p ro x im a te ly  t h e  p r o d u c t  
oi' a damped wave type  denom inato r  and a d i f f u s i o n  ty p e  d en o m in a to r .  However, t h e  
approxim ate wavenumber p o le s  a r e  i n c o n s i s t a n t  w i th  t h e  f re q u e n c y  p o le s  b ec au se  a
(4 .6 6 )
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denominator f a b r i c a t e d  from th e  app rox im ate  wavenumber r o o t s ,  ( k-k-j) ( k - k g ) ( k -k^)  
(k -k ^ ) ,  i s  n o t  p r o p o r t i o n a l  to  one f a b r i c a t e d  from th e  ap p ro x im a te  f re q u e n c y  
r o o t s .  F u r th e rm o re ,  t h e  in c o n s i s t a n c y  i s  s i g n i f i c a n t  b ec au se  t h e  wavenumber 
f a b r i c a t e d  denom inator  p o s se s se s  f i v e  f re q u en c y  r o o t s  and t h e  f re q u e n c y  f a b r i c a t e d  
denominator p o s s e s s e s  s i x  wavenumber r o o t s .  An i n c o n s i s t a n c y  in  t h e  number o f  
ro o ts  i s  u n s a t i s f a c t o r y  because t h e  t r a n s f o r m a t io n s  o f  t h e  G r e e n 's  f u n c t i o n s  to  
a l t e r n a t e  domains a r e  c r i t i c a l l y  dependen t on them.
Rather  than  u se  t h e  app rox im ate  r o o t s ,  e q u a t io n  4 . 6 5 ,  an  a t t e m p t  t o  d e r i v e  
a l t e r n a t e ,  c o n s i s t a n t ,  app rox im ate  wavenumber and f re q u e n c y  r o o t s  from t h e  q u a s t i c  
and cu b ic  s o l u t i o n  fo rm s ,  e q u a t io n s  4 .6 0  and 4 .6 3 ,  i t  i s  more f r u i t f u l  t o  e x t r a p o l a t e
the  in fo rm a t io n  p rov ided  by t h e  ap p rox im ate  r o o t s .  T hat i s ,  assume t h a t  t h e
th e rm a l-v is c o u s  denom inator  may be more a c c u r a t e l y  app rox im ated  a s  t h e  p r o d u c t  
o f  a damped wave ty p e  d en o m in a to r ,  w i th  th e rm a l - v i s c o u s  damping c o e f f i c i e n t ,  
and a d i f f u s i o n  ty p e  den o m in a to r ,  w ith  a therm al d i f f u s i o n  c o e f f i c i e n t .  T h is  
th e rm a l-v is c o u s  model denom ina to r ,
DM = E ^ - i w D - i ^ - C ^ K i u + D g k 2 ) (4 .6 8 a )
= iai3+ii)2 (DL+ j s - )k 2 -iwC2 k2 -i(u(D. -  + £ - ) | -  k4 -C2  k4  , (4 .6 8 b )
v p v p p
only  d i f f e r s  from th e  t r u e  therm al v i s c o u s  d en o m in a to r ,  DTV, e q u a t io n  , by one 
term. This  te rm  f o r  th e  model denom inato r  i s
-1o)(D. -  + £ - ) £ -  k4  ( 4 .6 9 a )
p v p
and f o r  th e  t r u e  denom inato r  i s
-ituD, j r -  k4  . (4 .6 9 b )
L Lv
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These two te rm s  a r e  equal when t h e  s p e c i f i c  h e a t s  a r e  equal
(4.70a)
o r  when th e  l o n g i t u d in a l  v i s c o u s  damping c o e f f i c i e n t  i s  equa l  t o  t h e  the rm al 
d i f f u s io n  c o e f f i c i e n t
For e i t h e r  o f  th e  above c a s e s  t h e  model denom ina to r  i s  equa l  t o  t h e  t r u e  d en o m in a to r .  
O therw ise ,  th e  model denom inato r  d i f f e r s  by one te rm  o n ly  which d i s p l a y s  t h e  
c o r r e c t  f u n c t i o n a l  form o f  wavenumber and f re q u e n c y  w i th  t h e  c o r r e c t  complex form 
o f  c o e f f i c i e n t s .  Thus t h e  model denom ina to r  i s  s u p e r i o r  t o  t h e  ap p ro x im a te  
wavenumber o r  f re q u en c y  f a b r i c a t e d  denom ina to rs  and p o s s e s s e s  m anageable  wave­
number and f req u en cy  r o o t s .
S ince  t h e  model denom inato r  i s  th e  p ro d u c t  o f  a damped wave t y p e  denom ina to r  
and a d i f f u s i o n  ty p e  d en o m in a to r ,  i t  e x h i b i t s  bo th  damped wave ty p e  r o o t s  and 
d i f f u s io n  ty p e  r o o t s .  R ep lac ing  th e  l o n g i t u d i n a l  v i s c o u s  damping c o e f f i c i e n t  
in  th e  damped wave ty p e  r o o t s ,  e q u a t io n  4 . 3 2 ,  w i th  t h e  th e r m a l - v i s c o u s  damping 
c o e f f i c i e n t  and r e p l a c in g  t h e  t r a n s v e r s e  v is c o u s  d i f f u s i o n  c o e f f i c i e n t  i n  th e  
d i f f u s io n  ty p e  r o o t s ,  e q u a t io n s  4 . 1 6 ,  w i th  t h e  the rm al d i f f u s i o n  c o e f f i c i e n t  y i e l d s  
th e  th e rm a l -v is c o u s  model denom inato r  r o o t s ,
( 4 .7 0 b )
klm = "k2_ =
m m J l  /cJ+a>2D2
( v t 2  + /C^+oi2 D2  -  i / - C 2  + /C^+(d2 D2  ) ( 4 .7 1 a ,b )
( 4 .7 1 c ,d )
ui'j “  /C
m




The th e rm a l - v is c o u s  model denom inato r  i s  u s e fu l  s i n c e  i t  p r o v id e s  a means 
o f  approx im ating  t h e  G re e n 's  f u n c t i o n  in  wavenumber and f re q u e n c y  domain which 
due to  th e  r e l a t i v e l y  s im p le  forms o f  t h e  model wavenumber and f r e q u e n c y  p o l e s ,  
may be r e a d i l y  t ran s fo rm ed  a n a l y t i c a l l y  to  a l t e r n a t e  dom ains.  The t r u e  th e rm a l -  
v iscous  G re en 's  f u n c t i o n s  may be t ra n s fo rm e d  to  e i t h e r  sp a c e  and f re q u e n c y  
domain by a wavenumber i n t e g r a t i o n  o r  t o  wavenumber and t im e  domain by a f re q u e n c y  
i n t e g r a t i o n .  However th e  e x a c t  wavenumber and f re q u e n c y  p o l e s ,  which a r e  m a jo r  
f a c t o r s  d e te rm in in g  th e  r e s u l t s  o f  t h e  r e s p e c t i v e  i n t e g r a t i o n s ,  a r e  o f  such 
com plicated  forms t h a t  th e y  r e n d e r  a f u r t h e r  f re q u e n c y  o r  wavenumber t r a n s f o r m a t i o n  
o f  th e  G re e n 's  f u n c t i o n s  t o  sp a ce  and t im e  domain a n a l y t i c a l l y  im p o s s ib le .
Furthermore th e  c o m p l ic a t io n  i s  unm eri ted  because  t h e  e n t i r e  t h e r m a l - v i s c o u s  
a n a ly s i s  i s  based on l i n e a r l y  approx im ated  e q u a t io n s .  The model G re e n 's  f u n c t i o n s  
in  wavenumber and f re q u e n c y  c o r re s p o n d in g  to  t h e  f i v e  b a s i c  th e r m a l - v i s c o u s  
G reen 's  f u n c t io n  forms r e s u l t  when th e  model denom ina to r  i s  s u b s t i t u t e d  f o r  t h e  
t r u e  denom inato r ,
^  Nn . N, N- N, . N.
G0 = om G-j (£ •“ ) = Qjgf Gg = DM = DM = DM ‘
m m  m m m
( 4 .7 2 a ,b
, c , d , e )
Space and f re q u en c y  domain 
The th e rm a l-v is c o u s  G re e n 's  f u n c t i o n s  in  sp a ce  and f re q u e n c y  domain may 
be expressed  a s  th e  s i m p l i f i e d  i n v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t i o n s  o f  th e  
wavenumber and frequency  domain r e p r e s e n t a t i o n s ,  a s  shown by e q u a t io n  4 . 2 .  The 
r e s u l t i n g  wavenumber i n t e g r a l  forms o f  t h e  t r u e  G re e n 's  f u n c t i o n s  a r e
KKe ' ^ 5 9——5  ~  ~ 5 r"5 r  •
i4ir r
1 C  j i .b ^ ik r____________1_______________  -1________  TG . ( r , ( i i )  -  5  I dkke o  9 9 9 ?  ™ p  p  1
0 i a ^ Zp J-o» - D - f r f f i .n n .  V k  - k .  Wk - k _ l Z i4ir rD -fC ,+ iuD , )g CyHuD^ ) ( 2 2 ) ( 2 3 ) 2 Tr2 2 ( ^ ai -,
1(uk2 - i u
-D2(C^+ia:D1 ) ( k 2 - k | ) (k 2- k | ) i4i72rD2(C2+ iu D i)
11<C(<< „ -1 I
i k r _________ iw __________________   __________  j lGJr.w) = —V "  r  dkke
1 i4ir r  J —
r  ( 2  \ -  1 r  HH,oi k r _____________k_________________   r j________  t 2U « \ r ) ( d /  "  o  I QKKc o O O O O  0 0  1
z i 4 / r  -DgtC^+iuD-j)(k - k ^ ) ( k  -k ^ )  4* rD2 ( c r illlC)i )  ( 4 . 7 3 c)
G ^ r .w )  = -iuG -jfr .w ) (4 .7 3 d )
6 ^ ( r  »to) = ioiGgtr.w) . (4 .7 3 e )
The re q u ir e d  i n t e g r a t i o n  form i s  e v a lu a t e d  by complex c o n to u r  i n t e g r a t i o n ,  e q u a t io n  
A-2.8b, assuming t h a t  th e  wavenumber p o le s  a r e  l o c a t e d  in  th e  complex wavenumber 
p lane as  th e  model wavenumber p o le s  a r e ,
r  ,,2n+lQi k r  „ 4 - i k ,  I r  I -1 k _ I r  |.  I ji. k 0  _ r  itt f*i.2n „ 1 i«2n „ 3 i  f a 7/j\
' J-. ' w (kf-k|) C 1 3 1 • <4’74>
By s u b s t i t u t i n g  th e  model wavenumber r o o t s  f o r  t h e  a c t u a l  wavenumber r o o t s  in  
th e  i n t e g r a t i o n  form th e  t h e rm a l - v i s c o u s  G re e n 's  f u n c t i o n s  may be app rox im ated  
in  space and f re q u en c y  domain by t h e  th e r m a l - v i s c o u s  model G re e n 's  f u n c t i o n s .
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Since th e  i n t e g r a t i o n  shows e x p o n e n t ia l  dependence on t h e  wavenumber r o o t s  
and th e  th e rm a l - v is c o u s  model wavenumber r o o t s ,  e q u a t io n s  4 . 7 1 a , b , c , d ,  a r e  
analogous to  th e  damped wave wavenumber r o o t s ,  e q u a t io n s  4 . 3 2 a , b ,  and t h e  d i f ­
f u s iv e  wavenumber r o o t s ,  4 . 1 6 a ,b ;  an a lo g o u s  complex model wavenumbers may be 
d e f in e d .  R eplacing  th e  l o n g i t u d in a l  v i s c o u s  damping c o e f f i c i e n t  in  t h e  
complex damped wave wavenumber, e q u a t io n  4 . 3 2 ,  w i th  t h e  th e rm a l  v i s c o u s  damping 
c o e f f i c i e n t  y i e l d s  th e  complex model wave wavenumber,
v ,  * , k i „  ■ s .  * ,k l  ( 4 - 75a)m m m m
w ith  th e  r e a l  and im ag inary  p a r t s
k' = --------1101 /-C?+/C?+D?oi2 k" =  M  ■ /C?+/C?+D?a)2 . ( 4 .7 5 b ,c )
m f t  m f t  /cJ+D2w2
S im i la r ly  th e  complex model d i f f u s i o n  wavenumber i s  equa l  to  th e  complex d i f f u s i o n  
wavenumber, e q u a t io n  4 .2 0 ,  w ith  t h e  t h e r m a l ,  r a t h e r  th a n  t h e  t r a n s v e r s e  v i s c o u s ,  
d i f f u s io n  c o e f f i c i e n t ,
kd = lk 3 = kd + 1kd ’ kd = ^  20T ’ kd = ^  20T ’ ( 4 . 7 6 a , b , c )
m m m m  m 2 m 2
The damped wave and d i f f u s i o n  a s p e c t s  o f  th e  t h e r m a l - v i s c o u s  model G re e n 's  
fu n c t io n s  in  space  and t im e domain may be d i s p l a y e d  by e x p r e s s in g  t h e  G re e n 's  
fu n c t io n s  in  te rm s o f  components o f  t h e  complex model wave and d i f f u s i o n  wave­
numbers ,
- k ;  | r |  -1k" | r |  - k j  | r |  -1k | |  | r |
G ( r , u )  = ---------------  [ e  m e  m - e  m e  m ]  (4 .7 7 a )
m 4 i r | r | u [ c J - i ( D 1-D2 )u ]
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G, ( r» u )  = 1
\  4 . | r | [ C f - 1 ( D r D2 )» ]
- 4  2 . 1 r Z , , n n , 3 . „  (n  n \ 4 "KI. Irl IH -C^u +1Ci(ZD1-D2 )u  +Di (D1 -D2 )t»> wm‘ wm'
/p4«|^2 2 \
( i  i w '
r 2 2 , . / n  n , 3 -k*. | r |  - ik 'J  | r |
c\ u „ V  ' m
(4 .7 7 b )
Gp ( r , u )   ------------ y ------------------
m 4 7 r | r | [ c J - i ( D 1-D2 ) u ]
1C^3+cJ(3Dl -D2)u)4-iC^(3Dr 2D2)ai5-D (^D1-D2)(o6
/ m4 . a2 2 \2  (Cf+D<|U )
M  - i k £  I r f  
e  m e  m
- k '  | r |  - ik j j  | r |
„  m „ me  e
c |o )2+ i ( D 1-D2 )u»3
( 4 .7 7 c )
G, ( r ,w )  = - i u  G^  ( r , u )  
m m
G. (r .u j)  = iu  Gp (r,o)) 
m m
(4 .7 7 d )
( 4 .7 7 e )
Each G reen 's  f u n c t i o n  p o s se s se s  a s e p a r a t e  e x p o n e n t i a l  dependences  on t h e  model 
wave wavenumber and th e  model d i f f u s i o n  wavenumber which a r e  a n a lo g o u s  t o  t h e  
e x p o n e n tia l  te rm s o f  t h e  damped wave G re e n 's  f u n c t i o n s ,  e q u a t io n s  4 . 3 5 ;  and t h e  
d i f f u s i v e  G re e n 's  f u n c t i o n s ,  e q u a t io n s  4 . 2 1 ,  r e s p e c t i v e l y .  The wave ty p e  ex ­
p o n e n t ia l s  a r e  more o s c i l a t o r y  a s  th e y  decay  in  t h e  r a d i a l  d i r e c t i o n  th a n  th e  
d i f f u s i o n  ty p e  e x p o n e n t i a l s .  A d e c r e a s e  i n  t h e  f r e q u e n c y  o r  t h e  t h e r m a l - v i s c o u s
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damping c o e f f i c i e n t  t e n d s  to  i n c r e a s e  t h e  o s c i l l a t i o n  i n  t h e  r a d i a l  d i r e c t i o n  
and d e c re a s e  th e  r a d i a l  decay  o f  th e  wave ty p e  e x p o n e n t i a l s .  The d i f f u s i o n  
type e x p o n e n t ia l s  a l s o  p e n e t r a t e s  f a r t h e r  in  th e  r a d i a l  d i r e c t i o n  as  t h e  
frequency  i s  d ec reased  however th e y  do so w i th o u t  chang ing  o s c i l a t o r y  form and 
the  same tendency  i s  produced by an i n c r e a s e  in  th e  the rm al  d i f f u s i o n  c o e f f i c i e n t .
The i n t e r a c t i o n  o f  t h e  wave ty p e  and d i f f u s i o n  ty p e  b e h a v io r s  o f  t h e  model 
G reen 's  f u n c t i o n s  i s  d i s p l a y e d  by t h e i r  a s s o c i a t e d  c o e f f i c i e n t s ,  and 
Dg, r e s p e c t i v e l y .  Coupling o f  t h e  two e f f e c t s  i s  shown by t h e  a p p e a ra n c e  o f  
both d i f f u s i o n  c o e f f i c i e n t s  in  t h e  c o e f f i c i e n t s  o f  each  e x p o n e n t ia l  te rm  and 
1n th e  f re q u en c y  p o le ,
C2
u »  --------  , ( 4 .7 8 )
1(Dr D2 )
which i s  common to  a l l  G re e n 's  f u n c t i o n s .  T h is  f re q u e n c y  p o le  in  p a r t i c u l a r  
i n d i c a t e s  t h a t  th e  r e l a t i v e  m agnitudes o f  th e  t h e r m a l - v i s c o u s  damping and th e  
thermal d i f f u s i o n  c o e f f i c i e n t s  a r e  im p o r ta n t  s i n c e  t h e  s ig n  o f  t h e  f re q u e n c y  
po le  depends on which c o e f f i c i e n t  i s  l a r g e r .  The G re e n 's  f u n c t i o n s  in  sp a ce  
and t im e domain a r e  equal to  i n t e g r a t i o n s  o v er  a l l  f r e q u e n c i e s  and t h e r e f o r e  
may be expected  to  r e f l e c t  which d i f f u s i o n  c o e f f i c i e n t  i s  l a r g e r .
The model G re e n 's  f u n c t io n s  in  sp a ce  and f re q u en c y  a l s o  shown s p h e r i c a l  
sp read ing  and th e  e f f e c t  o f  t h e  e x c i t a t i o n  modes a s  do t h e  damped wave ty p e  and 
d i f f u s i v e  ty p e  G re e n 's  f u n c t i o n s  do.
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Wavenumber and time domain
The th e rm a l - v is c o u s  G re e n 's  f u n c t i o n s  in  wavenumber and t im e  domain a r e  
equal to  th e  i n v e r s e  tem poral F o u r ie r  t r a n s f o r m a t io n s  o f  t h e  G r e e n 's  f u n c t i o n s  
in  wavenumber and t im e domain, e q u a t io n  4 . 8 ,  r e s u l t i n g  in  t h e  i n t e g r a l  forms
.  /•£ . ,  _ f00 do) _ i w t __________ 1_______________ 1 t0
G0< J _oo 2ir i ((oj-o)^ )(o)-o)2 ) "*^ ir 2
9  9
r  /T? — f* ^  fliw t  icpk _ k t !1 J _ » 2 *  i f t w - o ) ,  ) ( o ) - o ) 2 ) ( o ) - o ) , )  J  2 i r  2
G2( t , t )  = k4 G0 ( lc , t )
,io)t 2 . 2CD k k2 2K i ri[{0)-0)-|  ^( O J — 0 ) g  ^CCD—Olg^  ]  12)7 2
(4 .7 9 a )
(4 .7 9 b )
(4 .7 9 c )
(4 .7 9 d )
G4 ( t , t )  = k2 G ^ S . t ) (4 .7 9 c )
Since a l l  o f  th e  f re q u en c y  p o le s  p o s se s s  p o s i t i v e  im a g in a ry  p a r t s  t h e  i n t e g r a t i o n  
form, e q u a t io n  A -3 .7 8 ,  i s  a c a u sa l  f u n c t i o n  o f  t im e ,
I n = f  —  u)n e 1" *  = iU ( t )
2  J 2 ir t(u-o)i) Cw—0)2 } J (wo)^)
lOJi t1 p/ nw s_'mv[ ( o ) 1 ) ( o . 2 - o ) 3 ) e  -
( \ " (  u  2 ]  + ( “ * ) e - ( 0)2 ) (o)^-o)3 Je J 3 '
1 0 ) , t  \n_ 3
(4 .8 0 )
Rather than  to  e v a lu a t e  t h e  therm al v i s c o u s  G re e n 's  f u n c t i o n s  by s u b s t i t u t i n g  th e  
com plicated  t r u e  f re q u en c y  r o o t s ,  e q u a t io n s  4 . 6 2 ,  in  t h e  above i n t e g r a t i o n  form i t  
I s  more u se fu l  to  u se  th e  model f re q u e n c y  r o o t s ,  e q u a t io n s  4 . 7 1 e , f  and g ,  and e v a l u a t e  
th e  th e rm a l-v is c o u s  model G re e n 's  f u n c t i o n s ,  which a r e  s im p le r  a p p r o x im a t io n s  o f  t h e  
t r u e  G re en 's  f u n c t i o n s .
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The th e rm a l - v is c o u s  model f re q u e n c y  r o o t s ,  w, and w- o f  e q u a t io n s  4 .7 1 e
m m
and f ,  a r e  ana logous  t o  t h e  damped wave ty p e  f re q u e n c y  r o o t s ,  e q u a t io n s  4 .3 2 c
and d ,  and t h e  model f re q u en c y  r o o t ,  w, o f  e q u a t io n  4 .7 1 g ,  i s  a n a lo g o u s  t o  t h e
m
d i f f u s io n  ty p e  f requency  r o o t ,  e q u a t io n  4 .1 6 c .  T h e r e f o r e ,  r e a l  and im ag ina ry  
p a r t s  o f  th e  complex f re q u en c y  may be d e f in e d  f o r  t h e  model f re q u e n c y  r o o t s ,  
as was done f o r  th e  wave ty p e  and d i f f u s i o n  ty p e  f re q u e n c y  r o o t s ,  which w i l l  
d i s p la y  t h e  ex p o n e n t ia l  tem pora l  decay  and o s c i l a t i o n  c h a r a c t e r i s t i c s  o f  th e  
model G re en 's  f u n c t io n s  co r re sp o n d in g  to  a com bina t ion  o f  wave and d i f f u s i o n  
behav io r .  The f i r s t  and second f re q u e n c y  r o o t s  a r e  s i m i l a r  t o  t h e  damped wave 
frequency  r o o t s  and t h e r e f o r e  d i s p l a y  underdamped, c r i t i c a l l y  damped and o v e r ­
damped forms which shou ld  be examined s e p a r a t e l y .  The t h i r d  f re q u e n c y  r o o t  
co rresponds t o  t h e  d i f f u s i o n  f re q u e n c y  r o o t  and may be d e f in e d  in  te rm s  o f  t h e  
complex model d i f f u s i o n  f re q u en c y  a s  was done f o r  th e  d i f f u s i o n  f re q u e n c y  in  
equa tion  4 .2 5 a ,
o)j = " iu ^  = ini + i u j  . ( 4 .8 1 a )
m m m m
T he-real  and im ag inary  p a r t s  o f  t h e  complex model f re q u e n c y  a r e  d e f in e d  by r e ­
p lac ing  th e  t r a n s v e r s e  v is c o u s  d i f f u s i o n  c o e f f i c i e n t  o f  e q u a t io n s  4 .2 5 b  and c ,  t h e  
•components o f  th e  complex d i f f u s i o n  f r e q u e n c y ,  w i th  t h e  th e rm a l  d i f f u s i o n  
c o e f f i c i e n t ,  Dg, y i e l d i n g
“ d = ° 2 ^  anc* “ d = ® * ( 4 .8 1 b ,c )
m m
The complex model wave f re q u en c y  components may be d e f in e d  f o r  each  damping form 
by r e p la c in g  th e  l o n g i t u d in a l  v i s c o u s  damping c o e f f i c i e n t ,  D^, o f  t h e  c o r ­
responding complex damped worse components w i th  t h e  th e r m a l - v i s c o u s  damping 
c o e f f i c i e n t ,  Dj.
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The te m p o ra l ly  underdamped model G re e n 's  f u n c t i o n  forms o c c u r  when th e  
th e rm a l-v isc o u s  damping c o e f f i c i e n t  o r  wavenumber a r e  sm all a s  shown by
th e  i n e q u a l i t y ,  9
2 1^ 2 Cf > 41 kZ •
The r e s u l t i n g  form o f  th e  complex model wave f r e q u e n c y s  r e a l  and im ag ina ry  
p a r t s  a r e ,  _____________
(4 .8 2 )
• -  1 k 2wm " T  k m
„« -  J \ c h 2  1 k4 iV  " / lcl k '  W  k Im
which r e l a t e  t o  th e  underdamped model wave f re q u e n c y  p o le s  a s
u .  — ti»11 + ito *1 w_ wnm m n X  = + 1“«m •m m 
( 4 .8 4 a ,b )
( 4 .8 5 a ,b )
by ana logy  w ith  t h e  underdamped wave ty p e  e q u a t io n s  4 .4 0  and 4 .4 1 .  The r e s u l t i n g  
tem pora l ly  underdamped model G re e n 's  f u n c t i o n s  d i s p l a y  bo th  underdamped wave 
and d i f f u s i o n  c h a r a c t e r i s t i c s ,
( * . t )  -
m [Cf-D2(Dr D2 ) n
-a.' t  s in (o ,"  t )
e c?  cos(“: mt)+ (^  7 c
(4 .8 6 a )
Gt ( £ . t )  = — g
- U ( t )
" to ,1, t
■m CCf-D2 (Dr D2 )k^]
G2 ( t , t )  = k4 G ( S . t )  
m m
e m [D2k2c o s ( ^  t ) + ( C f k ‘ -  - p  k*) - it- ' ' ■ (J - P p eA 2  V *  „ , 2 „ " V
G3 (Tc.t) = — ^ M L
[Cf-D2 (Dr 02 )k6]
(4 .8 6 b )
(4 .8 6 c )
" X *  9 9 a  , 0 ,  ,  D,D,
e  m [ ( C f k ^ O g ^ J c o s f u ^  t W - c f p  +D2 )k4+ - p .  k6 )
m
s in (a .^  t )
(4 .86d)
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G; { t , t )  = k2 G, ( k , t )  .
•m mm m
(4.86e)
The complex model d i f f u s i o n  f re q u e n c y  p o s s e s s  o n ly  a r e a l  p a r t ,  u j  , which i s
conspicuous in  th e  G re e n 's  f u n c t i o n s  a s  g o v e rn in g  th e  tem pora l  d ecay  o f  t h e  
d i f f u s io n  ty p e  e x p o n e n t i a l s .  The complex d i f f u s i o n  f r e q u e n c y ,  e q u a t io n  4 . 8 1 ,  
shows t h a t  th e s e  te rm s dec ay ,  w i th o u t  tem poral o s c i l a t i o n s ,  more r a p i d l y  in  
time a s  th e  therm al d i f f u s i o n  c o e f f i c i e n t  o r  t h e  wavenumber i s  i n c r e a s e d .  The 
complex model wave f re q u e n c y ,  e q u a t io n s  4 .8 4 a  and b ,  a p p r o p r i a t e  f o r  underdamped 
G reen 's  f u n c t io n s  p o s s e s s e s  bo th  r e a l  and im ag in a ry  p a r t s  which govern  t h e  
temporal decay and o s c i l a t i o n s  r e s p e c t i v e l y  o f  t h e  wave ty p e  e x p o n e n t i a l s .
As th e  th e rm a l -v is c o u s  damping c o e f f i c i e n t  o r  t h e  wavenumber a r e  i n c r e a s e d  
and th e  c r i t i c a l  damping c o n d i t i o n  i s  approached  t h e  r e a l  p a r t  o f  t h e  complex 
model wave f req u en cy  in c r e a s e s  and t h e  im ag ina ry  p a r t  d e c r e a s e s  tow ards  a v a lu e  
o f  ze ro .  C o rresp o n d in g ly  t h e  wave ty p e  te rm s decay  more r a p i d l y  and become l e s s  
o s c i l a t o r y  in  t im e.
The c r i t i c a l l y  damped model G re e n 's  f u n c t i o n  forms a r e  a p p r o p r i a t e  when th e  
models c r i t i c a l  damping c o n d i t i o n ,
i s  s a t i s f i e d .  For t h i s  c o n d i t i o n  th e  im ag ina ry  p a r t  o f  t h e  complex model wave 
frequency i s  equal to  z e r o ,  a l th o u g h  t h e  r e a l  p a r t  i s  s t i l l  r e p r e s e n t e d  by 
equa tion  4 .8 4 a ,  and th e  r e s u l t i n g  c o i n c i d e n t  c r i t i c a l l y  damped model wave 
frequency  p o le s  a r e
m
(4 .8 7 )
(I), = (i)o * 1(11,',1 2 w_m
(4.88)
The complex model d i f f u s i o n  f re q u e n c y  i s  u n e f f e c t e d  by t h e  tem pora l  damping 
co n d i t io n  o f  t h e  wave f re q u en c y  r o o t s  and t h e r e f o r e  rem a ins  a s  d e f in e d  in
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equation  4 .8 1 .  As a r e s u l t  th e  c r i t i c a l l y  damped model G r e e n ' s  f u n c t i o n s  in  
wavenumber and tim e domain d i s p l a y  a c r i t i c a l l y  damped wave form and an 
u n a l te re d  d i f f u s i o n  form .
s  ( E . t )  = ,  " M  - g r
° «  [C , -D 2 ( 0 , - D 2 ) k 2 ]
-w' t  -U j  t
m 1 _ am (4.89a)
t *“ d t
G { U )  .   r  W + (C?k2-  ° - p .  k4 ) t ]  e  Wm -D ,k 2 e  dm }
m CC^-D2 ( D1-D 2 ) k^3 I  2 I Z Z )
(4 .8 9 b )
G, ( £ , t )  = k4 G ( * , t ) (4 .8 9 c )
G ( t . t )  -  ,  ° W  g  ( [ ( c f k z -D10 ,k 4 )+ t - c f ( | 3 -  ♦ 02 )k4* k6 ) t ] e  ' “ " ' +k4e ' V }
m r r . r - n - f n . - n . l i r l  I 1 1 i  i z z z j
- to .1, "t ^
' V " " ’ '  C c f-D 2 (D 1 -D 2 ) k 23
G4 ( t , t )  = k2 G] (1c,t)
(4 .8 9 d )
(4 .8 9 e )
Exponential temporal decay w i th o u t  o s c i l a t i o n  i s  c h a r a c t e r i s t i c  o f  t h e  c r i t i c a l l y  
damped wave as  well a s  t h e  d i f f u s i o n  b e h a v io r .
The te m p o ra l ly  overdamped model G re e n 's  f u n c t i o n  form s o c c u r  f o r  l a r g e r  
th e rm al-v isc o u s  damping c o e f f i c i e n t  o r  wavenumber which s a t i s f y  t h e  i n e q u a l i t y ,
2 1 2  r < —  ic 
1 4 ( 4 .9 0 )
In t h i s  ca se  th e  r a d i c a l  term  o f  t h e  model wave f re q u e n c y  r o o t s ,  e q u a t io n s  4 .7 1 e  
and f ,  becomes im aginary  r e s u l t i n g  in  a n o t h e r  r e a l  p a r t  o f  t h e  complex model 
wave f re q u en c y ,
1
k ■ cl k I (4.91)
i n ' a d d i t i o n  t o  th e  one d e f in e d  by e q u a t io n  4 .8 4 a  and t h e  overdamped model wave 
frequency r o o t s  may be e x p re s se d  a s ,
“I wm wmm m_ w2 “ 1(wwm '  <  } m mQ
(4.92a,b)
Two s e p a r a te  overdamped wave ty p e  decays  te rm s r e s u l t  in  a d d i t i o n  to  th e  
d i f f u s io n  ty p e  decay  term in  each  o f  t h e  t e m p o r a l ly  overdamped model G re e n 's  
f u n c t io n s ,
6„ < t . t )  ■
"°m........... [C f -D 2 (D , -D 2 ) k 2:
fi i & -h i '(““A  *  , , hr - V  ‘‘“W'lI r I  . 2 2 ' t .  m m_ . 1 r * 2 m m.
r - ~ 2  P  -*e  0 ’  t t 1----------- Je  0_wm_
t
1 B mT  e k
m„
(4 .9 3 a )
G] ( £ , t )  = — 2 - U ( t )
[Cf-D2 (Dr D2 )k£ ]
(C2k2-  k4 ) " K  - “ w1 m  ,.2. lLl K 2 K m V  ._£D2 k + — jp ------------------ ] e  0  +
(C2k2- k4i - K  S  }t -“d 1. 1 m  ,.2 l u l K 2 K m m. „ ,.2. dm+ ^[D 2k -----------  j e  o -D? k e
w_
G2 ( t , t )  = k4 Gq (Tc,t)
(4 .9 3 b )
(4 .9 3 c )
G (* ,t)  =  T
m [cf-D2(Dr D2)k2]
( -C 2 ( i + D  )k4- t ^ -  k6 ) ’ K  ““i  }t
■ C 2> ’ ] .  “  " o  *
W_
2 o
/■ p 2 fD1 j.n m,4. D i ° 2  . 6 ,  - ( w *  +01' ) t  -P A t
1 9  9  A + D o ) k +  “ 5 ----- K ) wm /I




The f i r s t  e x p o n e n t ia l  wave term decays  more s lo w ly  in  t im e  th a n  t h e  second 
because i t  depends on th e  d i f f e r e n c e  o f  t h e  r e a l  p a r t s  o f  t h e  complex model 
wave frequency  r a t h e r  th a n  th e  sum. As t h e  th e r m a l - v i s c o u s  damping c o e f f i c i e n t  
o r  wavenumber i n c r e a s e  th e  f i r s t  wave ty p e  e x p o n e n t ia l  d ecays  more s lo w ly  in  
t im e,  by ana logy  w ith  th e  i n e q u a l i t i e s  o f  e q u a t io n  4 . 5 0 ,  and t h e  second  wave ty p e  
exponentia l decays more r a p i d l y .
In o r d e r  t o  d i s p l a y  t h e  underdamped, c r i t i c a l l y  damped and overdamped 
forms o f  th e  wave ty p e  te rm s th e  th e rm a l - v i s c o u s  model G r e e n 's  f u n c t i o n s  in  
wavenumber and tim e domain have been d e r iv e d  f o r  each  o f  t h e  tem pora l  damping 
c o n d i t io n s .  S ince  t h e  damping c o n d i t i o n  changes w i th  ch ang ing  wavenumber and 
t r a n s fo rm a t io n  o f  th e  model G re e n 's  f u n c t i o n s  to  sp a ce  and t im e r e q u i r e s  i n t e ­
g ra t io n  over  a l l  r e a l  wavenumbers i t  would be ad v a n tageous  t o  e x p r e s s  each  model 
G reen 's  fu n c t io n  in  a f u n c t i o n a l  form which i s  v a l i d  f o r  a l l  wavenumber. The 
model f requency  r o o t s ,  e q u a t io n s  4 .7 1 e ,  f ,  and g ,  a r e  f u n c t i o n a l l y  v a l i d  f o r  a l l  
wavenumbers and a r e  shown in  th e  underdamped form . The t h e r m a l - v i s c o u s  model 
G reen 's  f u n c t io n s  in  wavenumber and t im e domain in  te rm s o f  t h e  f u n c t i o n a l  forms 
of  th e  f requency  r o o t s  a r e  f u n c t i o n a l l y  v a l i d  f o r  a l l  wavenumbers,
G0 f f . t )  =
m [c f-D -^ -D -lk 2]’1 2 '  1 2
u M e
(4.94a)
The wave r e l a t e d  te rm s o f  t h e s e  model G re e n 's  f u n c t i o n s  a u t o m a t i c a l l y  t a k e  on 
th e  c r i t i c a l l y  damped form when th e  r a d i c a l  te rm  i s  equa l  t o  z e r o ,  by e q u a t io n  
4 .5 2 ,  and t a k e  on t h e  overdamped form when th e  r a d i c a l  te rm  becomes im a g in a ry ,  
by eq u a t io n s  4 .5 3 .  As has been d i s c u s s e d ,  t h e  m agn itude  o f  t h e  th e r m a l - v i s c o u s  
damping c o e f f i c i e n t  e f f e c t s  th e  damping form and tem pora l  e x p o n e n t ia l  decay  o f  
the  wave ty p e  term s o f  th e  model G re e n 's  f u n c t i o n s  and t h e  m agn itude  o f  t h e
thermal d i f f u s i o n  c o e f f i c i e n t  e f f e c t s  th e  e x p o n e n t ia l  decay  o f  t h e  d i f f u s i o n  
type te rm s. T h e re fo re  changing t h e  r e l a t i v e  m agn itudes  o f  t h e  c o e f f i c i e n t s  
changes th e  r e l a t i v e  im portance  o f  th e  r e l a t e d  e f f e c t .  The te m p o ra l  e x p o n e n t ia l  
decay occurs  more s low ly  f o r  t h e  underdamped wave te rm s  i f  t h e  th e r m a l - v i s c o u s  
damping c o e f f i c i e n t  i s  d e c re a s e d  and o c c u r s  most s lo w ly  f o r  an  overdamped wave 
term when th e  same d i f f u s i o n  c o e f f i c i e n t  i s  in c r e a s e d .  D ec re as in g  t h e  the rm al 
d i f f u s io n  c o e f f i c i e n t  always c a u s e s  t h e  tem pora l  e x p o n e n t ia l  decay  o f  t h e  
d i f f u s io n  te rm s t o  o ccu r  more s lo w ly .
The wave ty p e  and d i f f u s i o n  ty p e  e f f e c t s  a r e  co u p led  by t h e  o cc u ren ce  o f  
both o f  th e  r e l a t e d  c o e f f i c i e n t s  i n  t h e  c o e f f i c i e n t s  o f  t h e  e x p o n e n t ia l  wave 
and d i f f u s i o n  te rm s and in  t h e  wavenumber p o le s  o f  t h e  model G r e e n 's  f u n c t i o n s  
given by,
C2
k2 = d2 ( d] - d2) * (4
Since th e s e  wavenumber p o le s  w i l l  be im ag inary  i f  th e  the rm al d i f f u s i o n  
c o e f f i c i e n t  i s  l a r g e r  than  th e  t h e rm a l - v i s c o u s  damping c o e f f i c i e n t  and w i l l  be 
rea l  o th e rw ise  th e  r e l a t i v e  m agn itudes  o f  th e  d i f f u s i o n  c o e f f i c i e n t s  w i l l  have 
a  b as ic  e f f e c t  on th e  model G re e n 's  f u n c t i o n s  in  sp a ce  and t im e  domain which 
a re  in v e rse  s p a t i a l  F o u r ie r  t r a n s f o r m a t io n s  o f  th e  wavenumber and t im e domain 
r e p r e s e n ta t i o n s .  A s i m i l a r  e f f e c t  was su g g e s te d  by t h e  f re q u e n c y  p o l e ,  e q u a t io n  
4 .7 8 ,  o f  t h e  space  and f re q u en c y  domain model G re e n 's  f u n c t i o n s .
Space and time domain
The th e rm a l-v is c o u s  G re e n 's  f u n c t i o n s  in  space  and t im e  domain a r e  e q u a l ,  
by equa t ion  4 .1 0 ,  to  e i t h e r  th e  i n v e r s e  tem poral F o u r i e r  t r a n s f o r m a t i o n  o f  th e  
Green 's  fu n c t io n s  in  space  and f re q u en c y  domain o r  t h e  i n v e r s e  s p a t i a l  F o u r ie r  
t r an s fo rm a t io n  o f  th e  G re e n 's  f u n c t i o n s  i n  wavenumber and t im e  domain. These 
G reen 's  fu n c t io n s  to  be t ran s fo rm ed  a r e  e x p re s s e d  in  i n t e g r a l  form by e q u a t io n s  
4.73 and 4 .7 9 .  The i n t e g r a l  forms may be e v a l u a t e d ,  a s  was done f o r  t h e  
the rm al-v iscous  model G re e n 's  f u n c t i o n s ,  by u s in g  th e  t r u e  wavenumber o r  f re q u en c y  
r o o ts ,  eq u a t io n s  4 .60  o r  4 .6 2 .  Because o f  t h e  co m p lex i ty  o f  t h e s e  r o o t s  t h e  r e ­
s u l t i n g  th e rm a l-v is c o u s  G reen ’s f u n c t i o n s  a r e  im p o s s ib le  to  a n a l y t i c a l l y  i n t e g r a t e  
to  space and t im e domain. These t h e r m a l - v i s c o u s  G re e n 's  f u n c t i o n s  a r e  u n n e c e s s a r i ­
ly  co m plica ted ,  c o n s id e r in g  t h a t  t h e  e n t i r e  a n a l y s i s  i s  a p p ro x im a te ,  and t h e r e f o r e ,  
the  th e rm a l-v isc o u s  model G re e n 's  f u n c t i o n s  w i l l  be s u b s t i t u t e d .  The in v e r s e  
temporal t r a n s f o r m a t io n s  o f  th e  model G re e n 's  f u n c t i o n s  in  sp a ce  and f re q u en c y  
domain, e q u a t io n s  4 .7 7  a r e  a l s o  d i f f i c u l t  t o  pe r fo rm  b ec a u s e  t h e  form o f  t h e  
complex model wave and model d i f f u s i o n  wavenumbers, e q u a t io n s  4 .7 5  and 4 . 7 6 ,  a r e  
com plicated and in t r o d u c e  branch  p o i n t s .  However, t h e  i n v e r s e  s p a t i a l  F o u r i e r  
t r a n s fo rm a t io n s  o f  t h e  th e rm a l - v i s c o u s  model G re e n 's  f u n c t i o n s  in  wavenumber and t im e 
domain may be e v a lu a te d  a n a l y t i c a l l y .
The th e rm a l -v is c o u s  model G re e n 's  f u n c t i o n s  in  sp a ce  and t im e  domain a r e  
euqal to  t h e  in v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t io n s  o f  t h e  wavenumber and t im e 
domain r e p r e s e n t a t i o n s ,  e q u a t io n s  4 .9 4 .  S in ce  t h e s e  G re e n 's  f u n c t i o n s  a r e  even 
functions  o f  th e  wavenumber m agnitude t h e  t r a n s f o r m a t io n s  may be s i m p l i f i e d  to  
the  form o f  e q u a t io n  4.11 and t h e  t r a n s fo rm e d  G re e n 's  f u n c t i o n s  may be e x p r e s s e d  
in  th e  i n t e g r a l  fo rm s ,

G, ( r , t )  = f  dkkei k r  =U(t? 2 ■ y  - {e 1 [ (C ?k2-D1D2k4 ) c o s ( 6 1k / p | - k 2 )
V  14ffZr  J -  D2 (Dr D2 ) ( k 2- k 2 ) I 1 1 2  1 3
2 D-i • Gl G2 6» s i n ( 6 , k / p , - k  ) « - 6 2k i
(~ ZV ' T  +D2  ^ ~ T ^  k ^ -----------   ]  + k e  I  =
S j k / p j - k 2
6=5, 6=6, „ Di 6=6, D?D0 6=61
- f H £ S l  / c f c iJ D ] 0 ^ d2[ i <2>] 1-c2£ -  +o2) [ f  ^  Ci(3 )]
147r2rD2(Dr D2 ) I 1 4 1 2 4 1 2 2 5 2 5
+ [ l | 2 ) ]  2 }  (4 .9 6 d )
G4  (r .1 :)  = - V  f  dkkel k r [k 2G, ( * , t ) ]  =m i 4 i r  r  •'-■= m
■ -ya*1—  Kni2,]s'5'*cft[i(«]5=i’- D- p -  ^ h s° \ u ? > r 2}
i  4tt rD2 (D-j -  D2 ) ^  4 1 s  4 5 J  J
( 4 .9 6 e )
D1 2C1 where 6^ = ^ -  t  , 52 = D2 t  and p j  = -g—  . ( 4 .9 7 a ,
1 b ,c )
In o rd e r  to  perform  th e  r e q u i r e d  i n t e g r a t i o n s  t h e  wavenumber p o l e s  o f  th e  
G reen 's  f u n c t io n s  in  wavenumber and t im e  domain, which a r e  s o l u t i o n s  t o  e q u a t io n  
4.95
c i
k5 = . • ( 4 - 98 )
6 /D2 (Dr D2 )
must be examined. The p o le s  may be p u r e ly  r e a l  o r  p u r e ly  im a g in a ry  depend ing  upon 
th e  r e l a t i v e  m agnitudes o f  t h e  the rm al o r  th e r m a l - v i s c o u s  c o e f f i c i e n t s .  For 
a l a r g e r  therm al d i f f u s i o n  c o e f f i c i e n t ,  t h e  the rm al damping c o n d i t i o n  i s
h  108
D2 > D1 , (4 .9 9 a )
and th e  wavenumber p o le s  a r e  im a g in a ry ,
kg = -kg = i p2 , (4 .9 9 b )
c l
where p ,  =  — . (4 .9 9 c )
* *^ d2 ( d 2- d 1 )
The o th e r  c o n d i t io n  o f  p redom inan t t h e r m a l - v i s c o u s  dam ping,
D1 > 02 , (4 .1 0 0 a )
r e s u l t s  in  t h e  r e a l  wavenumber p o le s
k5 = -kg = p i , (4 .100b )
c i
where p, = ——— — —  . (4 .1 0 0 c )
1 ^ 2(Dr D2 )
Not on ly  a r e  th e  complex forms o f  t h e  wavenumber p o le s  f o r  each  ty p e  o f  damping 
dominance d i f f e r e n t ,  b u t  t h e  t r a n s i t i o n  from one form t o  t h e  o t h e r  o c c u r s  d i s -  
c o n t in u o u s ly .  As th e  therm al d i f f u s i o n  c o e f f i c i e n t  a p p ro a c h e s  t h e  th e r m a l -  
v iscous  c o e f f i c i e n t  from a l a r g e r  v a l u e ,  t h e  the rm al damping wavenumber 
p o le s ,  e q u a t io n s  4 .9 9 ,  move a lo n g  t h e  im a g in a ry  wavenumber a x i s  tow ards  p lu s  and 
minus i n f i n i t y .  In c o n t r a s t ,  th e  t h e r m a l - v i s c o u s  damping wavenumber p o l e s ,  
eq ua t ions  4 .1 0 0 ,  move a lo n g  t h e  r e a l  wavenumber a x i s  tow ards  p lu s  and minus 
i n f i n i t y  when th e  therm al ap p ro a ch es  t h e  t h e r m a l - v i s c o u s  damping c o e f f i c i e n t  
from a sm a l le r  v a lu e .  These d i s c o n t i n u o u s l y  changing  wavenumber p o le s  n e c e s s i t a t e  
s e p a r a te  e v o lu t io n  o f  th e  r e q u i r e d  i n t e g r a l s  f o r  each  ty p e  o f  damping dominance.
For th e  c o n d i t io n  o f  l a r g e r  the rm al th a n  th e r m a l - v i s c o u s  c o e f f i c i e n t  th e  
in t e g r a t io n  forms have been e v a lu a t e d  by a t r a n s f o r m  t e c h n iq u e  and complex c o n to u r
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in t e g r a t io n s  in  Appendix A-5. The e v a l u a t i o n s  f o r  n o n - n e g a t iv e  v a l u e s  o f  n. 
no zero  wavenumber p o l e s ,  a r e  g iven  by e q u a t io n  A -5 .66 ,  74b and 77b.
A "  ■ J > ,kr -
p 9r  _
-  e e r f c ( - —  + p , ) ]
2 /S  2
( n )  r  i k r  k^2n+1^e_,5k cos(<5k/p?-k2 ) -5 — 5 - ,  ,
2l ( " )  = £ _ d k e , k r ---------------------------------------------------
F T F  , T 7 T
( n )  =  r dkeik r  k( 2 n 4 l ) e - ak s i n ( 6 k / p 3 - k 2 ) = s i n h ( 6 p 2 / p 2+p2 ) ^ n)
( k - i p 2 ) ( k + ip 2 ) 6 k / p 2 - k 2 6p2 / p 2+p2
and th e  e v a lu a t io n s  o f  t h e  i n t e g r a l s  w i th  s im p le  wavenumber p o le s  a t  z e r o ,  r 
a re  g iven  by e q u a t io n s  A-5.70b and 75b
= f  dke, k r  Lfk j  '  -  P  - > - !  ( e ° h * ° Z r e r f c t ^ -  * / f  p . )2 3 J . ^  k ( k - i p 2 ) ( k + i p 2 )  2 ( i  }2 \  2
-  e 2 e rfc(-1^ -  + ^6 p9 ) ]  -  2 e r f c ( - ^ - )  I  
2 / f  2/s '
— p p 2
/  -j \  r®0 6  C O S ( 5 k / p - - k  ) • -j r p  p ^ p 2
2J4 = L dke k (k -1 p 2 ) ( k , i p 2 ) " f  ^ 2  { c o sh (5 p 2 / p i +p 2 )e
[ e  2 e r f c ( —  + *'T p 9 ) - e  2 e r f c f - ^  + i/fi p9 ) ]  -  2 e r f ( - ^ - ) l  
Z /E  2 2^6 2 /T  •*
(4 .1 0 1 a )
(4 .1 0 1 b )
( 4 .1 0 1 c )
= - 1 , 
(4-101d) 
(4 .1 0 1 e)
where th e  G auss ian  e r r o r  f u n c t i o n  and com plim entary  e r r o r  f u n c t i o n  a r e  d e f in e d  
as
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e r f ( z )  = — . [ dxe
/ T
and e r f c ( z )  = —  j dxe 
Jit 'Z
(4 .102a,b)
When th e  th e rm a l - v is c o u s  damping c o e f f i c i e n t  i s  l a r g e r  th a n  th e rm a l  d i f f u s i o n  
c o e f f i c i e n t  t h e  wavenumber p o l e s ,  kg and kg, a r e  r e a l  and t h e  i n t e g r a t i o n  form s, 
as ev a lu a ted  in  Appendix A -5 .8 6 ,  91b and 94b, f o r  n o n - n e g a t iv e  n ,  a r e
T(n1 i i r 1kr  k(2n+1)e " 6k2 _ iTT 2n ' 5pl r r i p l r r r f , r  . / r  ^
1 3  ( F - P l )T k~ ^ r  ~ T -  P 1 e  e r f ( — + P ] ) -
-1 P, r
-  e e r f P — + i / 6  P l ) ]  
Z /E
■ r* a>0 dke i k r  k^2n+1^e-6k2c o s ( 6 k /P2- k 2 )( k -P-j) ( k+P-j)
(4 .1 0 3 a )
(4 .1 0 3 b )
t(n)
1 * 5
r  ^  k e  s i n ( 6 k / P, - k  ) s i n h ( 6 , P, / P l - P , )  
dke ------------------------------------ ----------------  1 i i j  »
3-m   . . , 2 . 2  _ , 2  2 1( k - P^ )(k + P- |)6 k /P2 -k 2 * j  2 21P1 l ”p3
(n)
3 (4 .1 0 3 c )
and f o r  e q u a t io n s  A-5.89a and 92b f o r  s im p le  wavenumber p o le s  a t  z e r o ,  n = - 1 ,  a r e
1*3
(-D
= j > i k r - r i f  50,[e’0 , r e r f ( ^ * , / r p '> -
- i p i r
1 e r f ( ^ +  i ^ p , ) ]  -  2 e r f ( ^ ; )  } 
2iH  Z / E  >Z S s
-6k
(4 .1 0 3 d )
2  2 2
r  i t r  e  c o s ( 6 k / P- - k  ) ,  ,  r ■*— j  - 6 Pl i P, r
= L » dke k'(k-P l ) (k+P ] ) = 7 - ^ { c o s h ( 6 P l / P l - P3 )e  [ e  e r f ( — + i ./6  P ] )
- e  1 e r f ( ~ +  i /f i  P, ) ]  -  2 e r f ( - ^ )  \  
Z / &  Z S s  J
(4.103e)
I l l
The forms o f  t h e  th e rm a l - v i s c o u s  model G re e n 's  f u n c t i o n s  in  sp a ce  and t im e 
domain depend on th e  r e l a t i v e  m agn itudes  o f  th e  the rm al and t h e  th e r m a l - v i s c o u s  
c o e f f i c i e n t s  as  do th e  forms o f  t h e  t r a n s f o r m a t io n  i n t e g r a l s .
For th e  l a r g e r  therm al th a n  t h e r m a l - v i s c o u s  c o e f f i c i e n t  t h e  model G re e n 's  
f u n c t io n s ,  e q u a t io n s  4 .9 6 ,  may be e v a lu a te d  by u t i l i z i n g  t h e  p ro p e r  i n t e g r a l  
e v a lu a t io n s ,  e q u a t io n s  4 .1 0 1 ,  as
Gn ( r , t )  = ^ 4
8irrC-i
2 r
+(2D1t - 4 0 2t)+2D1t  r c - r[ e  e r f c ( — '■—  +
  2 r
v ^ O |t  r c
) - e  e r f  e f ­
f o r t




-  e  — j -  [ e  e r f c ( -
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A D ~ t
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/4D7t
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/2D^t
C?U(t)
‘m a r r O ^ - D  2 ) ‘
(4 .1 0 4 a )
2 r  ____ 2 r  ___
+ (2 D ,t-4 D ,t)+ 2 D 1t  r r  „ ^^oTt r -  t
e ~  1 2 - — —  [ e  Ce f c ( ^ —  + - ^ J - J - e  ‘W c f ^ z  + - ^ ) ] -
/Z D ^ t  'C / 2 0 j t
2 r 2 r
'C
4 D ,t  r -  „  / 4 D , t  r r
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'c
G2 { r . t )  = F "  G1
2 m 
-C2
G3 ( r , t )  3 T o p s i y  Gi m( r , t )  m '  1 2 '  m
(4 .104b )
(4 .1 0 4 c )
( 4 . 104d)
112
<4.104e)
The c h a r a c t e r i s t i c  r a d iu s  o f  t h e  d i f f u s i o n  and wave i n t e r a c t i o n ,  d e f in e d  a s
t s  a r e s u l t  o f  t h e  wavenumber p o l e s ,  e q u a t io n  4 .9 8 ,  o f  t h e  wavenumber and t im e domain 
G reen 's  f u n c t i o n s .  Due to  an  i n d e t e r m in a t e  s ig n  o f  t h e  a rgum ent o f  t h e  h y p e r b o l i c  
fu n c t io n s  in  t h e  i n t e g r a l  e v a l u a t i o n s ,  e q u a t io n s  4 .101b  and 4 .1 0 1 c ,  t h e  s ig n  o f  th e  
exponen tia l  o f  t h e  G re e n 's  f u n c t i o n  te rm ,
i s  u n d ef ined .  However, th e  G re e n 's  f u n c t i o n s  r e p r e s e n t  r e l a x a t i o n s  o f  f l u c t u a t i o n s
G reen 's  f u n c t io n  e q u a t io n s  4 . 8 6 ,  4 .8 9  and 4 . 9 3 ,  and o f  which a l l  f r e q u e n c ie s  decay in  
space ,  as  shown by th e  G re e n 's  f u n c t i o n s  in  sp a c e  and f re q u e n c y  domain in  e q u a t io n s  
4 .77 .  T h e re fo re  in  o r d e r  t o  be p h y s i c a l l y  r e a l i s t i c ,  t h e  model G re e n 's  f u n c t i o n s  
in  space and t im e domain sh o u ld  decay  to  z e ro  a s  tim e o r  r a d i a l  d i s t a n c e  becomes 
i n f i n i t e .  The temporal i n f i n i t e  boundary c o n d i t i o n ,  t h e  G re e n 's  f u n c t i o n  must 
approach ze ro  in  th e  l i m i t  a s  t im e app roaches  i n f i n i t y ,  may be a p p l i e d  t o  d e te rm in e  
the  s ig n  o f  th e  ex p o n e n t ia l  term  o f  e q u a t io n  4 .1 0 6 .  The te rm s  o f  t h e  G re e n 's  
fu n c t io n s  which in c lu d e  t h e  e x p o n e n t ia l  o f  u n d e f in e d  s ig n  a r e  o f  t h e  tem poral fo rm ,
+ (2D1t-4D 2t )
(4 .1 0 6 )
o f  which a l l  wavenumbers decay in  t im e ,  a s  shown by t h e  wavenumber and t im e  domain
eAt e r f c ( —  + (4 .1 0 7 a )
which s a t i s f i e s  th e  tem poral i n f i n i t e  boundary c o n d i t i o n  i f  t h e  c o n s t a n t s  s a t i s f y  th e  
i n e q u a l i t y ,
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(A-C) < 0 . (4.107b)
With th e  c o n s ta n t s  a p p r o p r i a t e  f o r  t h e  u n de te rm ined  G reen ’ s f u n c t i o n  te rm  th e  
i n e q u a l i t y  red u c es  to
which i s  s a t i s f i e d  by th e  n e g a t i v e  s ig n  o n ly  s i n c e  t h e  G re e n 's  f u n c t i o n s  i n  
q u es t io n  a r e  a p p r o p r i a t e  l a r g e r  th e rm a l  d i f f u s i o n  c o e f f i c i e n t  th a n  th e r m a l -  
v iscous  damping c o e f f i c i e n t .  Thus by p h y s ic a l  r e a s o n in g  t h e  s ig n  o f  th e  
exponen tia l  te rm ,  e q u a t io n  4 .1 0 6 ,  o f  t h e  model G re e n 's  f u n c t i o n s  i s  d e te rm in e d  to  
be n e g a t iv e .  The o t h e r  te rm s o f  t h e  model G re e n 's  f u n c t i o n s  which a r e  o f  t h e  form 
o f  eq u a t io n  4 .106  s a t i s f y  t h e  tem pora l  boundary  c o n d i t i o n  i n e q u a l i t y ,  e q u a t io n  4 .1 0 7 b ,  
as  0 .< 0 . The rem ain ing  t im e  f u n c t i o n  te rm s  a r e  o f  t h e  form ,
which eq u a ls  z e ro  in  t h e  l i m i t  a s  t im e  ap p ro a ch es  i n f i n i t y  s i n c e  t h e  e r r o r  f u n c t i o n  
o f  ze ro  arguement i s  equal to  z e r o .  The s p a t i a l  i n f i n i t e  boundary  c o n d i t i o n ,  t h a t  
th e  G reen 's  fu n c t io n s  must be equal to  z e ro  in  t h e  l i m i t  a s  t h e  r a d i a l  d i s t a n c e  
approaches i n f i n i t y ,  shou ld  a l s o  be s a t i s f i e d .  The model G re e n 's  f u n c t i o n  term s 
o f  t h e  s p a t i a l  form,
+ (0 7 -  2D2 ) < 0 (4 .1 0 7 c )
(4 .1 0 8 )
J- eAr e r f c ( B r  + C) (4 .1 0 9 a )
s a t i s f y  t h e  s p a t i a l  i n f i n i t e  boundary  c o n d i t i o n  u n le s s
A > 0 and B > 0 (4.109b,c)
which i s  n o t  t h e  c a s e .  The r em a in in g  s p a t i a l  te rm s  a r e  s im u l t a n e o u s ly ,  o f  th e  
form,
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}  e r f ( B r ) (4 .1 1 0 )
which a l s o  s a t i s f i e s  th e  s p a t i a l  I n f i n i t e  boundary c o n d i t i o n  s i n c e  t h e  e r r o r  f u n c t i o n  
o f  a r e a l  argument i s  bounded by p lu s  o r  minus u n i t y .  Thus t h e s e  th e r m a l - v i s c o u s  
model G reen 's  f u n c t i o n s  in  space  and t im e  domain f o r  l a r g e r  th e rm a l  th a n  th e r m a l - v i s c o u s  
c o e f f i c i e n t  s a t i s f y  th e  te m p o ra l ,  w i th  t h e  p ro p e r  s i g n ,  and s p a t i a l  i n f i n i t e  
boundary c o n d i t io n s .
For th e  c o n d i t io n  o f  a t h e r m a l - v i s c o u s  damping c o e f f i c i e n t  which i s  l a r g e r  
than th e  therm al d i f f u s i o n  c o e f f i c i e n t ,  t h e  I n t e g r a l  e v a l u a t i o n s  shown by e q u a t io n s  
4.103 may be used t o  e v a lu a t e  t h e  model G re e n 's  f u n c t i o n s
(4 .1 1 1 a )




G2 ( r , t )  = j p  G, ( ? , t )  (4 .1 1 1 c )
m 2 m
.2
s3 (?■'>■ T I?K T  V f , t )  ( ‘U ™ )m i t  m
C2
G4m(r , t ) = D2 ( d]-D 2 ) ( 4 . I l l e )
The model G re e n 's  f u n c t i o n s  f o r  t h e  c o n d i t i o n  o f  l a r g e r  t h e r m a l - v i s c o u s  damping 
c o e f f i c i e n t  a l s o  c o n ta in  te rm s o f  undeterm ined  exponen t s i g n ,  e q u a t io n  4 .1 0 6 ,  
which were e x h i b i t e d  by th e  G re e n 's  f u n c t i o n s  f o r  t h e  c o n d i t i o n  o f  l a r g e r  
thermal d i f f u s i o n  c o e f f i c i e n t s .  A gain ,  t h e  s ig n  may be d e te rm in e d  by th e  
temporal i n f i n i t e  boundary c o n d i t i o n .  The te rm s  which c o n t a i n  t h e  exponen t 
o f  undef ined  s ig n  a r e  o f  t h e  tem poral fo rm ,
eAt e r f ( ^ - +  i ^ t  ) . ( 4 .1 1 2 a )
S t
This temporal form s a t i s f i e s  t h e  tem poral i n f i n i t e  boundary  c o n d i t i o n  i f  t h e  
c o n s ta n t s  s a t i s f y  th e  i n e q u a l i t y ,
(A + C ) < 0  , (4 .1 1 2 b )
which f o r  th e  G re e n 's  f u n c t i o n  te rm  in  q u e s t io n  i s
+ (D1 -  2D2 ) <. 0 . (4 .1 1 2 c )
This i n e q u a l i t y  i s  s a t i s f i e d  by t h e  p o s i t i v e  s ig n  when t h e  th e r m a l - v i s c o u s  
d i f f u s io n  c o e f f i c i e n t  i s  l e s s  th a n  o r  equa l  t o  tw ic e  t h e  th e rm a l  d i f f u s i o n  
c o e f f i c i e n t  and i s  s a t i s f i e d  by t h e  n e g a t iv e  s ig n  when t h e  th e r m a l - v i s c o u s  
damping c o e f f i c i e n t  i s  g r e a t e r  th a n  o r  equal t o  tw ic e  t h e  the rm al  d i f f u s i o n  
c o e f f i c i e n t .  Thus t h e  s ig n  o f  t h e  e x p o n e n t ia l  i s  d e te rm in e d  to  be d i f f e r e n t
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depending on th e  r e l a t i v e  m agnitudes o f  t h e  t h e r m a l - v i s c o u s  damping c o e f f i c i e n t  
and tw ice  t h e  the rm al d i f f u s i o n  c o e f f i c i e n t  and t h e r e f o r e  t h e  model G re e n 's  
fu n c t io n  a r e  r e q u i r e d  to  be e x p re s se d  s e p a r a t e l y  f o r  each  o f  t h e s e  c o n d i t i o n s .
The o th e r  G re e n 's  f u n c t i o n  te rm s  which a r e  o f  t h e  form o f  e q u a t io n  4 .112a  
s a t i s f y  t h e  i n e q u a l i t y  e q u a t io n  4 .112b  s i n c e  0 £  0 and t h e  rem a in in g  G re e n 's  
fu n c t io n  term s a r e  o f  th e  form o f  e q u a t io n  4 .108  which a l s o  i s  equal t o  z e ro  
f o r  i n f i n i t e  t im e .
The model G re e n 's  f u n c t i o n s  sh o u ld  a l s o , s a t i s f y  t h e  s p a t i a l  i n f i n i t e  boundary 
c o n d i t io n  t h a t  th e y  be equal to  z e r o  a t  i n f i n i t e  r a d i a l  d i s t a n c e .  T h is  c o n d i t i o n  
i s  s a t i s f i e d  f o r  t h e  term s o f  t h e  form
i  e 1Ar e r f ( B r  + iC) (4 .1 1 3 )
s in c e  both  t h e  ex p o n e n t ia l  o f  im a g in a ry  exponen t and th e  e r r o r  f u n c t i o n  o f  
complex argument w ith  l a r g e r  r e a l  th a n  im ag inary  p a r t s  a r e  bounded. The r e ­
maining term s a r e  o f  the  form o f  e q u a t io n  4 .110  which a l s o  s a t i s f i e s  t h e  s p a t i a l  
i n f i n i t e  boundary c o n d i t i o n .  Thus t h e s e  model G re e n 's  f u n c t i o n s  f o r  l a r g e r  
th e rm a l-v is c o u s  th a n  therm al c o e f f i c i e n t  s a t i s f y  t h e  s p a t i a l  i n f i n i t e  boundary 
co n d i t io n  and th e  temporal i n f i n i t e  boundary c o n d i t i o n  w i th  t h e  a p p r o p r i a t e  
s ign  depending on th e  r e l a t i v e  m agn itudes  o f  t h e  th e r m a l - v i s c o u s  damping c o ­
e f f i c i e n t  and tw ic e  th e  the rm al d i f f u s i o n  c o e f f i c i e n t .
Due to  t h e  i n v e r s e  t r a n s f o r m a t io n  forms and t h e  tem pora l  i n f i n i t e  boundary 
c o n d i t io n s ,  t h e  forms o f  t h e  th e r m a l - v i s c o u s  model G re e n 's  f u n c t i o n s  in  space  
and t im e domain a r e  d i f f e r e n t  f o r  each  o f  t h e s e  p a ra m e te r  r e g io n s  depend ing  on 
the  r e l a t i v e  m agnitudes o f  t h e  t h e r m a l ,  Dg, and th e r m a l - v i s c o u s ,  D-|, c o e f f i c i e n t s .
The param ete r  r e g io n s  and c o r re sp o n d in g  G re e n 's  f u n c t i o n  forms a r e :
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The f i v e  b a s ic  forms o f  t h e  t h e rm a l - v i s c o u s  model G re e n 's  f u n c t i o n s  in  wavenumber 
and frequency  domain r e s u l t  in  o n ly  two space  and t im e f u n c t i o n a l  fo rm s ,  one c o r ­
responding to  th e  im pulse  G re e n 's  f u n c t i o n  and one r e p r e s e n t i n g  a l l  o f  th e  i n i t i a l  
cond i t ion  G re e n 's  f u n c t i o n s .  The im pulse  G re e n 's  f u n c t i o n ,  e q u a t io n s  4 .1 1 4 b ,  4 .1 1 5 b ,  
and 4 .116b ,  c o n t a in s  t h e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  fo rm s ,  shown by e q u a t io n s
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4.114c , 4 .115c  and 4 .1 1 6 c ,  te rm s which r e s u l t  from t h e  z e r o  wavenumber p o le s  
o f  th e  wavenumber and t im e domain im pulse  G re e n 's  f u n c t i o n s .  T hese  a d d i t i o n a l  
terms r e p r e s e n t  th e  f l u c t u a t i o n s  r e l a x a t i o n  from t h e  z e r o  wavenumber, i n f i n i t e  
wavelength component o f  t h e  im p u ls iv e  e x c i t a t i o n .  The modes o f  e x c i t a t i o n  
r e s u l t i n g  in  t h e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n s  e x c i t e  a l l  wavenumbers 
and f r e q u e n c ie s  d i f f e r e n t l y ,  and do n o t  e x c i t e  t h e  z e r o  wavenumber, a s  i s  
ev id e n t  from e q u a t io n s  4 . 5 6 ,  4 .5 7 ,  and 4 .5 8 .
The d i f f e r e n t  G re e n 's  f u n c t i o n s  a r e  o f  d i f f e r e n t  wavenumber and f re q u e n c y  
d i s t r i b u t i o n .  The G re e n 's  f u n c t i o n s  in  space  and f re q u e n c y  domain show t h a t  
s p a t i a l  decay and o s c i l a t i o n  b e h a v io r  i s  a f u n c t i o n  o f  f re q u e n c y  and t h e  
wavenumber and t im e domain r e p r e s e n t a t i o n s  show t h a t  t h e  tem pora l  b e h a v io r  
i s  d i f f e r e n t  f o r  d i f f e r e n t  wavenumbers. However a l l  G re e n 's  f u n c t i o n s  in  sp a ce  
and tim e domain a r e  o f  t h e  same fo rm ,  w ith  th e  e x c e p t io n  o f  t h e  te rm s in  t h e  
impulse G re en 's  f u n c t i o n s  which r e s u l t  from z e ro  wavenumber.
All o f  th e  model G re e n 's  f u n c t i o n s  a r e  r e a l  even f u n c t i o n s  o f  t h e  r a d i a l  
d i s t a n c e  and a r e  nonzero  f o r  p o s i t i v e  t im e  o n ly .  The i n v e r s e  r a d i a l  d i s t a n c e  
dependence common to  a l l  te rm s i s  a r e s u l t  o f  s p h e r i c a l  s p r e a d in g .  E x p o n en t ia l  
time and r a d i a l  d i s t a n c e  f u n c t i o n s  m u l t i p l y  G auss ian  e r r o r  f u n c t i o n s  w i th  
arguements t h a t  a r e  mixed f u n c t i o n s  o f  t im e  and d i s t a n c e  p ro d u c in g  te rm s 
r e p r e s e n t in g  c o m p lic a te d  s p a t i a l  and temporal b e h a v io r .  The r e o c c u r in g  t im e 
dependenc ies ,
v'50[t and , ( 4 . 11 7 a ,b )
r e p r e s e n t  t h e  r a d i i  c h a r a c t e r i s t i c  o f  t h e  th e r m a l - v i s c o u s  and t h e  the rm al e f f e c t s  
r e s p e c t i v e ly  and a r e  o f  t h e  form o f  t h e  d i f f u s i o n  t im e  d ep en d en ce ,  e q u a t io n  4 .2 9 .
E rro r  f u n c t io n  term s which a r e  f u n c t i o n s  o f  t h e  th e r m a l - v i s c o u s  c h a r a c t e r i s t i c
121
ra d iu s  d e r iv e d  from th e  wave r e l a t e d  e x p o n e n t i a l  te rm s in  wavenumber and t im e  
domain. S im i l a r  e r r o r  f u n c t i o n  te rm s  which depend on t h e  th e rm a l  c h a r a c t e r i s t i c  
ra d iu s  r e s u l t  from th e  i n v e r s e  t r a n s f o r m a t io n  o f  t h e  d i f f u s i o n  ty p e  e x p o n e n t i a l s .
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A co u s t ic  T e n s o r ia l  Type G reen1 s F unc t ions  
Wavenumber and f re q u en c y  domain
The f i e l d  e q u a t io n  which governs t h e  a c o u s t i c  f l u c t u a t i o n s  o f  v e c t o r i a l  
v e l o c i t y ,  e q u a t io n  2 .1 7 ,  in c lu d e s  t h e  d i f f u s i o n  ty p e  e f f e c t  o f  t h e  t r a n s v e r s e  
v e lo c i t y  and th e  damped wave ty p e  e f f e c t  o f  t h e  l o n g i t u d i n a l  v e l o c i t y .  These 
e f f e c t s  as  w ell  a s  th e  i n t e r a c t i o n  between t h e  t r a n s v e r s e  and l o n g i t u d i n a l  
v e lo c i ty  a r e  d is p l a y e d  by t h e  t e n s o r i a l  im pu lse  G re e n 's  f u n c t i o n ,  e q u a t io n  3 .2 5 ,  
in  wavenumber and f re q u en c y  domain,
f i L d U )  = —  ------- 7 -  “ - ^ r 1) + — 5— 1-----? ? ( ^ r 1) •
Jm iu t iu + D jk  J  J k2 [u  -1uDLk -C2k ]  k
The s c a l a r  t r a n s v e r s e  G re e n 's  f u n c t i o n  c o r re sp o n d s  t o  a v i s c o u s  d i f f u s i o n  ty p e  
impulse G re en 's  f u n c t i o n ,  e q u a t io n  4 . 1 5 ,  c o m p l ic a te d  by an a d d i t i o n a l  z e ro  f re q u e n c y  
po le ,
GT( £ , o.) = GvT( £ , u ) , (4 .1 1 9 a )
and posse sse s  th e  non z e ro  wavenumber and f re q u e n c y  p o le s  o f  e q u a t io n s  4 .1 6 .  The 
s c a l a r  lo n g i t u d in a l  G re e n 's  f u n c t i o n  i s  e x a c t l y  th e  damped wave ty p e  im pu lse  Greens 
fu n c t io n  o f  e q u a t io n  4 .3 1 a ,
GL( l U )  = Gp (lc,o>) , (4 .1 1 9 b )
and th e r e f o r e  p o s se s se s  t h e  wavenumber and f re q u e n c y  p o le s  o f  e q u a t io n s  4 .3 2 .  Due 
to  th e  t r a n s v e r s e  and lo n g i t u d i n a l  p o l a r i z a t i o n  t e n s o r s ,  e q u a t io n s  4 . 2 7 ,  a d d i t i o n a l  
zero wavenumber p o le s  a r e  in t r o d u c e d  t o  bo th  t h e  t r a n s v e r s e  and l o n g i t u d i n a l  
s c a l a r  G reen 's  f u n c t i o n s .
Space and frequency domain
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The t e n s o r i a l  a c o u s t i c  v e l o c i t y  G re e n 's  f u n c t i o n  in  sp a c e  and f re q u e n c y  
domain i s  equal to  th e  i n v e r s e  s p a t i a l  F o u r ie r  t r a n s f o r m a t io n  o f  t h e  wavenumber 
and f requency  domain r e p r e s e n t a t i o n .  E x p re ss in g  t h e  d i r e c t i o n a l  wavenumbers in  
terms o f  d i r e c t i o n a l  s p a t i a l  d e r i v a t i v e s  r e s u l t s  in  s p h e r i c a l l y  sym m etric  
in teg rands  which a l lo w s  th e  I n v e r s e  t r a n s f o r m a t io n  t o  be s i m p l i f i e d  t o  t h e  form 
o f  equa tion  4 . 7 .  In  te rm s o f  t h e  d i f f u s i o n  and damped wave ty p e  G r e e n ' s  f u n c t i o n
and th e  r e s u l t i n g  i n t e g r a l  fo rm s ,  t h e  t e n s o r i a l  G re e n 's  f u n c t i b n  becomes
(r,tii) = 6,_ - V  (4 )  f  dkkei k r  G ^ f l U R  f — f - -—  (^-) f  dkkei k r
Jm Jm i4w r  iu  •»-- 3 r j  m 14irZr  J -  k2
" W -  - V  f  dkke
3 r i  m i4 ir  r  L
i k r  Gp ( t ,a i )  
2j   i ir r  k
= fi 1 _  r(0) + 3__  3____ ! _  r(-D + i _ _3________ 1 tH )
J'm 4 ^  d 1 3 r j  3 rm 4»2nu d 1 3 r j  3 rm 41r2 r (C 2+io>DL) d 1
(4 .1 2 0 )
which in v o lv e s  th e  i n t e g r a l  form e v a lu a t io n  shown by e q u a t io n  4 .1 8  and t h e  i n t e g r a l  
which in c lu d e s  ze ro  wavenumber p o l e s ,
d 1 =  J l d k  k C k - k ^ C k + k , )  =  T F f  [ e  -  1 ]  ’  ( 4 > 1 2 1 )
as ev a lu a ted  in  Appendix A-2, e q u a t io n  A -2 .1 4 a .
U t i l i z i n g  t h e  complex d i f f u s i o n  and damped wave wavenumbers d e f in e d  by e q u a t io n s  
4.20 and 4 .3 2 ,  t h e  t e n s o r i a l  a c o u s t i c  v e l o c i t y  G re en ’s  f u n c t i o n s  may be e v a lu a te d  in  
space and f re q u en c y  domain a s ,
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i _ 3 -j  [e-M |r| e- ,k: | r | .  „  (4 , 22)
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Wavenumber and time domain
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The t e n s o r i a l  a c o u s t i c  v e l o c i t y  G re e n 's  f u n c t i o n s  in  wavenumber and t im e 
domain may be r e p r e s e n te d  in  i n t e g r a l  form as  t h e  i n v e r s e  tem pora l  F o u r i e r  
tr a n s fo rm a t io n  o f  th e  wavenumber and f re q u e n c y  domain r e p r e s e n t a t i o n s .  As 
shown by eq u a t io n  4 . 9 ,  t h e  p o l a r i z a t i o n  t e n s o r s  a r e  f u n c t i o n s  o f  wavenumber on ly  
and a re  independen t o f  th e  tem poral i n t e g r a t i o n s  r e s u l t i n g  in  t h e  i n t e g r a l  
r e p r e s e n ta t io n  o f  t h e  t e n s o r i a l  G re e n 's  f u n c t i o n ,
The in t e g r a l  form r e q u i r e d  f o r  th e  i n v e r s e  t r a n s f o r m a t io n  o f  t h e  t r a n s v e r s e  
G reen 's  f u n c t i o n s  e x h i b i t s  a z e ro  f re q u en c y  p o le  which m a th e m a t i c a l ly  r e s u l t s  
in  a non ca u sa l  G re e n 's  f u n c t i o n  which i s  u n s a t i s f a c t o r y .  In  o r d e r  t h a t  t h e  
G reen 's  f u n c t io n s  be p h y s i c a l l y  r e a s o n a b le  t h e  z e ro  f re q u e n c y  p o le s  were 
d isp la c e d  to  th e  p o s i t i v e  im ag inary  s id e  o f  th e  o r i g i n  r e s u l t i n g  in  t h e  i n t e g r a l  
ev a lu a t io n  o f  e q u a t io n  A -3 .7 b ,
The t r a n s v e r s e  G re e n 's  f u n c t i o n  ihay be e v a lu a t e d  by a p p ly in g  t h i s  i n t e g r a t i o n  
ev a lu a t io n  and complex d i f f u s i v e  f re q u en c y  d e f in e d  by e q u a t io n s  4 .2 5 .  The l o n g i t u d i n a l  
G reen 's  f u n c t io n  t r a n s f o r m a t io n  i s  e x a c t l y  a s  has  been e v a lu a t e d  f o r  t h e  damped
= PT(S) + PL(lc) Gp ( ic , t )  . (4 .1 2 3 )
(4 .1 2 4 )
wave type  im pulse G re e n 's  f u n c t i o n s  which e x h i b i t s  t e m p o r a l ly  underdamped, 
c r i t i c a l l y  damped and overdamped forms shown by e q u a t io n s  4 .4 2 a ,  4 .4 5 a  and 4 .4 9 a  
r e s p e c t i v e ly .  E x p re ss in g  t h e  l o n g i t u d i n a l  G re e n 's  f u n c t i o n  in  t h e  f u n c t i o n a l  
form, eq u a t io n  4 .5 1 a ,  which i s  v a l i d  f o r  a l l  tem poral damping c o n d i t i o n s ,  th e  
t e n s o r i a l  a c o u s t i c  v e l o c i t y  G re e n 's  f u n c t i o n  in  wavenumber and t im e  domain i s
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Space and time domain
The t e n s o r i a l  a c o u s t i c  v e l o c i t y  G re e n 's  f u n c t i o n  in  sp a c e  and t im e  domain 
may be ex p re ssed  a s  e i t h e r  th e  i n v e r s e  tem poral o r  i n v e r s e  s p a t i a l  F o u r i e r  
t r a n s fo rm a t io n  o f  th e  sp a ce  and f re q u e n c y  domain on wavenumber and t im e  domain 
r e p r e s e n ta t i o n s  r e s p e c t i v e l y .  S in c e  t h e  i n v e r s e  tem pora l  t r a n s f o r m a t i o n s  a r e  
more d i f f i c u l t  f o r  bo th  t h e  t r a n s v e r s e  and l o n g i t u d i n a l  G re e n 's  f u n c t i o n s  th e  
in v e rse  s p a t i a l  t r a n s f o r m a t io n  w i l l  be u t i l i z e d .  The s i m p l i f i c a t i o n  o f  t h i s  
t r a n s fo rm a t io n  i s  a n a la g o u s  t o  t h a t  perform ed f o r  t h e  e v a l u a t i o n  o f  t h e  t e n s o r i a l  
G reen 's  f u n c t io n  in  space  and f re q u e n c y  domain and r e s u l t s  in  t h e  s i m p l i f i e d  form 
shown by e q u a t io n  4 .1 2 .  The i n t e g r a l  form o f  t h e  t e n s o r i a l  G r e e n 's  f u n c t i o n  in  
space and t im e domain i s
The i n t e g r a l s  r e q u i r e d  f o r  th e  t r a n s v e r s e  p a r t  have been e v a lu a t e d  in  Appendix A -4 ,  
e u a t io n s  A -4 .1 3 a ,  13b, 28a and 28b. The i n t e g r a l  r e q u i r e d  f o r  t h e  l o n g i t u d i n a l  
p a r t ,  which i s  s i m i l a r  to  th e  i n t e g r a l s  r e q u i r e d  to  e v a l u a t e  t h e  a c o u s t i c  G re e n 's  
fu n c t io n  in  space  and tim e domain, has  been e v a lu a t e d  in  s e r i e s  form and may be
+
"  fijm
(4 .1 2 6 )
ev a lu a ted  n u m e r ic a l ly .  However t h e s e  form s a r e  n o t  u s e f u l  f o r  com parison  w i th  t h e  
c lo sed  form r e s u l t s  o b ta in e d  f o r  t h e  th e r m a l - v i s c o u s  t e n s o r i a l  G r e e n 's  f u n c t i o n  in  
space and t im e  domain and t h e r e f o r e  w i l l  n o t  be in c lu d e d .
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Therm al-V iscous T e n s o r ia l  Type G re e n 's  F u n c t io n s
Wavenumber and f re q u en c y  domain
The th e rm a l -v is c o u s  f l u c t u a t i o n s  o f  v e c t o r i a l  v e l o c i t y  obey t h e  f i e l d  
eq u a t io n ,  e q u a t io n  2 .4 1 ,  which c o u p le s  a d i f f u s i o n  ty p e  t r a n s v e r s e  e f f e c t  w i th  
a th e rm a l-v is c o u s  ty p e  l o n g i t u d i n a l  e f f e c t .  The r e s u l t i n g  t e n s o r i a l  th e r m a l -  
v iscous impulse G re e n 's  f u n c t i o n  in  wavenumber and f re q u e n c y  dom ain ,  e q u a t io n
d is p la y s  t h e  t r a n s v e r s e  and lo n g i t u d i n a l  e f f e c t s  s e p a r a t e l y  a s  t h e  p r o d u c ts  o f  
s c a l a r  G re e n 's  f u n c t i o n s  and th e  p o l a r i z a t i o n  t e n s o r s .  The s c a l a r  t r a n s v e r s e  
G reen 's  fu n c t io n  d i s p l a y s  a the rm al d i f f u s i o n  te rm ,  in  p a r e n t h e s i s ,  in  a d d i t i o n  
to  th e  v is c o u s  d i f f u s i o n  te rm  and z e ro  f re q u en c y  p o le  e x h i b i t e d  by t h e  a c o u s t i c  
f l u c t u a t i o n  c o u n t e r p a r t ,
i s  th e  c o n s ta n t  volume the rm al d i f f u s i o n  c o e f f i c i e n t .  The p o le s  o f  t h e  t r a n s v e r s e  
G reen 's  f u n c t io n s  in c lu d e  th e  ze ro  f re q u e n c y  p o le ,  t h e  v i s c o u s  d i f f u s i o n  wavenumber
3.33
i(u(iin+ q— k ^ ) [ i u + D jk ^ ]
-1
v
+ (4 .1 2 7 )
GT( t ,u) = ---------  5- GVT( * , U)
iuiOw+Dgk ) (4 .1 2 8 )
where
v
(4 .1 2 9 )
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and f requency  p o le s  o f  e q u a t io n s  4 .1 6  and t h e  a n a la g o u s  the rm al  d i f f u s i o n  wavenumber 
and f requency  po le s
k3 = ( 1_1) ^  2 0 J  k4  ^  2 5 ^  u 2  = i  Dg k2  .
The s c a l a r  l o n g i t u d in a l  G re e n 's  f u n c t i o n  i s  equal to  t h e  o p p o s i t e  o f  t h e  t h e r m a l - 
v iscous  ty p e  im pulse  G re e n 's  f u n c t i o n  d e f in e d  by e q u a t io n  4 . 5 8 a ,
GL(Tc,o») = -G0 (l<,a.) . (4 .1 3 1 a )
The co r resp o n d in g  wavenumber and f re q u e n c y  p o l e s ,  e q u a t io n s  4 .6 0  and 4 . 6 3 ,  a r e  such 
com plicated  f u n c t i o n s  t h a t  i t  i s  more u s e fu l  to  a p p ro x im a te  them by t h e  t h e r m a l -  
viscous model p o l e s ,  e q u a t io n s  4 .7 1 ,  and ap p ro x im a te  t h e  l o n g i t u d i n a l  G re e n 's  f u n c t i o n  
by th e  th e rm a l -v is c o u s  model G re e n 's  f u n c t i o n ,
G ^O c.u)  = -G (ic.o,) = ---------- A y -  *r- • (4 .1 3 1 b )
m [(u -i<uD-|k -C^k ](iw+D2k )
Space and frequency domain
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The t e n s o r i a l  th e rm a l - v i s c o u s  v e l o c i t y  G re e n 's  f u n c t i o n  in  sp a c e  and f re q u en c y  
domain may be e x p re sse d  a s  a s i m p l i f i e d  i n v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t i o n ,  
equation  4 . 7 ,  by r e p l a c in g  th e  d i r e c t i o n a l  wavenumbers w i th  d i r e c t i o n a l  s p a t i a l  
d e r iv a t iv e s .  The r e s u l t i n g  i n t e g r a l  r e p r e s e n t a t i o n  o f  t h e  t e n s o r i a l  G re e n 's  
f u n c t io n ,  u s in g  t h e  app rox im ate  l o n g i t u d i n a l  model G re e n 's  f u n c t i o n ,  i s
where th e  s u b s c r i p t s  T o r  L on t h e  b r a c k e te d  i n t e g r a l  forms d e n o te  a f f i l i a t i o n  w ith  
t r a n s v e r s e  o r  lo n g i t u d in a l  G re e n 's  f u n c t i o n s .  One i n t e g r a l  form e v a l u a t i o n  i s  
shown by eq u a t io n  4 .7 4  and ,  a s  a l s o  e v a lu a te d  in  Appendix A -2 , e q u a t io n  A -2 .14b  
th e  o th e r  i n t e g r a l  form which in c lu d e s  z e ro  wavenumber p o le s  i s  e v a lu a t e d  as
+
+ 3__  3__________ ]_______
3 r j  3rm 4ir2 rwD2 (C^+iu>D1 )
(4 .1 3 2 )
This i n t e g r a l  form i s  a p p r o p r i a t e  f o r  bo th  t r a n s v e r s e  and l o n g i t u d i n a l  G re e n 's  
fu n c t io n  e v a lu a t io n s  s in c e  t h e  c o r re s p o n d in g  wavenumber p o le s  a p p r o p r i a t e  f o r  each 
l i e  in  th e  same q u ad ra n t  o f  t h e  complex wavenumber p la n e .  However, e v a l u a t i o n  
o f  th e  t r a n s v e r s e  o r  l o n g i t u d in a l  G re e n 's  f u n c t i o n  te rm s r e q u i r e  t h a t  t h e  
r e s p e c t iv e  p o le  d e f i n i t i o n s ,  a s  d e s c r ib e d  ab o v e ,  be u se d .  The t e n s o r i a l  th e rm a l -  
v iscous v e l o c i t y  G re e n 's  f u n c t i o n  may be e x p re s se d  as
-< 1 1 > / f c | r |  - O U / i - I r l
G ^ ( r , M)= 5 j  ------- --------------- p [ e  T -  e  3  ]  +
J,n Jm 4 n | r | ( D T-D3 )u.2
3 r j  3 rm 4tt | r  |to3 (Dt -D3 )
|D T[ e  T - l ] - 0 3 [ e  3  - 1 ] }
3 3___________ -J______________  r(C1+HuD1 )





TD2 [ e _ ( 1+ i ) - l ]  | (4 .1 3 4 )
where th e  r e a l  and im aginary  p a r t s  o f  t h e  complex model wave wavenumber a r e  
de f ined  by e q u a t io n s  4 .75b  and c .
Wavenumber and time domain
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The t e n s o r i a l  th e rm a l - v i s c o u s  v e l o c i t y  G re e n 's  f u n c t i o n  in  wavenumber 
and t im e domain e q u a ls  th e  i n v e r s e  tem poral F o u r i e r  t r a n s f o r m a t i o n  o f  t h e  
Green 's  fu n c t io n  in  wavenumber and f re q u e n c y  domain, e q u a t io n  4 . 9 ,  which u s in g  
th e  approxim ate model l o n g i t u d i n a l  G re e n 's  f u n c t i o n ,  i s
The in v e rs e  t r a n s f o r m a t io n  o f  t h e  t r a n s v e r s e  G re e n 's  f u n c t i o n  i s  m a th e m a t i c a l ly  
non causa l  because o f  t h e  z e ro  wavenumber p o le .  However t h e  z e ro  f re q u e n c y  
pole w i l l  be assumed to  be d i s p l a c e d  to  t h e  p o s i t i v e  im ag in a ry  s i d e  o f  t h e  
o r ig in  so t h a t  th e  i n t e g r a t i o n  w i l l  be p h y s i c a l l y  r e a s o n a b l e ,
The in v e r s e  t r a n s f o r m a t io n  o f  t h e  l o n g i t u d i n a l  G re e n 's  f u n c t i o n ,  t h e  th e r m a l - v i s c o u s  
impulse G re en 's  f u n c t i o n ,  has  been e v a lu a te d  and e x h i b i t s  t e m p o r a l ly  underdamped, 
c r i t i c a l l y  damped and overdamped fo rm s ,  e q u a t io n s  4 . 8 6 a ,  4 . 8 9 a ,  and 4 .9 3 a .  The 
t e n s o r i a l  th e rm a l -v is c o u s  G re e n 's  f u n c t i o n s  in  wavenumber and t im e  dom ain ,  w ith  th e  
lo n g i tu d in a l  G reen 's  f u n c t io n  e x p re s s e d  in  t h e  f u n c t i o n a l  form which i s  v a l i d  
f o r  a l l  c a se s  o f  temporal damping, i s
= PT( t )  ( -1 )  j W  -  PL(* )  Gq ( i , t )
m




(4 .1 3 7 )
Space and time domain
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The t e n s o r l a l  th e rm a l - v i s c o u s  v e l o c i t y  G re e n 's  f u n c t i o n  in  sp a c e  and t im e 
domain may be d e r iv e d  a s  e i t h e r  t h e  i n v e r s e  tem poral F o u r i e r  t r a n s f o r m a t i o n  
o f  th e  space  and f re q u e n c y  domain r e p r e s e n t a t i o n  o r  t h e  i n v e r s e  s p a t i a l  
t r a n s fo rm a t io n  o f  th e  G re e n 's  f u n c t i o n  in  wavenumber and t im e  domain. Both 
th e  t r a n s v e r s e  and l o n g i t u d i n a l  G re e n 's  f u n c t i o n s  a r e  m ost e a s i l y  a t t a i n e d  
via  th e  in v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t i o n  which may be s i m p l i f i e d ,  a s  f o r  
the  space and f re q u e n c y  domain t e n s o r i a l  G re e n 's  f u n c t i o n  e v a l u a t i o n  to  t h e  
form o f  e q u a t io n  4 .1 2 .  The r e s u l t i n g  i n t e g r a l  form o f  t h e  t e n s o r i a l  G r e e n 's  
fu n c t io n  in  space and t im e domain i s
4 1r‘ r ( D T - D 3 )
+
(e




Jm  4 t t T
+  1- 1. 
3rj  3 r
(4.138)
The i n t e g r a l  e v a lu a t io n s  r e q u i r e d  f o r  t h e  e v a lu a t io n  o f  t h e  t r a n s v e r s e  G re e n 's  
f u n c t io n ,  d e r iv e d  in  Appendix A -4 ,  a r e  t h o s e  r e q u i r e d  f o r  t h e  t r a n s v e r s e  t e n s o r i a l  
a c o u s t i c  G re e n 's  f u n c t i o n ,  shown by e q u a t io n s  A -4 .13b  and A -4 .2 8 b ,  and t h e  e v a l u a t i o n s  
f o r  h ig h e r  o r d e r  z e ro  wavenumber p o l e s ,  e q u a t io n s  A -4 .13c  and A -4 .28c
The lo n g i t u d in a l  G re e n 's  f u n c t i o n  r e q u i r e s  i n t e g r a l  e v a l u a t i o n s  t h a t  a r e  s i m i l a r  
to  th o se  c o r re sp o n d in g  t o  t h e  th e r m a l - v i s c o u s  im pulse  G r e e n 's  f u n c t i o n s  b u t  p o s se s s  
zero wavenumber p o le s  o f  two h ig h e r  o r d e r s  o f  m a g n itude .  S i m i l a r l y  t h e  nonzero  
wavenumber p o l e s ,  e q u a t io n  4 .9 8 ,  may be e i t h e r  im ag ina ry  o r  r e a l  depend ing  on which 
d i f f u s io n  c o e f f i c i e n t ,  therm al o r  t h e r m a l - v i s c o u s ,  i s  l a r g e r  and t h e  i n t e g r a t i o n s  
must be e v a lu a te d  f o r  both c a s e s .  For  t h e  c o n d i t i o n  o f  l a r g e r  th e rm a l  th a n  
th e rm a l-v isc o u s  d i f f u s i o n  c o e f f i c i e n t s  t h e  i n t e g r a l  form s have been e v a lu a t e d  in  
Appendix A-5, e q u a t io n s  A -5 .73b ,  76b and 78b
(4 .1 3 9 a )
( s 2+6 r 2+ T p ) e r f ( — )+ r ( 1 0 5 + r 2 )e
u  2 / 6  u
,2)e - r 2 /4S   ^ ( 4 . 1 3 gb )
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*1/2 p— p 2
f 9  ^ f00 4kv e  c o s (6 k /p ^ -k  ) . r * — o’ fiP? “P?r  -r+ 26p 2
. 1 ^ = 1  dke - s -------------------- 3 = i»  { c o s h (6 p 2 /p |+ p 2 ) e  2 [ e  2 e r f c (  - 1 ) -
2 4 k3 ( k - i p 2 ) (k + ip 2 ) 2 p2  *• 2  2  3 Z / E
. ep2rerfc(^ i ) H H  J J p|  r2)erf - 4/  f  p|  r e-r2/ «  J
(4 .1 4 0 b )
£ .MM
l ( - 1 ) = f  dkei k r  6 ' ak S in ( 5 k /p 3~k2) = : ± l  [S in h ( 5 P2 /p M } c 5 p 2 [ c ~p2 r c r f c ( " r+ 2 gp2 )
2 5 -  k ( k - i p 2 ) (k + ip 2 ) 6 k / p ^ k 2  2 p 2  6 p 2 / p | + p 2  2l/*
p9r  r+25p« •)
- e  e r f c (  ) ]  -  2 e r f  (----- )> (4 .1 4 0 c )
2 /6  2 /6  ■»
where p2 and p^ a r e  d e f in e d  by e q u a t io n s  4 .9 9 c  and 4 .9 7 c .  For t h e  c o n d i t i o n  o f  
la r g e r  th e rm a l - v is c o u s  d i f f u s i o n  c o e f f i c i e n t  th a n  the rm al  d i f f u s i o n  c o e f f i c i e n t  
the  i n t e g r a l  forms have a l s o  been e v a lu a te d  i n  Appendix A-5, e q u a t io n s  A -5 .9 0 b ,  93b 
and 95b
t - ? \  r  iif* p - 5 k 2  u  (  “ 6 p 1 " i p i r  - ir+ i25p , i p , r  r + i 2 6 p .
2 )= dke -= — £---------------------^ i e  ] [ e  1 e r f ( ------------ M - e  1 e r f ( -----------2.)]+
■*-“> k ( k—p-j)(k+p-j) 2 p-j *• 2/5" 2 / 6
2 —  2
+ [ 2 - p 2 ( 5 +  f - ) ] e r f ( ^ )  -  4 /  £  p 2 r  e “ r  / r S  }  (4 .1 4 1 a )
— 2  9  2
( - 9 ) r  lit*. e  c o s ( 6 k /p r -k ‘ ) . f  y - y  - W  -r + 1 2 6 Pl
- e 1p i r e r f ( r + l 2 5 p- )]-i-[2-p^(62 p 2+6+ ^ ) ] e r f ( - ^ : )  4 /  J  p 2  r  e " r  / 4 s  I  (4 .1 4 1 b )  
2 /6  2 /6  >
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(k-p ^ ) (k+p i ) 6 k /p 2~ k2 ^
e " 6^ s in (6 k /p 2 ~ k ^ ) r + i 2 6 p
- e
ip ^ r
(4 .1 4 1 c )
where p-| i s  d e f in e d  by e q u a t io n  4 .1 0 0 c .
The lo n g i t u d in a l  G re e n 's  f u n c t i o n  e v a l u a t i o n s  f o r  each  o f  t h e  d i f f u s i o n  
c o e f f i c i e n t  c o n d i t i o n s  p o s se s s  exponen ts  o f  m a th e m a t i c a l ly  u n de te rm ined  s ig n  
as d id  th e  therm al v is c o u s  im pulse  G re e n 's  f u n c t i o n s .  A n a lo g o u s ly ,  t h e  p h y s ic a l  
i n f i n i t e  temporal and s p a t i a l  boundary c o n d i t i o n s  may be a p p l i e d  t o  d e te rm in e  
the  p roper  exponent s ig n  f o r  each o f  t h r e e  d i f f u s i o n  p a ra m e te r  r e g io n s  d e f in e d  
by th e  r e l a t i v e  m agnitudes o f  th e  therm al and th e  th e r m a l - v i s c o u s  d i f f u s i o n  
c o e f f i c i e n t s .
The t e n s o r i a l  th e rm a l - v is c o u s  v e l o c i t y  G re e n 's  f u n c t i o n  in  sp a c e  and t im e 
domain may be e v a lu a t e d ,  u t i l i z i n g  th e  t r a n s v e r s e  and l o n g i t u d i n a l  i n t e g r a l  
e v a lu a t io n s ,  as
i U (t)  J l  
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where th e  t h r e e  d i f f u s i o n  p a ra m e te r  r e g io n s  and t h e  c o r r e s p o n d in g  l o n g i t u d i n a l  
Green 's  f u n c t io n s  a r e
D2  > D1 (4 .1 4 3 a )
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V. A p p l ic a t io n  o f  G re e n 's  F u n c t io n s
The G re e n 's  f u n c t i o n s  c o n ta in  t h e  in f o rm a t io n  a b o u t  t h e  medium which i s  
necessary  to  d e te rm in e  th e  re sp o n se  to  a g iv en  f o r c in g  s i t u a t i o n  o r  i n i t i a l  
c o n d i t io n .  Although th e  G re e n 's  f u n c t i o n s  a r e  s p h e r i c a l l y  sy m m etr ic ,  t h e  
s p a t i a l  f o r c in g  d i s t r i b u t i o n  may e x c i t e  r e s p o n s e s  o f  d i f f e r e n t  g e o m e t r i e s .  The 
fo rc in g  may a l s o  be e i t h e r  d e t e r m i n i s t i c  o r  s t a t i s t i c a l  y i e l d i n g  e i t h e r  d e t e r ­
m in i s t i c  o r  s t a t i s t i c a l  r e sp o n se s  r e s p e c t i v e l y .
S evera l  s p e c i f i c  d e t e r m i n i s t i c  f o r c i n g  s i t u a t i o n s  w i l l  be c o n s id e r e d  in  
o rder  to  i l l u s t r a t e  t h e  p h y s ic a l  meaning o f  t h e  G re e n 's  f u n c t i o n s  in  each  o f  
the  p o s s i b le  domains. In  a d d i t i o n  t o  t h e  s p h e r i c a l l y  sym m etric  r e s p o n s e s  which 
are  n a tu ra l  to  t h e  G re e n 's  f u n c t i o n s ,  p la n e  r e sp o n se s  w i l l  be d e r i v e d .  Some o f  
these  p lane  re sp o n se s  may be d i r e c t l y  compared w ith  t h e  p r e v io u s l y  d e r iv e d  p la n e  
wave re sp o n se s .
The s t a t i s t i c a l  f o rm u la t io n  f o r  r e sp o n se s  t o  n o n s t a t i o n a r y  random tem pora l  
fo rc in g  and to  random s p a t i a l  f o r c i n g  i s  o u t l i n e d  b u t  no s p e c i f i c  r e s u l t s  a r e  
p re se n ted .
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D e te r m in i s t i c  Responses
142
The re s p o n s e  o f  a f l u c t u a t i o n  in  space  and t im e domain may be  d e te rm in e d  
from i t s  f o r c i n g  and th e  im pulse  G re e n 's  f u n c t i o n  o f  t h e  medium by two m ethods .
The re sp o n se  i s  equal t o  t h e  s p a t i a l  and tem pora l  c o n v a lu t i o n  o f  t h e  im pulse  
G reen 's  f u n c t i o n  and t h e  f o r c in g  a s  g iv e n  by e q u a t io n  3 . 9 a ,
x ( r , t )  = G ( r , t )  * f ( r , t )  = f  d 3? '  f  d t '  G ( r - r ' , t - t ' )  f ( r ' . t ' ) .  ( 5 .1 )
J *OD * —CO
From e q u a t io n s  3 .7  and 3 .8 a  i t  i s  obv io u s  t h a t  t h e  r e s p o n s e  i n  wavenumber and 
frequency  domain i s  equal t o  t h e  p ro d u c t  o f  t h e  im pu lse  G r e e n 's  f u n c t i o n  and th e  
fo rc in g  in  th o s e  domains,
x ( £ ,u )  = G(£,a>) f ( T U )  , ( 5 .2 )
and t h e r e f o r e  t h e  r e s p o n s e  in  sp a c e  and t im e  domain may a l s o  be e x p r e s s e d  as  
the. in v e r s e  s p a t i a l  and tem poral F o u r ie r  t r a n s f o r m a t i o n  o f  t h i s  p r o d u c t ,
x ( r , t )  = f  e “ ^ ‘ r  f  i -  e i u t  G(lc,a>) f ( t , u ) . ( 5 .3 )
( 2 k ) 3
The r e l a x a t i o n  o f  a f l u c t u a t i o n  from a s p e c i f i c  i n i t i a l  c o n d i t i o n  i s  equal 
to  th e  r e l a x a t i o n s  due to  each o f  t h e  i n i t i a l  c o n d i t i o n  t e r m s .  The r e l a x a t i o n  
due to  each i n i t i a l  c o n d i t i o n  te rm  may be d e te rm in e d  from t h a t  i n i t i a l  c o n d i t i o n  
term and t h e  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  by two m ethods .  The r e l a x a t i o n  
i s  equal to  t h e  s p a t i a l  c o n v a lu a t io n  o f  th e  i n i t i a l  c o n d i t i o n  G r e e n 's  f u n c t i o n  
and th e  no n -ze ro  i n i t i a l  c o n d i t i o n  a s  g iv e n  by e q u a t io n  3 . 4 4 ,
x ( r , t )  = Gxy( r , t )  * r  Y ( r , t = 0 )  = j "  d3 r ’ G ^ t r - r ' . t )  Y ( r , t = 0 )  . ( 5 .4 )
S ince  th e  r e l a x a t i o n  in  wavenumber and f re q u e n c y  domain i s  e q u a l  t o  t h e  p ro d u c t  
o f  th e  i n i t i a l  c o n d i t io n  G re e n 's  f u n c t i o n  and th e  i n i t i a l  c o n d i t i o n  t e r m ,  e q u a t io n  
3 .35
x(£ ,w) = Gxy(£,w ) Y (£ , t= 0 )  , ( 5 .5 )
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the r e l a x a t i o n  in  sp a ce  and t im e domain may a l s o  be e x p r e s s e d  a s  t h e  i n v e r s e  
s p a t i a l  and tem poral F o u r ie r  t r a n s f o r m  o f  t h i s  p r o d u c t ,
x ( ? » t )  -  f  ^  3 e " 1^  f  e 1 u t  G ( * , « )  Y(Jc,t=0 ) . ( 5 .6 )
'  -«• ( 2 tt ) -°°
The I n i t i a l  c o n d i t i o n  term  r e p r e s e n t s  a  s p a t i a l  d i s t r i b u t i o n  a t  t im e  t=0
and th e r e f o r e  i s  n o t  a f u n c t io n  o f  tim e o r  f r e q u e n c y .  However, an  a n a lo g y
between th e  r e l a x a t i o n  from an i n i t i a l  c o n d i t i o n ,  e q u a t io n  5 . 5 ,  and t h e  r e s p o n s e
to a f o r c i n g ,  e q u a t io n  5 . 2 ,  shows t h a t  t h e  I n i t i a l  c o n d i t i o n  and im p u lse  G re e n 's  -
fu n c t io n s  a r e  ana logous  and t h a t  th e  i n i t i a l  c o n d i t i o n  te rm  i s  an a lo g o u s  to  a
fo rc in g  w ith  no f re q u en c y  dependence.  I f  t h e r e  i s  no c o u p l in g  between t h e  space
fo rc in g  and th e  t im e  f o r c in g  th e n  th e  f o r c i n g  may be e x p r e s s e d  in  wavenumber and
frequency domain a s  th e  p ro d u c t  o f  t h e  wavenumber f o r c i n g  and t h e  f re q u e n c y
f o rc in g ,
f ( l U )  = ?(ft)  ? (u )  . ( 5 .7 )
I f  th e  f req u en cy  f o r c in g  i s  u n i t y ,  a l l  f r e q u e n c ie s  a r e  e x c i t e d  e q u a l l y  and th e  
wavenumber f o r c in g  1 s ana logous  t o  th e  i n i t i a l  c o n d i t i o n  te rm  in  wavenumber domain, 
f (£ ,u))  = ? ( £ ) ( 1 )  Y ( t , t= 0 )  . ( 5 .8 )
Performing an I n v e r s e  s p a t i a l  and tem pora l  F o u r i e r  t r a n s f o r m  y i e l d s  th e  f o r c in g  
In  space and t im e domain,
f ( r , t )  = f ( r ) f ( t )  = f ( r )  <5(t) , ( 5 .9 )
where th e  uniform  f req u en cy  f o r c i n g  c o r re s p o n d s  to  im p u ls iv e  tem pora l  f o r c i n g .
I f  th e  In v e r se  s p a t i a l  F o u r ie r  t r a n s f o r m a t io n  o f  th e  i n i t i a l  c o n d i to n  te rm  i s  to  
remain ana logous t o  s p a t i a l  f o r c in g  1 t  must be m u l t i p l i e d  by a tem pora l  im pu lse  to  
remain ana logous t o  th e  t o t a l  f o r c i n g ,
f ( r . t )  = f ( r )  s ( t )  ++ Y ( r , t = 0 )  6 ( t )  . ( 5 .1 0 )
This ana logy  1s s u b s t a n t i a t e d  by e x p r e s s in g  t h e  re s p o n s e  a s  a s p a t i a l  and tem poral 
convo lu tion  o f  th e  im pulse  G re e n 's  f u n c t i o n  and th e  f o r c i n g ,  e q u a t io n  5 . 1 .  When
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the' temporal forcing Is Impulsive, the temporal convolution may be evaluated as
x ( r , t )  * d3 r* r  d t 1 G ( r - r ‘ , t - t ' )  ? ( r ' )  f i ( t ' )  ■ J "  d 3? '  G ( r - r ' , t )  ? ( r ' )
( 5 .1 1 )
which 1s an a logous  t o  t h e  r e l a x a t i o n  a s  a s p a t i a l  c o n v o l u t io n ,  e q u a t io n  5 . 4 .  Thus 
when th e  f o r c in g  1 s Im pu ls ive  1 n t im e ,  t h e  r e sp o n se  from a s p a t i a l  f o r c in g  1 s 
ana logous t o  t h e  r e l a x a t i o n  from an  I n i t i a l  s p a t i a l  d i s t r i b u t i o n .
In  o r d e r  to  I l l u s t r a t e  th e  p h y s ic a l  meaning and a p p l i c a t i o n  o f  t h e  G re e n 's  
f u n c t io n s  1n th e  F o u r ie r  domains, t h e  re sp o n se  1n space  and t im e  domain w i l l  be 
o b ta in e d  f o r  v a r io u s  s p e c i f i c  f o r c in g  d i s t r i b u t i o n s .  When th e  tem pora l  f o r c in g  
d i s t r i b u t i o n  1 s I m p u ls iv e  t h e  re sp o n se  co r re sp o n d s  t o  a r e l a x a t i o n  and t h e  I n i t i a l  
c o n d i t io n  G re e n 's  f u n c t i o n s  a r e  I l l u s t r a t e d .
The f o r c i n g s  t h a t  w i l l  be c o n s id e re d  w i l l  be  s p a t i a l l y  and t e m p o r a l ly  un­
co u p led .  Two ty p e s  o f  tem poral f o r c i n g ,  Im p u ls iv e  1n t im e  and s i n g l e  f requency  
s in u s o id a l  1n t im e .  The te m p o ra l ly  Im p u ls iv e  f o r c in g  and I t s  tem pora l  F o u r ie r  
t r a n s fo rm
f ( t )  * 6 ( t )  ,  ? ( u )  « 1 ( 5 .1 2 a ,b )
r e p r e s e n t  un ifo rm  f o r c i n g  o f  a l l  f r e q u e n c ie s  a t  t im e  t* 0 .  S in u s o id a l  tem poral
f o r c in g  a t  a s i n g l e  f re q u e n c y ,  «0 , 1s r e p r e s e n t e d  by t h e  tem pora l  f o r c in g  in
tim e domain and 1 n f re q u e n c y  domain as  
1u t
? ( t )  = e  0  , ?(w) x 2n6(u-w0 ) . ( 5 .1 3 a ,b )
The s p a t i a l  f o r c in g  d e te rm in e s  t h e  mode o f  p r o p a g a t io n .  Because t h e  G re e n 's  
f u n c t io n s  a r e  s p h e r i c a l l y  s y m e t r l c ,  s p h e r i c a l  p ro p a g a t io n  1 s n a t u r a l  t o  c o n s id e r .  
A nother  common mode which w i l l  a l s o  be c o n s id e r e d  1s p la n e  p r o p a g a t io n .  For each 
mode, bo th  Im p u ls iv e  In space and s i n g l e  wavenumber s in u s o id a l  In space  f o r c in g s  
w i l l  be c o n s id e r e d .  S p h e r ic a l  p ro p a g a t io n  may be e x c i t e d  by f o r c i n g  a t  a p o i n t  1n 
sp a c e  o r  by f o r c in g  th e  wavenumber v e c t o r  1n th e  r a d i a l  d i r e c t i o n .  Im p u ls iv e  
f o r c in g  a t  r a 0 and I t s  s p a t i a l  F o u r ie r  t r a n s f o r m a t io n ,
i
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T (r) -  a (r) . ? ( t)  -  1 (5.14a,b)
f o r c e s  a l l  wavenumbers e q u a l ly .  S in u s o id a l  r a d i a l  f o r c i n g  a t  a  s i n g l e  wavenumber 
1 n t h e  r a d i a l  d i r e c t i o n ,  krQ, In sp a c e  domain and 1 n wavenumber domain I s ,
P lan e  p ro p a g a t io n  may be e x c i t e d  by f o r c i n g  u n ifo rm ly  o v e r  a p la n e  o r  by f o r c in g  
t h e  wavenumber v e c t o r  u n ifo rm ly  p e r p e n d ic u l a r  t o  t h a t  p la n e .  Im p u ls iv e  f o r c in g  
a t  r x“0 , o v e r  t h e  y z  p l a n e ,  and I t ' s  s p a t i a l  F o u r ie r  t r a n s f o r m a t i o n
f o r c e  a l l  w ave leng ths  u n ifo rm ly  1 n t h e  x d i r e c t i o n  b u t  do n o t  a l lo w  t h e  wave­
number v e c t o r  t o  have any  component 1n t h e  y  o r  z  d i r e c t i o n s .  The r e s u l t  1s 
p la n e  p ro p a g a t io n  1 n t h e  x d i r e c t i o n  a s  when o n ly  one wavenumber, kX(J, 1 s 
s i n u s o i d a l l y  f o rc e d  1n th e  x d i r e c t i o n  by t h e  s p a t i a l  f o r c in g  1 n sp a ce  domain and 
1 n wave number domain,
ro  . H t )  -  (2 n )3 « ( t 4 r b ) . (5 .1 5 a ,b )
f ( r )  ■ « ( r x ) ,  ? ( £ )  -  2 n«(ky ) 2 ir«(kz ) ( 5 .1 6 a ,b )
( 5 .1 7 a ,b )
1 Spherical sinusoid spatial and sinusoid temporal forcing
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The p ro d u c t  o f  s in u s o id a l  tem pora l  f o r c i n g ,  e q u a t io n  5 .1 3 ,  and s in u s o id a l  
r a d i a l  f o r c i n g ,  e q u a t io n  5 .1 5 ,  r e s u l t s  1n a f o r c i n g  o f  one f r e q u e n c y ,  uQ, and 
one wavenumber In t h e  r a d i a l  d i r e c t i o n  £ rQ. In  sp a c e  and t im e domain and wave' 
number and f re q u en c y  domain t h i s  f o r c i n g  1 s
The s p h e r i c a l  re s p o n s e  t o  t h i s  f o r c in g  may be e x p re s s e d  1n te rm s o f  t h e  Im pulse 
G re e n 's  f u n c t i o n  by e v a lu a t io n  o f  t h e  I n v e r s e  t r a n s f o r m a t io n  o f  e q u a t io n  5 .3  a f t e r  
s u b s t i t u t i n g  th e  f o r c in g  r e p r e s e n t a t i o n  o f  e q u a t io n  5 .18b
Thus t h e  re sp o n se  t o  s in u s o id a l  r a d i a l  and s i n u s o i d a l  tem poral f o r c in g  1s th e  
p ro d u c t  o f  t h e  f o r c in g  and th e  wavenumber and f re q u e n c y  domain G re e n 's  f u n c t i o n  
e v a lu a te d  a t  th e  f o r c e d  wavenumber and t h e  f o r c e d  f re q u e n c y .  S in c e  t h e  G re e n 's  
f u n c t i o n s  1 n wavenumber and f re q u en c y  domain a r e  complex a l g e b r a i c  f u n c t i o n s  o f  
t h e  wavenumber and f re q u e n c y ,  t h e  re s p o n s e  I s  an  u n a t t e n u a te d  s p h e r i c a l  wave which 
p ro p a g a te s  r a d i a l l y  w i th  a phase v e l o c i t y  w0 / k TO* The im pulse  G re e n 's  f u n c t i o n  
1n wavenumber and f re q u d n cy  domain m o d i f ie s  t h e  am p l i tu d e  and p h ase  o f  t h e  re sp o n se  
and shows th e  tendency  f o r  p a r t i c u l a r  wavenumbers and f r e q u e n c ie s  t o  be f o r c e d .
f ( r , t )  * e f (£ ,w )  = ( 2 i r ) 3 6 ( £ - £ r 0 )  2 i r « ( u - i u 0 ) . ( 5 .1 8 a ,  b)
( 5 .1 9 )
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11 Plane sinusoid spatial and sinusoid temporal forcing
F orc ing  o f  one f re q u e n c y ,  w0 , and one wavenumber 1 n t h e  x d i r e c t i o n ,  kX(J, 
may be o b ta in e d  from t h e  p ro d u c t  o f  s in u s o id a l  tem pora l  f o r c i n g ,  e q u a t io n  5 .1 3 ,  
and p la n e  s in u s o id a l  s p a t i a l  f o r c i n g ,  e q u a t io n  5 . 1 7 ,  a s
The p la n e  re sp o n se  t o  t h i s  f o r c in g  may be e x p re s s e d  1n a s i m p l i f i e d  form o f  
e q u a t io n  5 .3  by e v a lu a t in g  th e  I n v e r s e  t r a n s f o r m a t io n  upon s u b s t i t u t i o n  o f  th e  
f o r c i n g  form o f  e q u a t io n  5 .2 0 b ,
As f o r  t h e  s p h e r i c a l  f o r c i n g ,  th e  re sp o n se  t o  p la n e  s in u s o id a l  f o r c i n g  o f  wave­
number and s in u s o id a l  f o r c in g  o f  f re q u en c y  1 s t h e  p ro d u c t  o f  t h e  f o r c in g  and th e  
Impulse G re en 's  f u n c t i o n  1n wavenumber and sp a ce  domain e v a lu a t e d  a t  t h e  f o rc e d  
wavenumber and f re q u e n c y .  The re sp o n se  1s an u n a t t e n u a te d  p la n e  wave t r a v e l i n g  
1n t h e  x d i r e c t i o n  w i th  a group v e l o c i t y  o f  “ 0/ ^ x 0 * As f o r  t h e  c o r re s p o n d in g  
s p h e r i c a l  f o r c in g  t h e  G re en 's  f u n c t i o n  1n wavenumber and f re q u e n c y  domain shows 
t h e  tendency  f o r  p a r t i c u l a r  wavenumbers and f r e q u e n c ie s  t o  be p r o p a g a te d .
f ( r , t )  e f ( l U )  -  ( 2 tr)3 «(kx - k xo )« (k y ) 6 (k 2 ) 2 t t 6 ( u i * * o > 0 )
(5 .2 0 a ,b )
G (k ,w)(2 ir )3 fi(kx - k x o )« (ky )« (k z ) 2w«(«-w0 ) -
( 5 .2 1 )
111' Spherical Impulse spatial and sinusoid temporal forcing
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The p ro d u c t  o f  s in u s o id a l  temporal f o r c i n g ,  e q u a t io n  5 .1 3 ,  and Im p u ls iv e  
f o r c in g  a t  a p o in t  1n s p a c e ,  e q u a t io n  5 .1 4 ,  y i e l d s  t h e  r a d i a l  f o r c i n g  a t  
f req u en cy  <u0 ,
T h is  f o r c in g  r e p r e s e n t s  a common method o f  e x c i t i n g  s p h e r i c a l  p r o p a g a t io n .  By 
s u b s t i t u t i n g  th e  f o r c i n g  e x p r e s s io n  o f  e q u a t io n  5 .22b  In  t h e  I n v e r s e  t r a n s f o r m a t io n  
o f  e q u a t io n  5 .3  and perfo rm ing  th e  t r a n s f o r m a t io n  I n t e g r a t i o n s ,  t h e  r e s p o n s e  1n 
space  and t im e domain becomes
The re sp o n se  1n space  and t im e domain 1s equa l  t o  t h e  p ro d u c t  o f  a s in u s o i d a l  
tem poral o s c l l a t l o n  a t  th e  fo rc e d  f re q u en c y  and t h e  Im pulse G re e n 's  f u n c t i o n  1n 
s p a c f a n d  f re q u en c y  domain e v a lu a te d  a t  t h e  f o r c e d  f re q u e n c y .  The G r e e n 's  f u n c t io n  
d e te rm in e s  t h e  s p a t i a l  c h a r a c t e r i s t i c s  o f  t h e  r e s p o n s e .  The d i f f u s i o n  t y p e ,  
E quat ion  4 .2 1 a ,  and t h e  wave t y p e ,  e q u a t io n  4 . 3 5 a ,  each  c o n t a in  e x p o n e n t i a l  term s 
w i th  arguments which a r e  complex f u n c t i o n s  o f  t h e  m agnitude o f  t h e  r a d i u s  v e c t o r .  
They y i e l d  s p a t i a l l y  a t t e n u a t e d  s p h e r i c a l  wave r e s p o n s e s :  The th e rm a l  v i s c o u s  
ty p e  model G re e n 's  f u n c t i o n ,  e q u a t io n  4 .7 7 a ,  e x h i b i t s  bo th  d i f f u s i o n  ty p e  and wave 
ty p e  te rm s and y i e l d s  t h e  r e s p o n s e ,
The r e a l  and Im aginary  p a r t s  o f  t h e  complex model wave wavenumber, k ^ ,  and th e  
complex model d i f f u s i o n  wavenumber a s  d e f in e d  by e q u a t io n s  4 .7 5  and 4 .7 6  r e s p e c t i v e l y
( 5 .2 2 a ,b )
d ji e 1» t  2 n 6 (ti)-Wg) 3
( 5 .2 3 )
( 5 .2 4 )
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a r e  t h e  p ro d u c t  o f  1 and th e  wavenumber p o le s  o f  t h e  G r e e n 's  f u n c t i o n  In  wave­
number and f re q u en c y  domain. The re s p o n s e  e x h i b i t s  s p h e r i c a l  s p r e a d in g  o f  bo th  
th e  wave r e l a t e d  term and th e  d i f f u s i o n  r e l a t e d  te rm .  The wave r e l a t e d  re sp o n se  
I s  a t t e n u a t e d  e x p o n e n t i a l l y  by k ^  a s  I t  p ro p ag a te s ,  r a d i a l l y  a t  t h e  phase  
v e l o c i t y  and t h e  d i f f u s i o n  r e l a t e d  r e s p o n s e  I s  a t t e n u a t e d  e x p o n e n t i a l l y
by k ' ^  a s  1 t  p ro p a g a te s  r a d i a l l y  a t  t h e  phase  v e l o c i t y  w0 / k 2 m*
1 v  Plane Impulse spatia l and sinusoid temporal forcing
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P lan e  f o r c in g  a t  a  s i n g l e  f re q u e n c y .  u>0 , may be o b ta in e d  from t h e  p ro d u c t  
o f  s in u s o id a l  tem poral f o r c i n g ,  e q u a t io n  5 .1 3 ,  and Im p u ls iv e  f o r c i n g  a t  a  p la n e ,  
e q u a t io n  5 .1 6 ,  a s
The r e sp o n se  due to  t h e  f o r c in g  o f  e q u a t io n  5 .2 5 ,  may be e x p re s s e d  a s  an In v e r s e  
s p a t i a l  and temporal F o u r ie r  t r a n s f o r m a t io n  o f  the '  p ro d u c t  o f  t h e  Im pulse G re e n 's  
f u n c t i o n  and t h e  f o r c i n g  a s  shown by e q u a t io n  5 .3 .  S in c e  a l l  b u t  one o f  t h e  t r a n s  
fo rm a t io n  I n t e g r a t i o n s  may be r e a d i l y  p erfo rm ed ,  t h e  r e s p o n s e  may be s i m p l i f i e d  as
S in c e  t h e  G re e n 's  f u n c t i o n  1s a t h r e e  d im ensiona l  f u n c t i o n  1n wavenumber domain, th e  
one d im ensiona l  In v e r s e  F o u r ie r  t r a n s f o r m a t io n  I n t e g r a l  o f  e q u a t io n  5 .2 6  does n o t  
t r a n s f o r m  th e  G re e n 's  f u n c t io n  to  space  domain. The t h r e e  d im e n s io n a l  In v e r s e  
s p a t i a l  t r a n s f o r m a t io n  has been s i m p l i f i e d  to  a s i n g l e  I n t e g r a l  1n Appendix A - l ,  
e q u a t io n  A -1 .9 ,  f o r  G re e n 's  f u n c t io n  t h a t  a r e  even f u n c t i o n s  o f  th e  wavenumber 
m agn itude ,  k ,  a s
Because t h e  G re e n 's  f u n c t i o n  1s symmetric th e  s i m p l i f i e d  I n v e r s e  t r a n s f o r m a t io n  
may a l s o  be ex p re s se d  a s
which p o se s se s  an I n te g r a n d  t h a t  d i f f e r  from t h e  I n te g r a n d  o f  e q u a t io n  5 .2 6  by 
t h e  te rm  k .  T h is  te rm  may be e l im in a te d  by r e e x p r e s s in g  t h e  I n t e g r a l  a s  shown
G ( r ,u )  ■ f" d3^ 3 e “ 1^ ,rr g(1c,w) ■ — j  dkke1kr  G ( £ ,u ) .
( 2 i r )  1 4 i r  r  ^ (5 .2 7 a )
(5.27b)
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G ( r ,u )  ■ — (;4-) 1=  [ dk e G (£ ,u )  . ( 5 .2 7 c )
. <4irV 1 3 r  J —
T h ere fo re  th e  d e s i r e d  I n t e g r a t i o n  form o f  t h e  G r e e n 's  f u n c t i o n  In  wavenumber 
domain may be e x p re ssed  a s
J~  dk e " 1kr G (£ ,u )  ■ -  |  d r  4n2 rG(r,u>) ( 5 .2 8 )
which I s  r e l a t e d  t o ,  b u t  n o t  equal t o ,  t h e  G re e n 's  f u n c t i o n  1n space  domain. Thus 
w i th  a wavenumber v e c to r  which 1 s e n t i r e l y  1n t h e  x d i r e c t i o n ,  £x o , t h e  re s p o n s e  
may be e x p re sse d  a s
x ( r x , t )  = - 2 t t  e 0  J d r x r x G(rx ,w0 ) . ( 5 .2 9 )
As o c c u r s  w i th  r a d i a l  Impulse f o r c i n g ,  t h e  p la n e  re s p o n s e  In  sp a ce  and t im e  domain 
I s  equa l t o  t h e  p ro d u c t  o f  a  s in u s o id a l  tem pora l  o s c l l a t l o n  and an  I n d e f i n i t e  
I n t e g r a l  o v e r  th e  x d i r e c t i o n  o f  sp a ce  o f  th e  G re e n 's  f u n c t i o n  1n space  and 
freq u en cy  domain. S in c e  t h e  s p a t i a l  dependence o f  t h e s e  G re e n 's  f u n c t i o n s  1s 
l im i te d ,  t o  an In v e r s e  o f  d i s t a n c e  s p h e r i c a l  s p r e a d in g  and complex e x p o n e n t ia l  
f u n c t i o n s  o f  d i s t a n c e ,  th e  I n d e f i n i t e  s p a t i a l  I n t e g r a l  1 s e a s i l y  e v a lu a t e d  and 
h a s . t h e  e f f e c t  o f  e l im in a t in g  t h e  s p h e r i c a l  s p r e a d in g  I n h e r e n t  1n t h e  G reen’ s 
f u n c t i o n s .  For a th e rm a l - v is c o u s  medium th e  the rm al  v is c o u s  model Im pulse  G re e n 's  
f u n c t io n  1n space  and f requency  domain, e q u a t io n  4 .7 7 a ,  may be . s u b s t i t u t e d  In 
e q u a t io n  5 .2 9  to  d e te rm in e  th e  re sp o n se
x ( r x , t )  * - 2 ire
1w -t
I d r  r y--------------- ------------------------
J X X4 n | r x |u,0 [ c f - 1 ( D r D2 ) W()]
- e
( 5 .3 0 a )
The I n d e f i n i t e  I n t e g r a l  I s  r e a d i l y  e v a lu a te d  and y i e l d s  a  s p a t i a l l y  a t t e n u a t e d  
p la n e  wave re sp o n se
1u»0t
x ( r  ,t)  ------ 1----------------
X 2 «0 £ q - 1 (Dr D2 )Wo]
I ^ kdm+1 kd m ) l M -
T k - T I k " )  '  wm win'
(5.30b)
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The p la n e  wave re sp o n se  1s s i m i l a r  t o  t h e  s p h e r i c a l  wave r e s p o n s e ,  e q u a t io n  5 .2 4 ,  
w i th o u t  s p h e r i c a l  s p r e a d in g .  The a c o u s t i c  wave r e l a t e d  r e sp o n se  1s a t t e n u a t e d  
e x p o n e n t i a l l y  in  space  by t h e  te rm
l“o l l r xl ------------------
2 ■ e • 1 1 oe  wm x „ e « n . 1Tu1u0  i i . o (5 .3 1 a )
a s  1 t  p ro p a g a te s  In  t h e  x d i r e c t i o n  a t  t h e  phase  v e l o c i t y
*.4.r |2 2 
1 l wo
p -  ■ /C ?+ /c|+D?«Jq • (5 .3 1 b )
wm
The d i f f u s i o n  r e l a t e d  re sp o n se  I s  a t t e n u a t e d  e x p o n e n t i a l l y  1n sp a c e  by t h e  te rm
“ o
- k i  | r  I | r x l
e  dm x = e  (5 .3 2 a )
a s  1 t  p ro p a g a te s  1n t h e  x d i r e c t i o n  a t  t h e  phase  v e l o c i t y
p — = /  ^ 2 uo " (5 .3 2 b )
dm
v Comparison w i th  p re v io u s  t e m p o r a l ly  s i n u s o i d a l  p la n e  wave s o l u t i o n s
The e f f e c t s  o f  v i s c o s i t y  and th e rm a l  c o n d u c t i v i t y  on t h e  p r o p lg a t l o n  o f  
p la n e  a c o u s t i c  waves have been I n v e s t i g a t e d  by S to k e s ,  R a y le ig h ,  K l r c h h o f f ,  and 
Landau and L 1 fs h 1 tz .  T h e i r  s o l u t i o n s  may be compared w i th  t h e  p la n e  r e sp o n se  
d e r iv e d  from th e  Im pulse  G re e n 's  f u n c t i o n s  and t h e  f o r c i n g  which I s  a p la n e  
Im pulse  1n space  and s in u s o i d a l  1n t i m e ,  e q u a t io n  5 .3 0 .
S t o k e s ^ 2 ) I n v e s t i g a t e d  th e  e f f e c t  o f  v i s c o s i t y  a lo n e  on p la n e  
a c o u s t i c  waves by u t i l i z i n g  t h e  same b a s i c  e q u a t io n s  a s  w ere  used  to  d e r i v e  th e  
a c o u s t i c  wave ty p e  G re e n 's  f u n c t i o n .  By com bining t h e  c o n s e r v a t i o n  o f  mass 
e q u a t io n ,  t h e  c o n s e r v a t i o n  o f  momentum e q u a t io n  w i th  f i r s t  v i s c o s i t y  o n l y ,  and 
th e  a d i a b a t i c  speed o f  sound r e l a t i o n  between p r e s s u r e  and d e n s i t y  and by 
assuming th e  s in u s o id  t e m p o r a l ly  f o rc e d  p la n e  wave s o l u t i o n  fo rm ,
V  1 kxr xe  0  e  x x , ( 5 .3 3 )
t h e  s o l u t i o n  form f o r  sm all  v i s c o s i t y  was found t o  be a p p ro x im a te ly
2(l) <l) »-1-2 P 0 in. r
1uiAt  X ,  r x 9 r 3 3p r x ( 5 .3 4 )
e  e  e  l
R a y l e i g h ^ 3 ) a l s o  I n v e s t i g a t e d  t h e  e f f e c t  o f  the rm al  c o n d u c t i v i t y  a lo n e  
on p la n e  a c o u s t i c  waves. The c o n s e r v a t i o n  o f  mass e q u a t io n  and t h e  c o n s e r v a t i o n  
o f  momentum e q u a t io n  1 n t h e  absence  o f  v i s c o s i t y  w ere sup lem ented  by a  p r e s s u r e  
and d e n s i t y  r e l a t i o n  which a l lo w s  t h e  speed o f  sound t o  be e f f e c t e d  by changes o f  
d e n s i t y  and t e m p e r a tu re  and by an  e q u a t io n  which r e l a t e s  t h e  t im e  change o f
te m p e ra tu re  t o  th e  t im e  change d e n s i t y  and t h e  the rm al  c o n d u c t io n  o f  en e rg y .  The
assum ption  o f  t h e  f re q u e n c y  f o rc e d  p la n e  wave s o l u t i o n  form g iv e n  by e q u a t io n  5 .33
y i e l d e d  t h e  sm all c o n d u c t i v i t y  ap p ro x im a te  s o l u t i o n .
,,2
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As f o r  v i s c o s i t y ,  th e  f i r s t  o r d e r  e f f e c t  o f  the rm al  c o n d u c t i v i t y  was a  s p a t i a l
a t t e n u a t i o n  and a d e c r e a s e  o f  t h e  p r o p a g a t io n  v e l o c i t y  was o f  second o r d e r .
K lrc h h o f f  ^  I n v e s t i g a t e d  th e  combined e f f e c t s  o f  v i s c o s i t y  and therm al 
c o n d u c t i v i t y  by u t i l i z i n g  t h e  same e q u a t io n s  a s  R a y le ig h  used  i n  h i s  the rm al
c o n d u c t i v i t y  I n v e s t i g a t i o n  and by In c lu d in g  t h e  v i s c o u s  te rm s  o f  t h e  momentum
c o n s e r v a t io n  e q u a t io n .  By assuming t h a t  a l l  v a r i a b l e s  had s i n u s o i d  te m p o ra l ly  
f o rc e d  p la n e  wave s o l u t i o n  fo rm , e q u a t io n  4 . 3 3 .  a  c h a r a c t e r i s t i c  e q u a t io n  f o r  t h e  
wavenumber was d e r iv e d .
iwo + | '“o(3? + p  +  '  Vi} kx + | 1“o(3? + p } ^  •  C1 i ^ }  = ° -  ( 5 .3 6 )
T h is  c h a r a c t e r i s t i c  e q u a t io n  1s e x a c t l y  t h e  d e n o m in a to r  o f  t h e  t r u e  therm al 
v i s c o u s  G re e n 's  f u n c t i o n s  1n wavenumber and f re q u e n c y  domain s e t  equa l  t o  z e r o ;  
t h e  e q u a t io n  f o r  d e te rm in in g  t h e  wavenumber p o l e s ,  e q u a t io n  4 .6 0 .
For small v i s c o s i t y  and the rm al c o n d u c t i v i t y  t h e  s o l u t i o n  form was found to  
be ap p ro x im a te ly  2
u  t  h r  r x *  t  U j t + + <ir ■ r » x +fleV  e 1 e 2C3 3p p Cv Cp X
Q) C (|) C
. IV ° E r w  4 - * r
1(d t  2 k  x 2 k  x / c
+ Be 0  e  e  * ( 5 *37)
The f i r s t  te rm  r e p r e s e n t s  an a c o u s t i c  wave which 1s s p a t i a l l y  a t t e n u a t e d  by th e  
p ro d u c t  o f  t h e  e x p o n e n t ia l  v i s c o u s  a t t e n u a t i o n  found by S to k e s ,  e q u a t io n  5 .34  
( t h e  second c o e f f i c i e n t  o f  v i s c o s i t y  has been In c lu d e d  a l s o )  and t h e  e x p o n e n t ia l  
the rm al co n d u c t io n  a t t e n u a t i o n  d e r iv e d  by R a y le ig h ,  e q u a t io n  5 .3 5 .  S i m i l a r l y  in  
t h i s  ap p ro x im a tio n  th e  p ro p a g a t io n  v e l o c i t y  1s u n e f f e c t e d .  The second te rm  r e ­
p r e s e n t s  the rm al d i f f u s i o n .
Landau and L 1fsh1 tz  I n v e s t i g a t e d  t h e  a t t e n u a t i o n  o f  a c o u s t i c  waves due 
t o  v i s c o s i t y  and the rm al c o n d u c t i v i t y  by exam ining t h e  wave e n e rg y .  The t im e r a t e  
o f  d l s s a p a t l o n  o f  t h e  m echna lca l  e n e r g y ,  £jnec(t > o f  t h e  a c o u s t i c  wave was d e r iv e d
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b y 'c o n s id e r in g  th e  r a t e  o f  e n t ro p y  change due to  sm all  v i s c o s i t y  and the rm al  
c o n d u c t iv i ty .  This  was d iv id e d  by tw ic e  t h e  t o t a l  e n e rg y  o f  an undamped wave 
to  o b ta in  th e  c o e f f i c i e n t  f o r  e x p o n e n t ia l  tem pora l  decay  o f  t h e  f l u c t u a t i o n  f o r  
small d i s s a p a t i o n ,
-ES£lL = + {r • r)] • (5-38)2E v p
This c o e f f i c i e n t  i s  a p p l i c a b l e  f o r  th e  t im e decay  o f  a g iv en  wavenumber f l u c t u a t i o n  
and w i l l  be d is c u s s e d  in  l a t e r  s e c t i o n .  I t  was assumed t h a t  t h e  p r o p a g a t io n  v e l o c i t y  
was n o t  e f f e c t e d  by t h e  d i s s i p a t i o n  t h e r e f o r e  t h e  tem poral c o e f f i c i e n t  o f  decay  was 
d ivided by th e  p r o p ig a t io n  v e l o c i t y  y i e l d i n g  th e  e x p o n e n t ia l  s p a t i a l  a t t e n u a t i o n
t  2
mech k__  , , 4  n , . r< k „
.  2 E C. x 2C 1 3  p p Cv Cp X ( 5 .3 9 )
6 I “ 6
f o r  small v i s c o s i t y  and the rm al c o n d u c t i v i t y .  T h is  s p a t i a l  a t t e n u a t i o n  i s  e x a c t l y  
the a t t e n u a t io n  o f  th e  a c o u s t i c  wave te rm  d e r iv e d  by K i r c h h o f f ,  e q u a t io n  5 .3 7 .
The p lane  wave s o l u t i o n  form f o r  e x p o n e n t ia l  tem poral f o r c i n g  a t  f re q u e n c y  
uQ d e r iv e d  by K irc h h o f f  i s  com parable t o  t h e  p la n e  r e s p o n s e  d e r iv e d  from t h e  
thermal v isc o u s  model G re e n 's  f u n c t i o n ,  e q u a t io n  5 .3 0 .  Both d i s p l a y  s p a t i a l l y  
a t te n u a t in g  and p ro p a g a t in g  a c o u s t i c  wave and the rm al d i f f u s i o n  t e r m s ,  th e  s p a t i a l  
a t te n u a t io n  and p ro p a g a t io n  c h a r a c t e r i s t i c s  o f  t h e  the rm al d i f f u s i o n  te rm ,  e q u a t io n  
5.32, a r e  i d e n t i c a l .  However, t h e r e  i s  a d esc rep a n cy  in  t h e  s p a t i a l  c h a r a c t e r i s t i c s  
of  the  a c o u s t i c  wave te rm s .  Although K i r c h h o f f ' s  c h a r a c t e r i s t i c  e q u a t io n  f o r  
wavenumber i s  i d e n t i c a l  t o  th e  e q u a t io n  used to  d e te rm in e  th e  t r u e  wavenumber p o le s  
of  th e  G re en 's  f u n c t i o n s  in  wavenumber and t im e  domain, t h e  ap p ro x im a t io n  o f  t h e  
wavenumbers by K irc h h o f f  and f o r  th e  model G re e n 's  f u n c t i o n  a r e  d i f f e r e n t .  The model 
Green 's  f u n c t io n  a p p ro x im a tio n  in c lu d e s  t h e  e f f e c t  o f  v i s c o s i t y  and the rm al con­
d u c t iv i t y  on th e  p ro p a g a t io n  v e l o c i t y ,  e q u a t io n  5 .3 1 ,  which was n e c e s s a r y  t o  o b t a in  
com patible  wavenumber and f re q u en c y  p o le s .  E i t h e r  by f u r t h e r  a p p ro x im a t in g  th e
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model G reen 's  f u n c t io n  o r  by u s in g  th e  ap p ro x im a te  wavenumber p o l e s ,  e q u a t io n  
4.65, th e  s p a t i a l  a t t e n u a t i o n  becomes
- k '  | r j  „  " 7 r " 3 Dl l r xl " 7 3  P + ?  + '  f r ^ l r xl
e w x £  e  1 = e 2C1 v p ( 5 .4 0 a )
and th e  phase v e l o c i t y  becomes
uo % r  (5 .4 0 b )
IF  1 Kw 1
which a r e  e x a c t ly  th o s e  o f  K i rc h h o f f .  Thus t h e  model G re e n 's  f u n c t i o n  y i e l d s  
r e s u l t s  which a r e  c o n s i s t a n t  w i th  th o s e  p r e v io u s l y  d e r iv e d  f o r  sm all  v i s c o s i t y  
and thermal c o n d u c t iv i t y .  In  a d d i t i o n  th e  the rm al v i s c o u s  model G re e n 's  f u n c t i o n  
y ie ld s  th e  e f f e c t  on t h e  a c o u s t i c  p r o p ig a t io n  v e l o c i t y  which i s  n e c e s s a r y  f o r  t h e  
Green 's  f u n c t io n s  in  a l t e r n a t e  domains t o  be c o m p a t ib le .  As w i l l  be s e e n ,  t h i s  
r e s u l t s  w ith  a co m p a t ib le  re sp o n se  to  f o r c i n g  a t  a g iv e n  wavenumber.
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Spherical sinusoid spatial and impulse temporal forcing
The p ro d u c t  o f  im pulse  tem poral f o r c i n g ,  e q u a t io n  5 .1 2 ,  and r a d i a l  s i n u s o i d a l  
f o rc in g ,  e q u a t io n  5 .1 5 ,  y i e l d s  equal f o r c i n g  o f  a l l  f r e q u e n c i e s  and f o r c i n g  o f  
one wavenumber, krQ, in  t h e  r a d i a l  d i r e c t i o n ,
f ( r , t )  = e  ro  6 ( t )  , f ( t . a i )  = (2ir)3 S (£ -£ r o ) .  ( 5 .4 1 a ,b )
The s p h e r ic a l  re sp o n se  in  te rm s  o f  t h e  im pus le  G re e n 's  f u n c t i o n  r e s u l t s  from
ev a lu a t io n  o f  th e  i n v e r s e  F o u r ie r  t r a n s f o r m a t i o n  o f  e q u a t io n  3 f o r  t h i s  f o r c i n g ,
x ( f . t )  •  f  p - ,  . - * • *  f  &  e 1" 1 6 ( t . )  <2.)3« ( t- t_ >  -
J -«* ( 2 tt) j -<»
- i k ^ r
•  e r 0  G(lcr o , t )  (5 .4 2 )
Due to  th e  im pulse G re e n 's  f u n c t i o n ,  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  an a lo g y  f o r
impulsive temporal f o r c i n g ,  e q u a t io n  5 .1 0 ,  i f  t h e  i n i t i a l  c o n d i t i o n  term i s
s p h e r i c a l ly  s i n u s o i d a l ,
*1 k r
Y ( r , t= 0 )  = e  ro  , Y(ic,t=0) = (2 tt) 36 (lc-lcr o ) ( 5 .4 3 a ,b )
then th e  r e l a x a t i o n  may be ex p re s se d  a s
x ( r , t )  = e l k r ° r  G ^ f l ^ . t )  . ( 5 .4 4 )
Thus th e  r e sp o n se  t o  o r  r e l a x a t i o n  from s in u s o id a l  r a d i a l  f o r c i n g  i s  t h e  p ro d u c t  
o f  a s in u s o id a l  r a d i a l  o s c i l a t i o n  and t h e  G re e n 's  f u n c t i o n  in  wavenumber and tim e 
domain e v a lu a te d  a t  th e  f o rc e d  wavenumber. The G re e n 's  f u n c t i o n  d e te r m in e s  t h e  tem poral 
c h a r a c t e r i s t i c s  o f  t h e  re s p o n s e  o r  r e l a x a t i o n .  The d i f f u s i o n  ty p e  G re e n 's  f u n c t i o n s ,  
equa tions  4 .2 4 ,  e x h i b i t  e x p o n e n t ia l  tem pora l  decay  o n ly .  The wave ty p e  G re e n 's  
fu n c t io n s  may e x h i b i t  e x p o n e n t ia l  tem poral d ecay  and o s c i l a t i o n ,  e q u a t io n s  4 .4 2 ,  o r  
a s in g l e  ex p o n e n t ia l  decay ,  e q u a t io n s  4 .4 5 ,  o r  two s e p a r a t e  e x p o n e n t i a l  tem poral 
decays ,  e q u a t io n  4 .4 9 ,  depending on t h e  r e s p e c t i v e  tem pora l  damping c o n d i t i o n s ,  u n d e r -
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damped, c r i t i c a l l y  damped, o r  overdamped. The th e r m a l - v i s c o u s  ty p e  G re e n 's  
fu n c t io n s ,  e q u a t io n s  4 . 9 4 ,  s im u l ta n e o u s ly  e x h i b i t  bo th  t h e  d i f f u s i o n  ty p e  and 
wave type te rm s .  Using th e  the rm al v i s c o u s  model im pu lse  G r e e n 's  f u n c t i o n  w i th  
tem porally  underdamped wave ty p e  b e h a v io r ,  e q u a t io n  4 .8 6 a ,  t h e  r e s p o n s e  becomes
The r e a l  and im ag ina ry  p o r t s  o f  th e  underdamped complex model wave f r e q u e n c y ,  
and th e  complex model d i f f u s i o n  f re q u e n c y  a s  d e f in e d  by e q u a t io n s  4 .8 4  
and 4.81 a r e  t h e  p ro d u c t  o f  i  and t h e  f re q u e n c y  p o le s  o f  t h e  G re e n 's  f u n c t i o n  in  
wavenumber and f re q u en c y  domain. They a r e  f u n c t i o n s  o f  th e  p a r a m e te r s  o f  th e  
medium and th e  f o r c in g  wavenumber which a l s o  d e te rm in e  t h e  tem pora l  damping 
c o n d i t io n .  The wave r e l a t e d  re sp o n se  i s  a t t e n u a t e d  t e m p o r a l ly  w i th  e x p o n e n t ia l  
dependence on as  i t  p ro p a g a te s  r a d i a l l y  w i th  t h e  phase  v e l o c i t y  
The d i f f u s io n  r e l a t e d  r e s p o n s e  decays t e m p o r a l ly  w i th  e x p o n e n t ia l  dependence on 
“dm Wlt*10ut p r o p a g a t io n .
k=k,ro
( 5 .4 5 )
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Plane s in u s o id  s p a t i a l  and im pu lse  tem pora l  f o r c in g
Equal f o r c in g  o f  a l l  f r e q u e n c ie s  and f o r c i n g  o f  one wavenumber, t XQ, in  th e  
x d i r e c t io n  may be o b ta in e d  from t h e  p r o d u c t  o f  im pu lse  tem pora l  f o r c i n g ,  e q u a t io n  
5 .12, and p la n e  s in u s o id  f o r c i n g ,  e q u a t io n  5 .1 7 ,  a s  
*"i k v*
f ( r , t )  = e xo x « ( t )  , f(Tc,«) = ( 2 n ) 3 6 (kx- k x o )6 (k y ) 6 ( k z ) ( 5 .4 6 a ,b )
The p lane  re sp o n se  may be e x p re s s e d  in  te rm s  o f  t h e  im pulse  G re e n 's  f u n c t i o n  in  
wavenumber and t im e domain by e v a l u a t i o n  o f  t h e  i n v e r s e  t r a n s f o r m a t i o n  o f  e q u a t io n  
5 . 3  upon s u b s t i t u t i o n  o f  t h e  f o r c i n g ,
■ f  7 T 3  f  E  e 1“ t G ( ^ 0, > ( 2 , ) 3 a (k x - k x o ) S (k  ) fi(k z ) ■
J -® (Zir) J - 00
= e lkx° rx  G ( tx o , t )  ( 5 .4 7 )
By th e  impulse G re en 's  f u n c t i o n ,  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  a n a lo g y ,  
th e  i n i t i a l  c o n d i t io n  te rm  
• i  k r
Y (r , t= 0 )  = e xo x , Y(lc,t=0) = ( 2 ir)3 s ( k x - k x o ) 6 (ky ) 6 (k 2 ) ( 5 .4 8 a ,b )
y i e ld s  th e  p la n e  r e l a x a t i o n
x ( ? x , t )  = e " 1^  G ^ f l ^ . t ) .  ( 5 .4 9 )
The response  o r  r e l a x a t i o n  in  sp a ce  and t im e  domain from p la n e  s i n u s o i d a l  
o s c i l a t i o n  in  space  i s  equa l  t o  t h e  p r o d u c t  o f  t h e  s p a t i a l  o s c i l a t i o n  and th e  
G reen 's  f u n c t io n  in  wavenumber and t im e  domain. As o c c u r s  w i th  r a d i a l  s i n u s o i d a l  
fo rc in g  and im p u ls iv e  tem poral f o r c i n g ,  t h e  G re e n 's  f u n c t i o n  d e t e r m in e s  th e  
temporal c h a r a c t e r i s t i c s  o f  th e  r e s p o n s e  o r  r e l a x a t i o n  v i a  t h e  wavenumber p o le s  o f  
the  G reen 's  f u n c t i o n  in  wavenumber and f re q u e n c y  domain.
Both th e  te m p o ra l ly  underdamped wave ty p e  b e h a v io r  and t h e  d i f f u s i v e  type  
behavior a r e  d isp la y e d  when th e  t e m p o r a l ly  underdamped the rm al v i s c o u s  model
160
impulse G re e n 's  f u n c t i o n  i s  used  t o  d e te rm in e  t h e  r e s p o n s e
- 1 k r
h/'+i* x 0  x 
x ( r  , t ) = - y —  --------- —sj—
X Ccf-D2(D!-D2)kJ03
®1 2 
t V “ 2 co s  ( /  c i kL _r k xot )  +




. A  - d. ) 51" * '
xo
D2
/  C2 k2v  Ll Kxo T ^ x o  -
( 5 .5 0 )
The p lane  wave r e s p o n s e  i s  s i m i l a r  t o  t h e  s p h e r i c a l  wave r e s p o n s e  g iv e n  by e q u a t io n
5.44. The underdamped wave ty p e  r e sp o n se  d ec ay s  e x p o n e n t i a l l y  in  t im e  by t h e  te rm
I  2 12
kx o '
= e v p (5 .5 1 a )-  *,  wm = e
T V *
J» r-  S. + 5-l+fJS- _ JL_nt
2 l 3 p p m C„ r.
D, ,  k‘
v p
as i t  p r o p ig a te s  in  t h e  x d i r e c t i o n  a t  t h e  phase  v e l o c i t y  
3 -------
“1 . 9 o ;w™ = /  r 2  _ _L  ir‘
1 ^  C1 4 kxo
r? i i a  
U1 “ K
The d i f f u s i o n  ty p e  r e s p o n s e  decays  e x p o n e n t i a l l y  in  t im e by t h e  te rm
_-“,dmt  _ / ^ x o *  e = e
(5 .5 1 b )
( 5 .5 2 )
w ithou t p ro p a g a t io n .
The temporal a t t e n u a t i o n  o f  th e  wave re s p o n s e  t o  wavenumber f o r c i n g ,  e q u a t io n  
5 .51a,  i s  e x a c t ly  t h e  tem pora l  a t t e n u a t i o n  d e r iv e d  by Landau and L i f s h i t z  and 
p rev ious ly  d i s c u s s e d ,  e q u a t io n  5 .3 8 .  T h e i r  a p p ro x im a t io n  o f  u n e f f e c t e d  p r o p a g a t io n  
v e lo c i ty  which th e y  used t o  d e r i v e  t h e  s p a t i a l  a t t e n u a t i o n  o f  a r e s p o n s e  to  
frequency f o r c i n g ,  e q u a t io n  5 .3 9 ,  i s  an  ap p ro x im a t io n  o f  t h e  p r o p a g a t io n  v e l o c i t y ,  
equation  5 .51b . The model G re e n 's  f u n c t i o n  y i e l d s  c o m p a t ib le  s p a t i a l  c h a r a c t e r i s t i c s  
o^ th e  f requency  f o r c e d  a c o u s t i c  r e s p o n s e ,  e q u a t io n  5 .3 1 ,  and tem pora l  c h a r a c t e r i s t i c s  
o f  th e  wavenumber f o r c e d  a c o u s t i c  r e s p o n s e ,  e q u a t io n  5 .5 1 ,  when t h e  p r o p a g a t io n  
v e lo c i ty  i s  e f f e c t e d  by sm all v i s c o s i t y  and the rm al  c o n d u c t i v i t y .
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Spherical impulse spatial and impulse temporal forcing
Forcing which i s  t h e  p r o d u c t  o f  im p u ls iv e  tem pora l  f o r c i n g ,  e q u a t io n  5.1 
and im puls ive  f o r c in g  a t  a p o in t  in  s p a c e ,  e q u a t io n  5 .1 4 ,
f ( r , t )  = 6 ( r ) 6 ( t )  , f ( £ , u )  = 1
fo rc es  a l l  f r e q u e n c ie s  and r a d i a l  wavenumbers e q u a l l y .  The r e s p o n s e  t o  t h i s  
f o rc in g ,  as may be e v a lu a te d  by t h e  i n v e r s e  t r a n s f o r m a t i o n  o f  e q u a t io n  5 .3
../+ . i  _ f  d3^  _ - i £ * r  r  dot _icot „ / *  \ _
(  ,  ) "  7 7 7 3  e  2 7  e  S < k ’ “ > "J ( 2 tr) J -»
= G ( r , t )
i s  simply th e  G re e n 's  f u n c t i o n  in  sp a ce  and t im e  domain.
From th e  im pulse  G re e n 's  f u n c t i o n ,  i n i t i a l  c o n d i t i o n  G re e n 's  f u n c t i o n  
analogy f o r  im p u ls iv e  tem poral f o r c i n g ,  e q u a t io n  1 0 , i f  t h e  i n i t i a l  c o n d i t i o n  
term i s  im pu ls ive  a t  a p o in t  in  sp a c e
Y ( r , t  = 0) = 6 ( f )  , Y(lc,t = 0) = 1
then th e  r e l a x a t i o n  i s  equal to  t h e  im pulse  G re e n 's  f u n c t i o n  a s  may a l s o  be
eva lua ted  from th e  s p a t i a l  c o n v o lu t io n  o f  e q u a t io n  5 . 4 ,
x ( r , t )  = j°° d ^ r ' Gx y ( r - r ' , t ) 6 ( f ' )  = Gx y ( r , t )
( 5 .5 3 a ,b )
(5 .5 4 )
( 5 .5 5 a ,b )
( 5 .5 6 )
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Plane Im pulse  s p a t i a l  and im pu lse  tem poral f o r c i n g
The p ro d u c t  o f  im p u ls iv e  tem poral f o r c i n g ,  e q u a t io n  5 .1 2 ,  and im p u ls iv e  
fo rc ing  a t  a p la n e  r e s u l t s  in  t h e  f o r c i n g
forces  a l l  f r e q u e n c ie s  and a l l  wavenumbers i n  t h e  x d i r e c t i o n  e q u a l l y  b u t  does n o t  
allow th e  wavenumber v e c t o r  t o  have any components in  t h e  y  o r  z d i r e c t i o n s .  The 
plane response  t o  t h i s  f o r c i n g ,  a s  e x p r e s s e d  by e q u a t io n  5 . 3 ,  may be s i m p l i f i e d  
to th e  form o f  a s i n g l e  i n t e g r a l ,
This one d im ensional i n v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t i o n  o f  a t h r e e  d im ens iona l  
Green's f u n c t io n  which i s  an even f u n c t i o n  o f  t h e  m agn itude  o f  t h e  wavenumber has 
been r e l a t e d  to  an i n d e f i n i t e  i n t e g r a l  o f  t h e  G re e n 's  f u n c t i o n  in  s p a c e  domain by 
equation 5 .29 ,  th u s  t h e  p la n e  r e s p o n s e  i n  space  and t im e  domain may be e x p re s se d  
as an i n d e f i n i t e  i n t e g r a l  o v e r  t h e  x d i r e c t i o n  o f  sp a c e  o f  t h e  im pu lse  G re e n 's  
function  in  space and t im e domain,
As a r e s u l t  o f  th e  im pulse  G re e n 's  f u n c t i o n ,  i n i t i a l  c o n d i t i o n  G r e e n 's  f u n c t i o n  
analogy f o r  im pu ls ive  tem poral f o r c i n g ,  e q u a t io n  5 .1 0 ,  an i n i t i a l  c o n d i t i o n  te rm  
which i s  im pu ls ive  a t  a p la n e ,
f ( r , t )  = 6 ( r x ) 6 ( t )  , f ( T U )  = 2TT6(ky )2ir5(k2 ) ( 5 .5 7 a ,b )
(5 .5 8 )
(5 .5 9 )
Y ( ? , t  = 0) = 6 ( r x ) , Y ( t , t  = 0) = 2irS(ky )27rS(kz ) ( 5 .6 0 a ,b )
r e s u l t s  in  a r e l a x a t i o n  which may be e x p re s s e d  a s
(5.61)
S ta tis tic a l Responses
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When th e  f l u c t u a t i o n  r e s p o n s e  i s  random, due to  random f o r c i n g ,  t h e  r e s p o n s e  
a u to c o r r e la t io n  i s  r e l a t e d  by th e  G re e n 's  f u n c t i o n s  to  t h e  f o r c i n g  c o r r e l a t i o n .  
Representing a s t a t i s t i c a l  a v e ra g e  by t h e  b r a c k e t s ,  < > , t h e  r e s p o n s e  a u t o ­
c o r r e l a t i o n  i s  d e f in e d  a s
R x x ^ t . f )  = < x ( r , t )  x * ( r \ t ' ) >  (5 .6 2 )
The response  r e p r e s e n t a t i o n s  o f  e q u a t io n s  5.1 o r  5 .3  a l l o w  t h e  r e s p o n s e  a u t o ­
c o r r e l a t i o n  to  be e x p re sse d  a s
RXx ( r , r , ; t , t , ) = £  d3? ' " ! ^  d t " j "  d t , , , G ( r - r " , t - t " ) G * ( r - r " , , t ' - t , , , )•
• < f ( r " , t " ) f ( r , " , t " , )>
( 5 .6 3 )
or  as
l U r . f ' s t . t ' J - f  d f t _ i t * r P  •?* C  ^ 1» t p  d ^ - i w ' t ' g ^  )G* ( t , I}.
xx J —® (2 tt) J —<»( 2 ir) J - «  J - « Zlr
• < f ( t , o . ) f * ( t , ,ai , )> ( 5 .6 4 )
where th e  f o rc in g  c o r r e l a t i o n  i s
Rff ( r " , r ' 1 1 ; t " , t ' 11) = < f ( r " , t " ) f * ( r "  ' , % " ) >  ( 5 .6 5 )
and th e  fo rc in g  power spectrum  i s
S ^ ( t , t ‘ ; u , u ' ) = < f(T t ,a i ) f* ( t '  .a)' )> . ( 5 .6 6 )
The t r a n s f o r m a t io n  between c o r r e l a t i o n  and power spec trum  i s  g iv e n  by t h e  p a i r
R(r,r>;t,t')=r ^ . - i i t - f r  d f * * ' .?• T do^tf” ,} (5.67a)
J - « ( 2 tt) 3  ■*-<»(2 ir) J - » 2ir J - ~ Zv
S ( U ' » ' ) - [ “ d3? e1**? f  d3? ' dt  e’ i a t f  d t ' e ^ V , ? '  ; t . f ).
■'-OB j .eo J -CD J -OO (5 .  67b)
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Temporally nonstationary and random forcing
In o r d e r  t o  c o n s id e r  t h e  c h a r a c t e r i s t i c s  o f  f l u c t u a t i o n s  o f  a g iv e n  wave­
length  t o  te m p o ra l ly  n o n s t a t i o n a r y  and random f o r c i n g  t h e  f o r c i n g  w i l l  be s e p a r a t e d  
in to  th e  p ro d u c t  o f  s p a t i a l  f o r c i n g  and tem poral f o r c i n g .  The s p a t i a l  f o r c i n g  
w ill  be th e  s in u s o id a l  r a d i a l  f o r c i n g  o f  e q u a t io n  5 .1 5 .  The n o n s t a t i o n a r y  random 
temporal f o r c in g  c o n s id e re d  w i l l  be t h e  p r o d u c t  o f  a n o n s t a t i o n a r y  e n v e lo p e ,  
f ^ ( t ) ,  and random n o i s e ,  f N( t ) ,  a s  shown
f ( t )  = f E( t ) f N( t )  , f ( « )  = f E( u ) f n (« )  ( 5 .6 8 a ,b )
S u b s t i t u t i n g  t h e  f o r c in g  in  t h e  re s p o n s e  a u t o c o r r e l a t i o n  form o f  e q u a t io n  5 .64  
and perform ing th e  s p a t i a l  i n t e g r a t i o n s  y i e l d s
RxX( r , r , ; t , t , )=e1Rro' ( r  f e iw t f  ^ e - ' i“ , t , G(T? .«,,)G*(lt ,U*)<T(U)T*(U')>
J  s. 00 » «CO
( 5 .6 9 )
where th e  s p a t i a l  c o r r e l a t i o n  i s  t r i v i a l .  C o n s id e r in g  one p o i n t  i n  sp a c e  th e  
c o r r e l a t i o n  in  tim e may be e x p re s se d  as
R(t>t' )=f  | r €"i“ , t ,G^ r o*“ )G* ^ ro * a>,)Sf f (iu’“ ,) * (5,70)J  _«Q * -oo
Thus th e  r e sp o n se  a u t o c o r r e l a t i o n  in  t im e  i s  r e l a t e d  to  t h e  im pulse  G re e n 's  f u n c t i o n  
in wavenumber and f re q u en c y  domain and th e  power spec trum  o f  t h e  te m p o ra l  f o r c i n g .  
Caughey and Barnoski and Maurer have c o n s id e r e d  t h i s  ty p e  o f  tem poral
a n a ly s i s  w ith  n o n s t a t i o n a r y  random e x c i t a t i o n  and showed t h a t  t h e  mean s q u a re  r e sp o n se  
could be e x p re ssed  a s
A(t,bi) ( 5 .7 1 )Rxx( ? . r ; t , t )  = <x2 ( r , t ) >  = £  %  S ^ U )  
where
A ( t ,u )  = jr  e l V t  )FE(aj+w') . ( 5 .7 2 )
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They co ns idered  bo th  u n i t  s t e p  and r e c t a n g u l a r  s t e p  e n v e lo p e s ,
FE( t )  = U (t )
FE( t )  = U (t )  -  U ( t - t Q) , ( 5 .7 3 a ,b )
with both w h ite  and c o r r e l a t e d  n o i s e s ,
Rf  f  ( t . t * ) = R . 6 ( t - f )  
t Nt N 0
Rf  f  ( t , t ‘ ) = R e ' ^ ' ^ c o s M t - t ’ ) )  ( 5 .7 4 a ,b )
N N 0
f o r  an a c o u s t i c  wave ty p e  G r e e n 's  f u n c t i o n .  The mean s q u a re  r e s p o n s e s  t o  t h e s e  
n o n s ta t io n a ry  random te m p o ra l  f o r c i n g s  have been d e r iv e d  b u t  w i l l  n o t  be in c lu d e d  
here.
Random spatial forcing or in i t ia l  condition
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In o r d e r  t o  c o n s id e r  th e  r e l a x a t i o n  c h a r a c t e r i s t i c s  o f  a f l u c t u a t i o n  due t o  
s p a t i a l l y  random f o r c in g  o f  a l l  f r e q u e n c i e s  a t  an i n s t a n t  i n  t im e  o r  due t o  a 
s p a t i a l l y  random i n i t i a l  c o n d i t i o n  t h e  f o r c i n g  w i l l  be s e p a r a t e d  i n t o  t h e  p ro d u c t  
of  a random s p a t i a l  f o r c in g  and t h e  im p u ls iv e  tem pora l  f o r c i n g  o f  e q u a t io n  5 .1 2 .  
S u b s t i tu t in g  t h i s  f o r c in g  i n t o  t h e  r e s p o n s e  a u t o c o r r e l a t i o n  form o f  e q u a t io n  5 .6 3  
and e v a lu a t in g  t h e  tem poral i n t e g r a l s  y i e l d s
R ^ r . r ' j t . t ' ) - ] ^  d3? " ! *  d 3 ! ? ' 1 ' G ( r - r " , t ) G ( r ' - r ' ' 1 , t '  ) < ? ( r " ) ? ( r ' ' '  )> . ( 5 .7 5 )
Due to  th e  im pulse  G re e n 's  f u n c t i o n ,  i n i t i a l  v a l u e  G re e n 's  f u n c t i o n  a n a lo g y  f o r  
impulsive temporal f o r c in g  t h e  c o r r e l a t i o n  o f  t h e  r e l a x a t i o n s  due to  s i n g l e  i n i t i a l  
con d i t io n  te rm s may be e x p re s se d  as
V * 2 ( ? * * S t , t ' H  ’ \ y 1 ( ? "7 ', ’ t )G x 2y 2 ( ? ' - ? '  V r - . t - O j Y j j t f ' ' '  , t = 0 )
( 5 .7 6 )
Also, th e  t e n s o r i a l  c o r r e l a t i o n  may be e x p re s se d  a s
Rv. v ( ^ , ; t , t , ) = r  d3 r " f  d3 r " ' G .  m( r - r " , t ) G .  ( ? ' - r "  ' , f ) < T  ( r " ) ? n ( r ' "  )> . ( 5 .7 6 )
i j  J -a. J -a> J
V
I f  th e  s p a t i a l  f o r c in g  o f  e q u a t io n  5 .75  i s  c o m p le te ly  random, t h e  f o r c i n g  
c o r r e l a t i o n  i s
Rf f ( r " , r " ' )  = < f ( ? " ) T ( r ' " ) >  = F0 6 ( r " - ? ' " )  ( 5 .7 7 )
and a l l  wavenumbers a r e  e x c i t e d .  One s p a t i a l  i n t e g r a l  may be e v a lu a t e d  and th e  
o th e r  may be r e e x p re s s e d  by i n t e g r a t i o n  v a r i a b l e  s u b s t i t u t i o n  y i e l d i n g
R x x t f . r ' ^ . f )  = f  d3 r "  G ( r " , t ) G ( r " + r - r ' , t ' )  . ( 5 .7 8 )
J  _£3
The s p a t i a l  r e sp o n se  a u t o c o r r e l a t i o n  a t  one t im e  becomes
R j y ^ r . r ' )  = r  d3? "  G ( r " , t ) G ( r " + r - r ' , t )  . ( 5 .7 9 )
• tmCD
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This s p a t i a l  a u t o c o r r e l a t i o n  i s  e a s i l y  e v a lu a t e d  f o r  a d i f f u s i v e  G re e n 's  
func tion  s in c e  th e  d i f f u s i v e  G re e n 's  f u n c t i o n  in  s p a c e  and t im e  domain i s  a 
Gaussian f u n c t io n  i n  s p a c e .
Although t h e  c lo s e d  form o f  t h e  the rm al v i s c o u s  G r e e n 's  f u n c t i o n  in  sp a c e  
and time domain i s  awkward, t h e  t r i p p l e  s p a t i a l  i n t e g r a t i o n  o f  t h e  a u t o c o r r e l a t i o n  
has been p a r t i a l l y  pe r fo rm ed .  By e x p r e s s in g  t h e  e r r o r  f u n c t i o n s  o f  t h e  G re e n 's  
func tion  in  i n t e g r a l  form and chang ing  i n t e g r a t i o n  o r d e r  o n ly  s i n g l e  i n t e g r a t i o n  
forms remain which may p e rh a p s  be e v a lu a te d  n u m e r i c a l ly .  H o p e fu l ly  e v a l u a t i o n  
could y i e l d  v is c o u s  and th e rm a l  c o n d u c t io n  e f f e c t s  f o r  c o m p re s s ib l e  t u r b u l e n c e .
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APPENDIX A-l
A th r e e  d im ensiona l i n v e r s e  F o u r ie r  s p a t i a l  t r a n s f o r m a t i o n  r e q u i r e s  th e  
e v a lu a t io n  o f  a t r i n l e  i n t e g r a l .  Due t o  t h e  i n h e r e n t  s p h e r i c a l  symmetry 
o f  th e  f u n c t i o n s  t o  be t r a n s fo rm e d  th e  t r i p l e  i n t e g r a t i o n  may be s i m p l i f i e d  
to  a s in g l e  i n t e g r a t i o n .
C onsider  t h e  i n v e r s e  t r a n s f o r m a t io n  i n t e g r a l  e x p r e s s e d  in  te rm s  o f  a 
c a r t e s i a n  c o o r d in a te  sy s tem ,
Since th e  i n t e g r a t i o n s  a r e  t o  be perform ed o v e r  t h e  e n t i r e  wavenumber s p a c e ,  
the  c o o r d in a te  d i r e c t i o n s  a r e  a r b i t r a r y .  I t  i s  c o n v e n ie n t  to  a l i g n  p o s i t i v e
r e c e iv e r  as  shown in  f i g u r e  A - l . l .  The o r i e n t a t i o n  o f  t h e  c o o r d i n a t e  a x i s  a l lo w s
system. When th e  s p h e r i c a l  c o o r d in a t e  d i r e c t i o n s  k ,  e ,  4 a r e  d e f in e d  as  
shown in  f i g u r e  A - l . l ,  th e  i n v e r s e  F o u r ie r  t r a n s f o r m a t io n  may be e x p r e s s e d  as
S ince  th e  f u n c t i o n s  t o  be t ra n s fo rm e d  a r e  s p h e r i c a l l y  sym m etric  th e y  
must be inde p en d e n t  o f  t h e  n o n - r a d i a l  d i r e c t i o n s ,  e and <j>, and two o f  t h e  
th r e e  r e q u i r e d  i n t e g r a t i o n s  may be per fo rm ed .  The I n t e g r a t i o n  w i th  r e s p e c t  
tn  <j> i s  s im ply
F(*) =
( A - l . l )
z a x i s  a long  th e  d i s t a n c e  v e c t o r ,  r ,  from t h e  p o i n t  o f  e x c i t a t i o n  t o  th e
th e  i n t e g r a l  to  be s i m p l i f i e d  when e x p re s s e d  in  te rm s o f  a s p h e r i c a l  c o o r d in a t e
dk f* kde w ks in e d ^  - i k r  cos  e
o _  o _  o _  “217 J g J g 2tt F (S ) • ( A - l . 2)
= 2ir ( A - l . 3)
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r e c e i  v e r
so u rc e
F ig u re  A - l . l  
S p h e r ic a l  geom etry o f  wavenumber v e c to r
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and the integration with respect to e may be evaluated as
( A - l . 4)
Thus the  i n v e r s e  t r a n s f o r m a t io n  r e q u i r e s  o n ly  one i n t e g r a t i o n  t o  be perform ed 
and s i m p l i f i e s  to
As a r e s u l t  o f  s p h e r i c a l  symm etry, F(l<) must be an even f u n c t i o n  o f  k b ecause  
the s ign  o f  k, which changes t h e  d i r e c t i o n  o f  £  by 1 8 0 ° ,  must n o t  have any 
e f f e c t .  S ince  th e  te rm  k s i n  ( k r )  i s  an even f u n c t i o n  o f  k, t h e  e n t i r e  
in teg rand  o f  e q u a t io n  A - l . 5 i s  an  even f u n c t i o n  o f  k. T h is  a l lo w s  t h e  i n t e g r a t i o n  
l im i t s  t o  be changed so t h a t  t h e  i n t e g r a t i o n  i s  t o  be perform ed a lo n g  t h e  
e n t i r e  r e a l  k a x i s ,  r a t h e r  th a n  j u s t  t h e  p o s i t i v e  r e a l  k a x i s ,  and th e  
tran s fo rm a t io n  becomes
These l i m i t s  f a c i l i t a t e  t h e  u se  o f  t h e  Cauchey R esidue  theorem f o r  the  
e v a lu a t io n  o f  t h e  i n t e g r a l  s i n c e  u s e fu l  complex c o n to u r s  in c lu d e  t h e  e n t i r e  
rea l  a x i s .
In many in s t a n c e s  t h e  i n t e g r a t i o n  a lo n g  p a r t  o f  t h e  complex c o n to u r  i s  
equal t o  ze ro  due t o  an  e x p o n e n t ia l  te rm  o f  t h e  i n t e g r a n d .  T h e r e f o r e  i t  i s  
convenient to  expand t h e  s i n u s o i d a l  te rm  i n  an e x p o n e n t ia l  fo rm . S in c e  F(£) 
is  an even f u n c t i o n  o f  k , i t  i s  most c o n v e n ie n t  to  r e p l a c e  t h e  s i n u s o i d a l  te rm  
with th e  i d e n t i t y
dk k s i n  ( k r )  F(l<) . ( A - l . 5)
F ( r )  = dk k s i n  ( k r )  F (£) . _4tt r
( A - l . 6 )
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s in  ( k r )  = |  e 1kr  -  j -  cos  ( k r )  ' ( A - l . 7)
and express  th e  i n v e r s e  t r a n s f o r m a t io n  in  te rm s  o f  two i n t e g r a l s  a s
F (r)  = - J - o -  f  dk k e i k r  F ( t )  -  f  dk k cos  ( k r )  F ( t )  . ( A - l . 8 )
i4ir r  ■*-• 14ir r  • '-a>
The second i n t e g r a t i o n  o f  e q u a t io n  8  i s  equa l  to  z e ro  b ec au se  i t s  i n t e g r a n d  
i s  an odd f u n c t io n  o f  k. Thus t h e  s p h e r i c a l  symmetry o f  t h e  t r a n s fo rm e d  
fu n c t io n ,  F ( t )  o n ly  an even f u n c t i o n  o f  k ,  a l lo w s  t h e  i n v e r s e  s p a t i a l  F o u r i e r  
t r a n s fo rm a t io n  t o  be e x p r e s s e d  in  t h e  s i m p l i f i e d  fo rm ,
F ( r )  = — U - f  dk k e i k r  F (£)  . ( A - l . 9)
APPENDIX A-2
The' in v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t io n s  from wavenumber and 
frequency domain t o  sp a ce  and f re q u e n c y  domain o f  a l l  o f  t h e  G r e e n 's  
func t ions  invo lve  wavenumber i n t e g r a t i o n s  which may be e v a lu a t e d  by 
contour i n t e g r a t i o n s  on t h e  complex wavenumber p la n e  s i n c e  t h e  i n t e g r a l s  
possess wavenumber p o le s .  The two p o l e s ,  k-j and k2 , o f  e i t h e r  t h e  
d i f f u s iv e  o r  damped wave ty p e  G re e n 's  f u n c t i o n s  a r e  o p p o s i t e  complex 
wavenumbers so th e  r e q u i r e d  i n t e g r a t i o n s  a r e  o f  th e  form
where n i s  an i n t e g e r  which i s  g r e a t e r  th a n  o r  equal to  z e r o .  The a c o u s t i c  
t e n s o r i a l  ty p e  G re e n 's  f u n c t i o n  p o s s e s s e s  a z e ro  wavenumber p o le  i n  a d d i t i o n  
to  the  complex p a i r  o f  p o le s  and r e q u i r e s  e v a lu a t io n  o f  t h e  same form w ith  
n equal to  minus one. The th e r m a l - v i s c o u s  ty p e  G re e n 's  f u n c t i o n s  p o s s e s s e s  
two p a i r s  o f  o p p o s i t e  complex wavenumber p o l e s ;  k-j, k2  and k^ ,  k^ ; and r e ­
q u ire s  e v a lu a t io n  o f  t h e  i n t e g r a l  form
fo r  t r a n s f o r m a t io n  to  sp a ce  and f re q u e n c y  domain. T h is  form w i th  n equa l to  
minus one,  which p o s s e s s e s  a z e ro  wavenumber p o l e ,  i s  a p p r o p r i a t e  f o r  th e  
t ra n s fo rm a t io n  o f  th e  th e r m a l - v i s c o u s  t e n s o r i a l  ty p e  G r e e n ' s  f u n c t i o n .
The wavenumber p o le s  o f  t h e  d i f f u s i v e  t y p e ,  e q u a t io n s  4 . 1 6 ,  t h e  damped 
wave ty p e ,  e q u a t io n s  4 . 3 2 ,  and th e  model t h e r m a l - v i s c o u s  t y p e ,  e q u a t io n s  4 . 7 1 ,  
Green 's  f u n c t io n s  a s  w e l l  a s  t h e i r  common i n t e g r a t i o n  c o n t o u r s ,  C-j and C2 , a r e
( A - 2 .1)
( A - 2 .2)
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shown in  f i g u r e s  A -2 .1 ,  A - 2 .2 and A -2 .3 r e s p e c t i v e l y .  The c o n to u r s  c o n s i s t  o f  
a re a l  segm ent,  a lo n g  which t h e  i n t e g r a t i o n s  o f  i n t e r e s t  a r e  t o  be e v a l u a t e d ,  
and a c l o s in g  s e m i c i r c u l a r  segm ent .  For each  o f  t h e  G r e e n ' s  f u n c t i o n s ,  t h e  
odd numbered wavenumber p o le s  p o s se s s  n e g a t iv e  im a g in a ry  p a r t s  and t h e i r  
o p p o s i t e s ,  t h e  even numbered p o l e s ,  p o s s e s s  p o s i t i v e  im a g in a ry  p a r t s .  Thus 
the  odd numbered p o le s  a r e  e n c lo s e d  by t h e  complex c o n to u r  C-j in  t h e  n e g a t iv e  
imaginary wavenumber h a l f  p la n e  and t h e  even numbered p o le s  a r e  e n c lo s e d  
by the  complex c o n to u r  C2  i n  t h e  p o s i t i v e  im a g in a ry  h a l f  p la n e .  A ccord ing  
to  th e  Cauchey r e s id u e  theorem an i n t e g r a t i o n  c o u n te r c lo c k w is e  around  a c lo s e d  
contour i s  equal to  t h e  p ro d u c t  o f  2 iri and t h e  sume o f  t h e  r e s i d u e s  o f  t h e  
enc losed p o le s .  Thus t h e  i n t e g r a t i o n  around  th e  c o n to u r  may be e x p r e s s e d  
f o r  th e  d i f f u s i v e  and damped wave ty p e  G re e n 's  f u n c t i o n s  a s
and may be e x p re sse d  f o r  th e  t h e r m a l - v i s c o u s  ty p e  G r e e n 's  f u n c t i o n s  as
In th e  l i m i t  a s  t h e  c i r c u l a r  c o n to u r  r a d i u s ,  A, becomes i n f i n i t e  t h e  i n t e g r a t i o n  
along th e  r e a l  wavenumber a x i s  i s  i d e n t i c a l l y  t h e  r e q u i r e d  i n t e g r a t i o n  and t h e  
i n t e g r a t i o n  a lo n g  t h e  c l o s i n g  h a l f  c i r c l e  e q u a l s  z e ro  i f
l ^ n + l g i k r  r2n
( k-k-j) ( k+k-j) ^
i a %2n+l i r A c o s a - r A s in a
= 2iri R esidue  ( k = k , ) (A -2 .3a )
k2 n+1e i k r k2 n + le ik r +
ia»2n+ l i rA c o s a - rA s in a
(k 2 - k | ) ( k 2 - k | ) (k 2 - k f ) ( k 2 - k 2 )
= 2iri [R es id u e  (k=k^) + R esidue (k = k g )]  . (A -2 .3b)
r  s in  a  > 0 (A -2 .4)
Im aginary  k
Figure A-2.1
Complex Integration contours with
d iffus ion  wavenumber poles
Im aginary  k
*  Real
F ig u re  A -2 .2 
Complex I n t e g r a t i o n  c o n to u r s  w i th  
a c o u s t i c  wavenumber p o le s
Imaginary  k
Figure A-2.3
Complex integration contours with
thermal-viscous wavenumber poles
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which i s  t r u e  f o r  n e g a t iv e  v a lu e s  o f  r  s i n c e  s i n  a  i s  n e g a t i v e  f o r  any
po in t  in  t h a t  h a l f  p la n e .
For n e g a t iv e  v a lu e s  o f  r  t h e  r e q u i r e d  i n t e g r a t i o n s  a r e  equa l  t o  t h e  
product o f  -2iri and t h e  sum o f  t h e  r e s i d u e s  o f  t h e  odd numbered p o l e s .  The
d i f f u s iv e  and damped wave ty p e  i n t e g r a t i o n s  may be e v a lu a t e d  as
r, . 2 n+1  i k r  ? 1 k , r,d l t = - 1’ k i  e  • r < 0  (A' 2 - 5a)
and th e  th e rm a l - v is c o u s  ty p e  i n t e g r a t i o n  becomes .
r. k2 n+1e i k r  _ _ u  , n i k ^ r  , n i k 3rdk J '-A—f — — = - j y  [k “ ‘ e  1 - k ,  e  J  ]  , r  < 0 . (A -2 .5b)-  (k 2 - k f ) ( k 2 - k | )  ( k f - k | )  1 3
I n te g r a t io n s  a long  th e  c o n to u r  C2  y i e l d  th e  i n t e g r a l  e v a l u a t i o n s  f o r  p o s i t i v e
values o f  r .  S in ce  th e  e n c lo s e d ,  even numbered, wavenumber p o le s  a r e  o p p o s i t e s  
o f  the  odd numbered p o le s  t h e  d i f f u s i v e  and damped wave ty p e  i n t e g r a t i o n  may 
be exp ressed  as
r t,2n+l_1kr rA b2 n + l„ ik r  fir ■ / . „ i a » 2 n + l„ i r A c o s a - r A s in a
!c *  * f  « . ” *  ------------- =
= 2iri R esidue  (k = k2  = - k ^ ) ( A - 2 . 6 a)
and th e  th e rm a l -v is c o u s  ty p e  i n t e g r a t i o n  becomes
f i,2n+l_1kr rA b2n+l i k r  fir . #. iax2n+l i r A c o s a - r A s in a
dk — 2  —|  o 2 = dk - 2- | — o- 2  - + iAe da X ,  %  -  ,-----------------
Jc2 ( k ^ - k | ) ( k ^ - k | )  J-A (k  - k 2 ) (k  kg) J 0 (k 2 - k f ) ( k z - k | )
= 2ni [R es id u e  (k s  k2  = -k .j)  + R es idue  (k  = k^ = - k 3 ) ]  .
( A - 2 . 6 b)
I r. the  l i m i t  a s  th e  s e m i c i r c u l a r  c l o s in g  c o n to u r  r a d i u s  becomes i n f i n i t e  t h e  
co nd i t ion  o f  e q u a t io n  A -2 .4 i s  s a t i s f i e d  and t h e  i n t e g r a t i o n  a lo n g  t h e  c l o s i n g
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contour eq u a ls  z e ro  f o r  p o s i t i v e  v a lu e s  o f  r .  The r e q u i r e d  i n t e g r a t i o n s  a r e  
equal to  th e  p ro d u c t  o f  2 -rri and t h e  sum o f  t h e  r e s i d u e s  o f  t h e  p o le s  e n c lo s e d .
In terms o f  th e  odd numbered wavenumber p o le s  t h e  d i f f u s i v e  and damped wave 
type in t e g r a t i o n s  may be e v a lu a t e d  as
,® . 2 n+l i k r  2 - i k , r
)..dk ( K - k J d ^ i T '  1,lci  * • r > 0  <A- 2 -7a)
and th e  th e rm a l - v is c o u s  ty p e  i n t e g r a t i o n  may be e v a lu a t e d  a s
r. ,,2 n+l _i k r  _• - 1 k , r  - i k , rdk ^ - 5— I — 0— 0-  = o [ k f  e  1 - k ,  e  3 ]  , r > 0  . (A -2 .7b)-  (k 2 - k f ) ( k 2 - k | )  ( k f - k | )  1 3
The r e q u i r e d  i n t e g r a t i o n s  have been e v a lu a te d  s e p a r a t e l y  f o r  p o s i t i v e  and 
n ega t ive  v a lu e s  o f  r  and may be ex p re s se d  f u n c t i o n a l l y  f o r  a l l  v a lu e s  o f  r  
as
n uzn+i i x r  9 - IK ,  | r  I
h = J J *  ( k -k ,  = ] 7 f  ilr kl e * " ^  0  (A-2 . 8 a)
. 2 n+l i k r  . 9n - i k ,  | r |  9n - i k „ | r |
II = j dk — ^— 2------- 2— 2 ~  ~ TrT  <T ~ 2  ^ 1  e  " ^ 3  e  °  ]  , n ^  0  .
1 J-® (k 2 - k f ) ( k 2 - k | )  I n  ( k f - k | )  1 3 (A -2 .8 b)
The a c o u s t i c  t e n s o r i a l  and th e rm a l - v i s c o u s  t e n s o r i a l  ty p e  G re e n 's  f u n c t i o n s  
a l so  posse ss  z e ro  wavenumber p o le s  which m ust be avo ided  by t h e  c o n to u r .  These 
poles may be e i t h e r  in c lu d e d  o r  exc luded  from th e  i n t e r i o r  o f  t h e  c lo s e d  c o n to u r  
by small s e m ic i r c u l a r  c o n to u r s  w i th o u t  e f f e c t i n g  th e  r e s u l t  o f  t h e  r e q u i r e d  
I n t e g r a t i o n ,  t h e  p r i n c i p a l  p a r t  o f  t h e  i n t e g r a t i o n  a lo n g  th e  r e a l  wavenumber 
a x i s .  The i n t e g r a t i o n  c o n t o u r s ,  Cj and C^, and th e  a p p r o p r i a t e  wavenumber 
po les  a r e  shown by f i g u r e s  A -2 .4 ,  A -2 .5 and A -2 . 6  where t h e  nonzero  wavenumber p o le s
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a p p r o p r ia te  f o r  t h e  t r a n s v e r s e  a c o u s t i c  t e n s o r i a l ,  l o n g i t u d i n a l  a c o u s t i c  
t e n s o r i a l  and lo n g i t u d i n a l  th e rm a l - v i s c o u s  t e n s o r i a l  ty p e  G re e n 's  f u n c t i o n s  
a re  e x a c t ly  th o s e  o f  th e  d i f f u s i v e ,  damped wave and th e r m a l - v i s c o u s  ty p e s .
In th e  l i m i t  a s  A becomes i n f i n i t e  t h e  i n t e g r a t i o n  a lo n g  t h e  c l o s i n g  
contour  eq u a ls  z e ro  f o r  n e g a t iv e  v a lu e s  o f  r ,  a c c o rd in g  to  e q u a t io n  A -2 .4 ,  and 
1n th e  l i m i t  a s  e  app roaches  z e ro  t h e  r e a l  wavenumber i n t e g r a t i o n  e q u a ls  i t s  
p r in c ip a l  v a lu e  r e s u l t i n g  in  t h e  i n t e g r a t i o n  around  th e  c o n to u r  Cg f o r  th e  
t r a n s v e r s e  and lo n g i t u d i n a l  a c o u s t i c  t e n s o r i a l  G re e n 's  f u n c t i o n s ,
i e e  d a  — - - - - - - - - - 3- - - - - - - - - - - - - - - - - , - - - - - - - - - - =
ee a (e e  a - k - | ) ( e e  a+k^)
(A -2 .9a )=  2 i r i  R esidue (k = k , ) ,
and f o r  th e  l o n g i t u d in a l  th e r m a l - v i s c o u s  t e n s o r i a l  Greens f u n c t i o n ,
k ( k 2 - k | ) ( k 2 - k | ) ee  ( e  e  - k - | ) ( e  e - k g )i ® /  2  i 2 a  i , 2 \ /  2 „ i 2 a  LZ\
=  2-n- i  [R es id u e  ( k  =  k - j )  + R esidue  ( k  =  k g ) ]  . ( A - 2 . 9 b )
The in t e g r a t i o n s  around  th e  z e ro  wavenumber p o le s  a r e  equa l  to  th e  p ro d u c t  o f  
-iri and th e  r e s id u e  o f  th e  p o le  in  th e  l i m i t  a s  e ap p ro a ch es  z e ro  o r  may be 
in te g r a te d  d i r e c t l y  as
Thus th e  r e q u i r e d  i n t e g r a t i o n s  f o r  t h e  a c o u s t i c  and th e r m a l - v i s c o u s  ty p e  
te n s o r i a l  G re e n 's  f u n c t i o n s  may be e v a lu a te d  f o r  n e g a t iv e  v a l u e s  o f  r  to  be
_ i k r  l k  r
PL  dk k (k -k )  i k + k , ) = t !  [ e  1 ’ r > 0  (A -2 .11a)
k r  • r  i  *i k*i r  i  1k«r ^
P| dk oe- b— o - o  = r - H  ■T C e  - T ] - - r C e  3  - 1 ]  lr , r > 0 .  ( A - 2 . l i b )
J -  k ( k 2- k f ) ( k 2- k | )  ( k 2- k | )  I k f  k2 J
In th e  l i m i t  a s  A becomes i n f i n i t e  and e ap p ro a ch es  z e r o ,  i n t e g r a t i o n  
along th e  c lo s in g  h a l f  c i r c l e  o f  c o n to u r  i s  equal to  z e ro  f o r  p o s i t i v e  
values o f  r  and th e  i n t e g r a t i o n s  f o r  th e  a c o u s t i c  t e n s o r i a l  and lo n g i t u d i n a l  
the rm al-v iscous  t e n s o r i a l  ty p e  G re e n 's  f u n c t i o n s  become 
i k r  r ” _ ik r
dk v7t,- £
e
dk k ( k - k 1) ( k + k 1 ) = PJ.a,dk k ( k -k 1 ) (k+ k1) +
0  ,  i r e e 1ct
i e e  a da
ir ee  ( e e  - k - | ) ( e e  +k^)
= 2rri R esidue ( k = k2  = -k-j) (A -2 .12a)
i k r  (•« i k r  rO „ i r e e 1a
dk  g— 2----2— 2 ~d k   ----------------- =p.2 , .2 \ / . 2  . 2  K i e e  da --------C4  k ( k ^ - k ^ ) ( k ^ - k | )  J - »  k ( k ^ - k p ( k ^ - k | )  e- 0  e e 1 0 ( e 2 e l 2 oi- k 2 ) ( e 2 e l 2 a - k | )
= 2iri [R es idue  (k = kg = -k-|) + R esidue  (k  = k^ = - k ^ ) ]  . (A-2 .12b)
The in t e g r a t i o n s  around  th e  z e ro  wavenumber p o le s  may be i n t e g r a t e d  d i r e c t l y ,  as  
shown by e q u a t io n s  A -2 .10,  and a r e  equal t o  t h e  p r o d u c t  o f  -iri and r e s i d u e  o f  th e  
poles r e s u l t i n g  in  t h e  r e q u i r e d  i n t e g r a l  e v a lu a t i o n s  f o r  p o s i t i v e  v a lu e s  o f  r ,
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 ^|(V* “ 1 k y*
C dk K l - i , ) ^  •  J f t e  1 - 1 ]  . r  > 0 (A -2 .13a )
r  J kr  r i _ i k i r  i _ 'ik ^r  l
p f  dk — 3e 0— 0— 2 r ~ r  i  h  0  - i ] - - r [ e  3 - i ]  . r  > o . ( A - 2 . i 3 b )
J -  k ( k 2 - k f ) ( k Z - k | )  ( k f - k | )  1 k ‘  k g  J
from e q u a t io n s  A -2 .11 and A - 2 .13 t h e  i n t e g r a t i o n s  w i th  s im p le  z e r o  wavenumber p o le s  
req u ired  f o r  e v a lu a t io n  o f  t h e  a c o u s t i c  t e n s o r i a l  and t h e  l o n g i t u d i n a l  
th e rm al-v isc o u s  t e n s o r i a l  G re e n 's  f u n c t i o n s  may be e x p r e s s e d  f u n c t i o n a l l y  
f o r  a l l  v a lu e s  o f  r  as
/ r  J kr  ~ * “ *ki M
d1! ’  = \ j k  k( 'k-k1T('k+k1T  = f r f  [ e  " 1] (A -2 .14a )
t  i \  r  J k»* .. ,• ( i - 11c-, I r l  ,  - i k _ | r I  i
h  = I dk ------ 1~ 2  2— 2“  s  Tr l  T ~ 2 ~  1 2  - 1 ] - - T C e  - 1]}
1 J -  k( k2 - k f ) ( k 2 - k | )  W  ( k f - k | )  k* J
(A-2 .14b)
Appendix A-3
The in v e r s e  tem poral t r a n s f o r m a t io n  from wavenumber and f re q u e n c y  domain 
to  wavenumber and t im e domain o f  a l l  o f  t h e  G re e n 's  f u n c t i o n s  in v o lv e  f re q u en c y  
in t e g r a t io n s  which may be e v a lu a t e d  s i m i l a r l y .  The in t e g r a n d s  p o s s e s s  complex 
frequency p o le s  which a l lo w  t h e  r e q u i r e d  i n t e g r a t i o n s  t o  be e v a lu a t e d  by th e  
Cauchey r e s id u e  theorem as  a segment o f  t h e  i n t e g r a t i o n  around  a c o n to u r  in  
the  complex f re q u en c y  p la n e .  The i n t e g r a t i o n  form r e q u i r e d  f o r  e v a l u a t i o n  o f  
the  d i f f u s i v e  ty p e  G reen ’s f u n c t i o n  p o s s e s s e s  one. f re q u e n c y  p o l e ,
I n = d 2
do> to e
A • (A -3 .1 )Z ir ( w - w i } '  '
where n i s  an i n t e g e r  which i s  g r e a t e r  th a n  o r  equal t o  z e r o .  The same i n t e g r a t i o n  
with n equal to  minus one y i e l d i n g  an a d d i t i o n a l ,  z e r o  f r e q u e n c y ,  p o le  i s  r e q u i r e d  
fo r  e v a lu a t io n  o f  t h e  t r a n s v e r s e  a c o u s t i c  t e r s o r i a l  ty p e  G re e n 's  f u n c t i o n .  The 
damped wave type  G re e n 's  f u n c t i o n  in  wavenumber and f re q u e n c y  domain p r e s s e s  
two non-zero  f requency  p o le s  and a c o r re s p o n d in g  t r a n s f o r m a t io n  in  i n t e g r a t i o n  
form
j n iu)tdm to e
^   r  (A"3 *2 )Ztt lu-oi-j J to)—
with n g r e a t e r  than  o r  equal t o  z e ro .  The t r a n s v e r s e  th e r m a l - v i s c o u s  t e n s o r i a l  
type G re en 's  f u n c t io n  p o s s e s s e s  two d i f f u s i v e  ty p e  f re q u e n c y  p o le s  and a z e ro  
frequency p o le  r e s u l t i n g  in  t h e  same i n t e g r a t i o n  form to  be e v a lu a te d  f o r  n 
equal to  minus one. The i n t e g r a t i o n  form r e q u i r e d  f o r  t h e  th e r m a l - v i s c o u s  ty p e  
Green 's  f u n c t i o n s ,
I n = 2
dm mn e 1uit____________  ( A - 3 .3)
2 ir  [ ( o i - i i ) '] ) ( m - u ^ )  ^ ( ( i i - i i i j )
d isp la y s  two in te g ra n d  p o l e s ,  in  sq u a re  b r a c k e t s ,  t h a t  a r e  s i m i l a r  to  th o s e  o f  th e  
damped wave ty p e  and one which i s  s i m i l a r  to  t h e  d i f f u s i o n  ty p e  p o le .
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All non-zero  f re q u en c y  p o le s  p o s se s s  p o s i t i v e  im a g in a ry  p a r t s  which a r e  
required  to  y i e l d  c a u sa l  G re e n 's  f u n c t i o n s  in  wavenumber and t im e  domain. The 
zero f requency  p o le s  m a th e m a t i c a l ly  p roduce non c a u s a l  G r e e n ' s  f u n c t i o n s .  In 
order t h a t  th e  G re e n 's  f u n c t i o n s  s a t i s f y  t h e  p h y s ic a l  c o n d i t i o n  o f  c a u s a l i t y  
the zero  f requency  p o le s  w i l l  be d i s p l a c e d  t o  t h e  p o s i t i v e  im a g in a ry  s id e  o f  
the o r i g i n .  The f re q u en c y  p o le s  o f  t h e  d i f f u s i v e  t y p e ,  e q u a t io n  4 . 1 6 c ,  th e  
t r a n sv e r se  a c o u s t i c  t e n s o r i a l  t y p e ,  e q u a t io n  4 .1 6 c  and z e r o  f r e q u e n c y ,  t h e  
damped wave ty p e ,  e q u a t io n s  4 . 3 0 ,  t h e  t r a n s v e r s e  th e r m a l - v i s c o u s  t e n s o r i a l  
type, equa t ion  4 .1 6 c ,  4 .130c and z e ro  f r e q u e n c y ,  and t h e  model th e r m a l - v i s c o u s  
type ,  eq u a t io n s  4 .7 1 ,  G re e n 's  f u n c t i o n s  a s  w ell  a s  t h e i r  common i n t e g r a t i o n  r e s ­
p e c t iv e ly .  Each c o n to u r  c o n s i s t s  o f  a segment a lo n g  t h e  r e a l  f re q u e n c y  
a x i s ,  a long which t h e  r e q u i r e d  i n t e g r a t i o n s  a r e  t o  be e v a l u a t e d ,  and a c l o s i n g  
s e m ic i rc u la r  segment. S ince  a l l  o f  th e  f re q u e n c y  p o le s  l i e  i n  t h e  p o s i t i v e  
Imaginary h a l f  p la n e ,  i n c lu d in g  t h e  d i s p l a c e d  z e r o  f re q u e n c y  p o l e s ,  t h e  con­
tour  Cj, which c l o s e s  in  t h e  n e g a t i v e  im ag ina ry  h a l f  p l a n e ,  e n c lo s e s  no p o le s  
and th e  c o n to u r  Cg, which c l o s e s  in  t h e  p o s i t i v e  im a g in a ry  h a l f  p la n e  e n c lo s e s  
a l l  o f  th e  f req u en cy  p o le s  o f  each  o f  th e  G re e n 's  f u n c t i o n s .
I n t e g r a t i o n s  c o u n te r c lo c k w is e  around  c o n to u r  C-j a r e  a c c o r d in g  t o  th e  
Cauchey r e s id u e  theorem , equal t o  t h e  p ro d u c t  o f  2:ri and t h e  sum o f  th e  r e s i -  
of the  enc lo sed  p o le s  which i s  equa l  to  z e r o  s i n c e  no p o le s  a r e  e n c lo s e d .  The 
in te g r a t io n  around t h e  c o n to u r  f o r  t h e  d i f f u s i v e  ty p e  a n d ,  s i n c e  t h e  z e ro  
frequency po le  i s  d i s p l a c e d ,  t h e  t r a n s v e r s e  a c o u s t i c  t e n s o r i a l  ty p e  G re e n 's  f u n c t i o n s ,  
n equal to  minus one ,  may be e x p r e s s e d  as
ic ^ n  . 1 tA c o s a - tA s in a
(A-3.4a)
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The damped wave ty p e  c o n to u r  I n t e g r a t i o n  an d ,  due t o  a d i s p l a c e d  z e ro  f re q u en c y  
p o le ,  th e  t r a n s v e r s e  th e rm a l - v i s c o u s  t e n s o r i a l  c o u n to u r  i n t e g r a t i o n ,  n equal 
to  minus one ,  become
. n J u tdoi u e
2 lT  ( u - U - |  )  ( u - u 2 )
-A
j  n l tot dm tu e
2ir (lu-tii'j) ( 01- 0 1 2 )
2ir
1Ae1ada (A e 'a ) e 
2 t t
i a , n i tA c o s a - tA s in a
(Ae1 —tn-j K A e1- ^ )
(A-3 .4b)
1
The con tour  i n t e g r a t i o n  co r re sp o n d in g  to  t h e  th e r m a l - v i s c o u s  ty p e  G re e n 's  
fu n c t io n  i s
-A
j  n i u t  du in e
2ir [{(ii-uii) ( to—tog) J ( to—uigJ
j  n „ 1 u t  du u e
2ir [ (u-u-j) (u-UgJJtu-Uj)
2ir
iAe1ctda (Ae1ct) e i tA c o s a - tA s in «
2,r [ (A ei 2u1 )(A ei 2Iu2 ) ] (A e i 2U3)
(A -3 .4c )
In th e  l i m i t  a s  t h e  c l s o in g  c o n to u r  r a d i u s ,  A, becomes i n f i n i t e  t h e  i n t e g r a t i o n  
along the  r e a l  f req u en cy  a x i s  becomes th e  r e q u i r e d  i n t e g r a t i o n  and th e  i n t e ­
g r a t io n  a long th e  c l o s in g  h a l f  c i r c u l e  e q u a ls  z e ro  i f
t  s i n a  > 0. ( A - 3 .5)
This c o n d i t io n  ho ld s  o v e r  th e  c l o s i n g  c o n to u r  in  th e  n e g a t i v e  im ag in a ry  h a l f
p lane ,  where s in a  i s  n e g a t iv e ,  f o r  n e g a t iv e  v a lu e s  o f  t .  T h e r e f o r e  f o r  nega­
t i v e  time a l l  r e q u i r e d  i n t e g r a t i o n s  and th u s  a l l  G re e n 's  f u n c t i o n s  in  wave­
number and tim e domain a r e  equa l  t o  z e r o .  I f  t h e  z e ro  f re q u e n c y  p o le s  had n o t  
been d i s p l a c e d  th e  i n t e g r a t i o n s  r e q u i r e d  f o r  th e  t r a n s v e r s e  a c o u s t i c  and 
th e rm a l-v isc o u s  t e n s o r i a l  G re e n 's  f u n c t i o n s  would have been n o n -z e ro  f o r  n e g a t iv e  
time and th e  G re e n 's  f u n c t i o n s  would have been non c a u s a l .
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I n t e g r a t io n s  c o u n te rc lo c k w is e  around t h e  c o n to u r  Cg a r e  eq u a l  t o  t h e  
product o f  2ui and t h e  sum o f  t h e  r e s i d u e s  o f  t h e  e n c lo s e d  p o le s  and y i e l d  th e  
re q u ire d  in t e g r a l  e v o l u t io n s  f o r  p o s i t i v e  v a lu e s  o f  t .  A ll  o f  t h e  f re q u e n c y  
po les  o f  each o f  t h e  G re e n 's  f u n c t i o n s  in  wavenumber and f re q u e n c y  domain l i e  
in  o r  have been d i s p l a c e d  to  t h e  p o s i t i v e  im ag inary  h a l f  p la n e  and a r e  e n ­
c lo sed  by th e  c o n to u r  Cg. The c o n to u r  i n t e g r a t i o n  f o r  th e  d i f f u s i v e  ty p e  
G reen 's  f u n c t i o n  may be e x p re s se d  a s
ir
iAe1ada (Aei a ) e i tA c o S a~tAsi' na _
2ir / « - i a  \(Ae - u , )
-A 0 1
j  ndu a) e \  n J u t  du u e |
2ir (<!)-(»)•]) 2ir ( u - u j )
= 2iri Residue (u = u j) ,  n ^  0, (A -3 .6 a )
and s i m i l a r l y  th e  i n t e g r a t i o n  f o r  t h e  t r a n s v e r s e  a c o u s t i c  t e n s o r i a l  ty p e  G re e n 's  
fu n c t io n ,  w ith  a d i s p l a c e d  z e ro  f re q u en c y  p o l e s ,  becomes
iAe‘i“ da e i tA cosa- tA sinadu e 1ut
fA 4 ♦. f
du e +
2n u(u-u-] ) 2ir utu-U'j) 2ir Ae1a(Ae1a-o ji)
-A
= 2iri [R es idue  (u=u-j) + R esidue  (u=0), n >_ 0, 
The damped wave type  i n t e g r a t i o n  around  c o n to u r  C2  i s
(A-3.6b)
du n J u t  u e '^A n J u t  du u e  |
2tt ( u -U j) (U-U2 ) 2ir (u-u-j ) (u -U 2 )
-A
iAe1ctda (A e‘a ) e
2it
ia » n J tA c o s a - tA s in a
(Ae1a-ai.j) (Ae10- ^ )l a
2-nri [R es idue  (u=u^) + R es idue  ( u ^ g ) ] .  n ^  0 , (A-3.6c)
and th e  c o n to u r  i n t e g r a t i o n  f o r  t h e  t r a n s v e r s e  th e r m a l - v i s c o u s  t e n s o r i a l  ty p e  
G reen 's  f u n c t i o n  w ith  a d i s p l a c e d  z e ro  f re q u en c y  p o le  i s
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. dii)
J u te 'Adw e i u t  ,
rn  s 
1Ae da
2ir
ICM313313 2tr a)((i)-a»i) ( 01- 0)2 ) 2 tt
j t A c o s a - t A s i n a
-A
Ae1 a (Ae12tu1 )(A e12a,2 ) 
= 2iri [Res idue  (id3<i)j) + R esidue  (w3^ )  + R esidue  (<d 3 0 ) ] . (A-3.6d)
The th e rm a l-v is c o u s  ty p e  c o n to u r  i n t e g r a t i o n  becomes
rA. n - io it  du to e
2u
j  n 7ojtdu a) e
2tt [(tU —<1)1 M l l l - l l ^ ) ] ^ ” ! !^ )
-A
,  j n i tA c o s a - tA s in a
iAe da (Ae ) e
2ir r / » _ i a  w , _ i a  ^ / » . . i a[(Ae ^  )(Ae -Mg ) ] (A e  - id3 )
= 2iri [R es idue  ( id3^ )  + R esidue  ( iu3^ )  + R esidue (w3^ ) ] . (A -3 .6e )
In the  l i m i t  a s  t h e  c l o s in g  c o n to u r  r a d i u s ,  A, becomes i n f i n i t e  th e  i n t e g r a t i o n  
alone th e  c l o s in g  h a l f  c i r c l e  in  t h e  p o s i t i v e  im ag inary  f re q u e n c y  h a l f  p la n e  i s  
equal to  ze ro  when th e  c o n d i t io n  o f  e q u a t io n  A -3 .5 i s  s a t i s f i e d ,  f o r  p o s i t i v e  v a lu e s  
o f  t .  In t h e  same l i m i t  t h e  i n t e g r a t i o n  a lo n g  t h e  r e a l  f re q u e n c y  a x i s  becomes 
the  r e q u i r e d  i n t e g r a t i o n  which,  f o r  p o s i t i v e  t im e ,  i s  equa l  t o  t h e  p r o d u c t  
o f  2ni and th e  sum o f  th e  r e s i d u e s .  S in ce  t h e  r e q u i r e d  i n t e g r a t i o n s  a r e  equal 
to  zero  f o r  n e g a t iv e  v a lu e s  o f  t ,  each  o f  t h e  i n t e g r a t i o n  e v a l u a t i o n s  may be 
expressed f u n c t i o n a l l y  f o r  a l l  t im e  a s  th e  p ro d u c t  o f  t h e  u n i t  s t e p  f u n c t i o n  
of  t im e ,  U ( t ) ,  and th  c o r re sp o n d in g  p o s i t i v e  t im e e v a l u a t i o n .  Thus the. i n t e ­
g r a t i o n  r e q u i r e d  f o r  th e  d i f f u s i v e  ty p e  G re e n 's  f u n c t i o n  may be e v a lu a t e d  in  
terms o f  th e  f re q u en c y  p o le s  as  
n J u t
l n = d*2 (A-3.7a)
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a n d " e v a lu a t io n  o f  th e  t r a n s v e r s e  a c o u s t i c  t e n s o r i a l  ty p e  i n t e g r a t i o n ,  n e q u a ls  
minus one, a l s o  in c lu d e s  t h e  z e ro  f re q u e n c y  r e s i d u e  y i e l d i n g
l ( - D  
d 2 p. u(t) - i  [e1^ *  - 1] .2 IT U ( u - U - |  ) '  (Jj-j (A-3.7b)
The damped wave type  i n t e g r a t i o n  becomes
rn =
w 2
n J u t
 r “ «(*) 7— "— r C(«i)n,e 1uit -  (««)” e 1“z t ] ,  n > 0,2ir (u-u-i )(u-u>2) —togJ ‘■ ' 1 '  2 '  —
( A - 3 . 7 C )
and th e  t r a n s v e r s e  th e rm a l - v i s c o u s  t e n s o r i a l  ty p e  i n t e g r a t i o n ,  w i th  a z e ro  
frequency r e s id u e  a l s o ,  i s
J u t
i l - v  =
wx2 TT i  e  w r  = U (t) 7— -— r  0 -  [ e i u i t - l ] -  1 -  [ e 1' ^ - ! ] }  (A -3 .7d)2iraj(ai-u)-j Jvw-ojg; (0)1-012) 2 J
—CO >
The th e rm a l-v is c o u s  ty p e  G re e n 's  f u n c t i o n  i n t e g r a t i o n  may be e v a l u a t e d ,  in  te rm s 
o f  t h e  f requency  p o le s ,  a s
Ln = 2
j  n J u t  du u e
2ir L (u - u . |K u - u g J j lu -u g )
= U (t )  1--------- rj--------- r(Uj-UjMUg-U-j)




The in v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t io n s  from wavenumber and t im e 
domain to  space  and t im e domain o f  t h e  d i f f u s i v e ,  t r a n s v e r s e  a c o u s t i c  t e n s o r i a l  
and t r a n s v e r s e  th e rm a l - v is c o u s  t e n s o r i a l  ty p e  G re e n 's  f u n c t i o n s  a l l  in v o lv e  
wavenumber i n t e g r a t i o n s  o f  t h e  form
and th e  t r a n s v e r s e  t e n s o r i a l  ty p e  G re e n 's  f u n c t i o n s  a l s o  in v o lv e  i n t e g r a t i o n s  
o f  th e  form
The r e q u i r e d  d i f f u s i v e  ty p e  i n t e g r a t i o n s  co r re sp o n d  to  n o n n e g a t iv e  v a lu e s  o f  
the  i n t e g e r  n and may be e v a lu a t e d  by r e l a t i n g  them to  a  w e l l  known i n t e g r a t i o n  
form. All o f  t h e  t r a n s v e r s e  t e n s o r i a l  ty p e  i n t e g r a t i o n s  c o r r e s p o n d  t o  v a lu e s  
o f  n equal to  minus o n e ,  minus two o r  minus t h r e e  and th u s  t h e  in t e g r a n d s  
possess  ze ro  wavenumber p o le s  o f  o r d e r  o n e ,  t h r e e  o r  f i v e  r e s p e c t i v e l y .  As a 
r e s u l t ,  t h e  i n t e g r a t i o n  forms t Ig  may be e v a lu a t e d  by c o n to u r  i n t e g r a t i o n s  in  
the  complex wavenumber p la n e .  The e x p o n e n t i a l  dependence on wavenumber sq u a red  
in th e  t r a n s v e r s e  t e n s o r i a l  i n t e g r a t i o n  forms ^1^ p r e c lu d e s  e v a l u a t i o n  by 
s im i l a r  c o n to u r  i n t e g r a t i o n s  however t h e s e  i n t e g r a t i o n s  may be e v a lu a t e d  by a 
convo lu tion  te c h n iq u e .
The d i f f u s i v e  ty p e  i n t e g r a t i o n s ,  e q u a t io n  A-4.1 w i th  non n e g a t iv e  n ,  may be 
r e l a t e d  to  a known i n t e g r a t i o n  and th u s  e v a l u a t e d .  S in ce  t h e  5 and r  depend­
ence o f  t h e  i n t e g r a t i o n  o c c u r s  o n ly  in  e x p o n e n t ia l  te rm s  o f  t h e  in t e g r a n d  which
0 o -x l
a l s o  in v o lv e  k and k r e s p e c t i v e l y  th e  te rm  k o f  t h e  i n t e g r a n d  may be 
c o n v e n ie n t ly  e x p re sse d  in  te rm s o f  p a r t i a l  d e r i v a t i v e s  w i th  r e s p e c t  t o  6 and r
(A-4.1)
( A - 4 .2)
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y ie ld in g  th e  e q u i v a l e n t  i n t e g r a t i o n  form
(A-4.3)
The i n t e g r a t i o n  to  be pe r fo rm ed ,
(A -4 .4a )
may, by symmetry a rg u em en ts ,  be e x p re s s e d  in  t e r m s . o f  a known i n t e g r a t i o n  form. 
For th e  wavenumber i n t e g r a t i o n  l i m i t s  from n e g a t iv e  t o  p o s i t i v e  i n f i n i t y ,  o n ly  
the  even p a r t  o f  t h e  i n te g r a n d  w i l l  c o n t r i b u t e  to  t h e  i n t e g r a t i o n  w hich w i l l  
be equal to  tw ice  t h e  i n t e g r a t i o n  from z e ro  to  i n f i n i t y  o f  t h e  even p a r t  o f  
the in te g ra n d .  Thus th e  i n t e g r a t i o n ,  I 0> i s  equa l  to  tw ic e  a known i n t e g r a t i o n ,  
t a b u la te d  in  G radshteyn and Ryzhik ( ) and i s  e v a lu a te d  a s
U t i l i z in g  t h i s  e v a lu a t io n  in  e q u a t io n  A -4 .3 and p e r fo rm in g  t h e  p a r t i a l  
d i f f e r e n t i a t i o n  w ith  r e s p e c t  t o  r ,  t h e  d i f f u s i v e  ty p e  i n t e g r a t i o n  may be e x p re s s e d  
as
which i s  e a s i l y  e v a lu a te d  f o r  a g iv e n  i n t e g e r  n.
The t r a n s v e r s e  t e n s o r i a l  ty p e  i n t e g r a t i o n s ,  e q u a t io n  A - 4 .2 w i th  n equa l  to
minus one ,  minus two o r  minus t h r e e ,  may be e v a lu a te d  by c o n t o u r  i n t e g r a t i o n s .  
The in te g ra n d s  p o s se s s  z e ro  wavenumber p o le s  which w i l l  be av o id e d  and 
excluded from th e  i n t e r i o r  o f  t h e  c lo s e d  c o n to u r  in  t h e  complex wavenumber p la n e
by small s e m ic i r c u l a r  p a th s  o f  r a d i u s  e as  shown by f i g u r e  A -4 .1 .  The rem a in d e r
0
dk cos ( r k )  e " 6k'
.2
2 ( /  e '  45 ) . (A -4 .4b)




Complex Integration contours with
zero wavenumber pole lOa\
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o f  th e  i n t e g r a t i o n  c o n to u rs  c o n s i s t  o f  th e  p r i n c i p a l  p a r t  o f  t h e  i n t e g r a t i o n s  
along th e  r e a l  a x i s  ( i n  t h e  l i m i t  a s  e ap p ro a ch es  z e ro )  and t h e  s e m i c i r c u l a r  
c lo s in g  co n to u rs  o f  r a d iu s  A in  t h e  n e g a t iv e  o r  p o s i t i v e  im a g in a ry  h a l f  
p lanes .  S ince  no wavenumber p o le s  a r e  in c lu d e d  w i th in  t h e  c o n t o u r ,  th e  
i n t e g r a t i o n s  around th e  c o n to u r  a r e  equa l  to  z e ro  and may be e x p r e s s e d  a s
1kr f-A . i k r  r2v  , i rA c o s o - rA s in a
d k ^ w , , s e  d°
fir j  i r e e ^ “
+ l i m i t  i e e l a da ^ ---------/ -■*- - iT  = 0 , n •  - 1 . - 2 . - 3  . ( A - 4 .6)
• * °  (Ae1“ )
In th e  l i m i t  as  th e  c l o s in g  c o n to u r  r a d i u s ,  A, becomes i n f i n i t e  t h e  i n t e g r a t i o n s  
along th e  r e a l  wavenumber a x i s  a r e  t h e  r e q u i r e d  i n t e g r a t i o n s  and i n t e g r a t i o n s  
along th e  c lo s in g  h a l f  c i r c l e  e q u a ls  z e ro  i f
r  s i n  a  > 0 . ( A - 4 .7)
This, c o n d i t io n  e x i s t s  f o r  n e g a t iv e  v a lu e s  o f  r  s i n c e  s i n  a  i s  n e g a t iv e  in  
the  n e g a t iv e  im aginary  h a l f  p la n e .  In th e  l i m i t  a s  e a p p ro a c h e s  z e ro  th e  
i n t e g r a t io n s  c lockw ise  h a l f  way around  t h e  z e ro  wavenumber p o le s  a r e  equal to  
minus one h a l f  th e  ze ro  wavenumber p o le  c o n t r i b u t i o n s ,  t h e  p r o d u c t  o f  - tti and 
the  Residue. Thus f o r  n e g a t iv e  v a lu e s  o f  r  th e  r e q u i r e d  i n t e g r a t i o n s  maybe 
expressed  as
T  o1kr f11 i  J r e e i a
p dk " 7 ~ on' 'i  ^ 3 l i m i t --------- i e e  “ d o --------- y- -9■ v i  = -iri R esidue  (k  = 0) . (A -4 .8)
k l -  '  e - 0  J 2tt ,  i a \  '( e e  )
S ince th e  r e s id u e  o f  a p o le  o f  o r d e r  m a t  wavenumber equa l  t o  z e r o  g iven  by
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Residue (k = 0) = f j j j r f j f  l l m i t  ■ f j ^ y  [{km) ( i n t e g r a n d ) ]  , ( A - 4 .9)
k->0 3 k
the r e q u i r e d  i n t e g r a t i o n s  f o r  n e g a t iv e  v a lu e s  o f  r  may be e v a l u a t e d  as
r  e 1kr i k rP dk V -  = -iri l i m i t  e 1KI = - i i r  , r  < 0 (A -4 .10a )
K k->0
p f  dk = -iri i r -  l i m i t  ^ L .  e l k r  » , r  < 0 (A -4 .10b)
J— k k-*o a r  c
r i k r  4 4d k ^ - e - 3 - ^  i r  l i m i t e i k r  = , r <  0 . (A -4 .10c )ks lc*0 3k4 a
The i n t e g r a t i o n s  c o u n te rc lo c k w is e  around  th e  c o n to u r  C2 a l s o  e x lc u d e  t h e  
zero wavenumber p o le s  and may be e x p re s se d  as
J k r  
d k  e _ _ = p
A i k r  fir . i rA c o sa - rA s in a  
dk / } ) + j iAe da * ---------- / ■ o„ u  +aK - T ^ T f  -  '  aK aa i a " ( “ 2n— 1)
2 M K u (Ae )
+ l i m i t
(■0 . 1 ree ^°
j  i e e  d a  — .- - ^ n - T ) ' "  0  •  n  =  ‘ T ’ - 2 ’ ' 3  •  ( A - 4 . 11)
e - * 0  J i r  ,  „ i a \( e e  )
The in t e g r a t i o n s  around th e  c l o s in g  s e m i c i r c u l a r  p a th  a r e  equa l t o  z e ro  f o r  
p o s i t iv e  v a lu e s  o f  r ,  by e q u a t io n  A -4 .7 ,  in  th e  l i m i t  a s  i t s  r a d i u s ,  A, becomes 
i n f i n i t e  and in  th e  l i m i t  as  e ap p ro a ch es  ze ro  th e  i n t e g r a t i o n s  c lo c k w ise  
h a l f  way around  t h e  z e ro  wavenumber p o le  i s  equa l  to  minus one h a l f  t h e  p o le  
c o n t r i b u t io n .  Thus the  r e q u i r e d  i n t e g r a t i o n  becomes
. i a
dk
J k r  f0 . J r e e
'( - 2 n - l ) = 1ee 0(1(1  f - 2 n - l  \ = iri R esidue  (k = 0) ( A - 4 .12)
e - - 0  it ,  J a \  ~  '( e e  )
fo r  p o s i t i v e  v a lu e s  o f  r  whicn i s  j u s t  t h e  o p p o s i t e  a s  f o r  n e g a t i v e  v a lu e s  o f  r ,
199
equation  A -4 .8 .  There t h e  r e q u i r e d  i n t e g r a t i o n s  may be e x p r e s s e d  f o r  a l l  v a lu e s  
o f  r  as
(A -4 .13c )
(A -4 .13a )
(A-4 .13b)
The t r a n s v e r s e  t e n s o r i a l  ty p e  i n t e g r a t i o n s ,  e q u a t io n  A-4.1 w i th  n equa l  to  
minus one ,  minus two o r  minus t h r e e ,  may be e v a lu a t e d  by a c o n v o lu t io n  t e c h n i ­
que. The i n t e g r a l  form i s  s i m i l a r  to  t h a t  o f  e q u a t io n  A - 4 .2 b u t  i n c lu d e s  an
by i n t e g r a t i o n s  a long  t h e  c o n to u rs  o f  f i g u r e s  A-4.1 and A - 4 .2 b ecau se  t h i s  a d d i t i o n a l  
exponen tia l  term c a u se s  t h e  i n t e g r a l  e v a lu a t io n s  a lo n g  t h e  s e m i c i r c u l a r  c l o s in g  
contours  to  be non z e ro  in  t h e  l i m i t  a s  i t s  r a d i u s  becomes i n f i n i t e .  However 
the  com p lic a t in g  e x p o n e n t ia l  te rm  may be handled  by an a l t e r n a t e  e x p r e s s io n  o f  
the  i n t e g r a t i o n  form. The i n t e g r a t i o n ,  which r e s u l t s  from a t h r e e  d im ensiona l
*1f +
in v e rse  F o u r ie r  t r a n s f o r m a t io n  between £  and r  domains w i th  a k e rn a l  e -1 "r , 
i s  o f  th e  form o f  a one d im ensiona l  i n v e r s e  F o u r i e r  t r a n s f o r m a t io n  between k and 
r  domains w ith  a k e rn a l  e ^ r . Such an in v e r s e  t r a n s f o r m a t io n  r e l a t e s  t h e  
i n t e g r a t io n  in  r  domain, t h a t  i n t e g r a t i o n  to  be e v a l u a t e d ,  t o  i t s  k domain 
r e p r e s e n ta t io n  a s





d l J  (k) = 27rk2n+1 e ' 6k2 = f d r  e ' l k r  d l J  ( r )  . (A -4 .14b)
The k domain I n t e g r a l  r e p r e s e n t a t i o n  may be e x p r e s s e d  in  te rm s  o f  t h e  k 
domain r e p r e s e n t a t i o n s ,  s i m i l a r l y  d e r iv e d  from e q u a t io n  A -4 .4 . a and e q u a t io n  
A -4 .2 ,  o f  two e v a lu a te d  i n t e g r a t i o n s  as
dJ 3 (^ )  = f c  I 0 (k )  t X3 (k)  (A -4 .15a )
where
2
I Q(k) = 2Tre‘ 5k and t l jJ (k)  = 2irk2n+1 . (A -4 .1 5 b ,c )
Therefore  t h e  d e s i r e d  i n t e g r a t i o n  may be r e e x p r e s s e d  in  te rm s o f  a c o n v o lu t io n  
o f  two e v a lu a te d  i n t e g r a t i o n s  a s
i n /y, \  -  r  dk i k r  V k ) t M 1^  _ 1 T / _ \  *  r i i / ^  .  L  f  H r  t M  i n ^
d  3  "  J _ . 2 i r  2 *  "  ^  0  t  3  ”  2 i r  J - *  0  ’
( A - 4 .16)
The e v a lu a t io n  o f  th e  i n t e g r a l  I g ( r )  i s  g iv en  by e q u a t io n  A -4 .4 a  and th e  e v a l u a t i o n s  
o f  th e  i n t e g r a l s  ^ ( r )  f o r  v a lu e s  o f  n equal to  minus o n e ,  minus two and minus
th ree  a r e  g iven  by e q u a t io n s  A - 4 .13 r e s u l t i n g  in  t h e  r e s p e c t i v e  c o n v o lu t io n  forms
. i d
dl H ) ( r )  / £  £ d e e  46 j r = £ j .  (A -4 .17a)
I 3"2 ) ( r )  = T /  5 [  d c e  ^  ( r “ ° 2 (A -4 .17b)
- i !
I3_3)(r') = Is / f  f _  d?e 46 i S h  ( r _ c ) 4  • (A -4 .17c )
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T hese-convolu tion  i n t e g r a t i o n s  may be e x p r e s s e d  in  te rm s  o f  t h e  g e n e r a l  
in te g r a t io n  form
Im = £  dc e 46 Cm ( A - 4 .18)
as
d 4 _ 1 , ( r )  1° (A -4 .19a )
d4 ' 2 ) ( r )  = = \  / £  [ I 2 -  2 r  I 1 + r 2 I 0 ]  (A -4 .19b)
d I ^ " 3 ) ( r )  = / y  [ I 4 -  4 r  I 3 + 6 r 2 I 2 -  4 r 3 I 1 + r 4 I 0 ]  . (A -4 .19c)
The in t e g r a t i o n  form o f  e q u a t io n  A - 4 .18 need be e v a lu a t e d  f o r  i n t e g e r  v a lu e s  o f  
m equal t o  z e ro  th ro u g h  f o u r  i n c l u s i v e .
The i n t e g r a t i o n  1^ may be e x p re s s e d  in  te rm s  o f  t h e  G auss ian  e r r o r  
fu n c t io n .  I t  1s c o n v e n ie n t  t o  a c c o u n t  f o r  th e  s ig n  change o f  t h e  in t e g r a n d  
a t  c equal t o  r  by s e p a r a t i n g  th e  i n t e g r a t i o n  i n t o  two i n t e g r a l s  a s
I
_ c 2 -2
r
d? e 46 ( - 1 )  + f d C e 46 (+1) . (A -4 .20)
J aQO
By perform ing th e  i n t e g r a t i o n  v a r i a b l e  s u b s t i t u t i o n ,
n » - * -  ’ ( A - 4 .21)
the i n t e g r a l s  may be ex p re s se d  in  te rm s  o f  t h e  G auss ian  e r r o r  f u n c t i o n ,
x 2
e r f ( x )  = —  f dn e _T1 = - e r f ( - x )  , (A -4 .22)
H  Jo
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as r,2/6n f” (c *° t
1° = - 2 / 6  dn e " n + 2 /6  \ dn e " n =
J p J .00
~2/E
= 2 / 6  " t I  _ Ce r f W  -  e r f ( - ^ ; ) ] + [ e r f ( - !^ ; )  -  e r f ( — ) ] }  = 2 / n ?  e r f ( - ^ )
^  1 I 2 /Z  2 /Z  J 2 /6/  
(A - 4 .23)
r lThe i n t e g r a t i o n  I may be e v a lu a te d  by s i m i l a r l y  a c c o u n t in g  f o r  t h e  s ig n  
change o f  th e  i n te g r a n d  and th e n  i n t e g r a t i n g  d i r e c t l y  as
. £
I 1 -  J*  d{ e" * * ( - ; )  *  | r  d t  e" “  ( + 0  =
= 26 e
_  i -  
46 C=“ - 4 -  c =-26 e 46
s = r
r
? = - «
= -46 e 46 (A - 4 .24)
The rem aining i n t e g r a l s ,  e q u a t io n  A -4 .18  w i th  m equa l t o  two, t h r e e  and f o u r ,  may 
be r e l a t e d  to  th e  i n t e g r a l s  I® o r  1^  by t h e  d i f f e r e n t i a l  r e c u r s i o n  fo rm u la ,
!"H-2 = 462 | _  jm ( A - 4 .25)
Since th e  d i f f e r e n t i a l  o f  th e  e r r o r  f u n c t i o n  may be d e r iv e d  by L ie b n i t z  r u l e  
as
d [ e r f ( x ) ]  = d [  - 1  fX dn e “n2] = e
/ i  J 0 / z
dx (A -4 .26)
th e  i n t e g r a l s  may be e a s i l y  e v a lu a t e d  a s
Therefore  th e  t r a n s v e r s e  t e n s o r i a l  ty p e  i n t e g r a t i o n s  may be e v a l u a t e d ,  by means 
o f  a l g e b r a i c  m a n ip u la t io n  o f  t h e  i n t e g r a t i o n s  o f  e q u a t io n s  A - 4 .23', A - 4 .24 and 
A-4.27 as  i l l u s t r a t e d  by e q u a t io n s  A - 4 .19,  t o  be
(A -4 .28a )  
(A -4 .28b)  
(A -4 .28c)
r r 1 '  = I*  e r f  (— )d 3 2 /6
= - i n  (5 + £ - )  e r f  (-*—) -  i  / i t 6 r  e 
d 3 2 2 /6
r
45
(52 + 6 r2 + T j )  e r f  (— ) + (106 r  + r 3 ) e
r i
46
•Since th e  i n t e g r a l  form in  e q u a t io n  A-4.1 red u c es  t o  t h e  i n t e g r a l  form in  e q u a t io n  
A -4.2 in  th e  l i m i t  a s  5 app roaches  z e r o ,  in  t h e  same l i m i t  th e  e v a l u a t i o n s  o f  
equa tions  A -4 .28 reduce  to  t h e  e v a lu a t io n s  o f  e q u a t io n s  A - 4 .13.
APPENDIX A-5
The in v e r s e  s p a t i a l  F o u r i e r  t r a n s f o r m a t io n s  from wavenumber and t im e 
domain to  space  and t im e  domain o f  th e  th e rm a l - v i s c o u s  and t h e  l o n g i t u d i n a l  
th e rm al-v isc o u s  ty p e  G re e n 's  f u n c t i o n s  in v o lv e  i n t e g r a t i o n s  o f  t h e  forms
where th e  i n t e g e r  n may be non n e g a t i v e ,  equa l  t o  minus one o r ,  in  e q u a t io n s
la  and l b ,  equal t o  minus two. The in te g r a n d s  p o s se s s  wavenumber p o le s  a t
p lus and minus kg a s  d e f in e d  by e q u a t io n  4 .9 8  and ze ro  wavenumber p o le s  when
n i s  n e g a t iv e .  In te g ra n d  p o le s  s u g g e s t  t h a t  th e  i n t e g r a t i o n s  may be e v a lu a te d
by th e  Cauchey r e s id u e  theorem a p p l i e d  to  c lo s e d  co n to u rs im  t h e  complex
wavenumber p la n e .  By t h i s  theorem th e  i n t e g r a t i o n  a lo n g  t h e  r e a l  wavenumber
a x i s ,  which i s  to  be e v a l u a t e d ,  p lu s  th e  i n t e g r a t i o n  a lo n g  a c l o s i n g  c o n to u r
i s  r e l a t e d  to  th e  sum o f  th e  r e s i d u e s  o f  th e  e n c lo s e d  p o l e s .  However, th e  
-6 k 2exponen tia l  term  e , which i s  common to  a l l  i n t e g r a n d s ,  i n h i b i t s  e v a l u a t i o n  
o f  th e  i n t e g r a t i o n  a long  a c l o s i n g  c o n to u r  because  o f  i t s  wavenumber sq u a re d  
dependence and th u s  p r e v e n ts  e v a lu a t i o n  o f  th e  r e q u i r e d  i n t e g r a l s  by t h i s  
method.
( A - 5 . l a )
I" = f  dkei k r
J  .qo
k2"+l e -«k2 c o s ( s t  /B2 . k2 ,  
( k 2- k | )  
k2n+l e - 6 k 2 s in ( f ik  /p ^ - k 2 )
n l -6 '
( A - 5 . l b )
(A -5 .1 c )
204
205
Since  a l l  i n t e g r a n d s  p o s s e s s  th e  e x p o n e n t ia l  te rm  e l k r , t h e
unmanageable com binat ion  o f  th e  wavenumber sq u a red  d ep enden t  e x p o n e n t ia l  
term and th e  nonzero  wavenumber p o le s  may be e f f e c t i v e l y  s e p a r a t e d  by a 
convolution  te c h n iq u e .  The i n t e g r a l s ,  which r e s u l t  from t h r e e  d im e n s io n a l  
inverse  F o u r ie r  t r a n s f o r m a t io n s  between £  and r  domains w i th  k e r n a l s  e " 1 *r  
a re  o f  th e  forms o f  one d im ens iona l  i n v e r s e  F o u r i e r  t r a n s f o r m a t io n s  between 
k and r  domains w i th  k e r n a l s  e l k r . Such in v e r s e  t r a n s f o r m a t io n s  r e l a t e  t h e  
in te g r a l s  in  r  domain, th o s e  i n t e g r a l s  t o  be e v a l u a t e d ,  t o  t h e i r  k domain 
r e p r e s e n ta t i o n s ,  each o f  which i s  a p a r t  o f  th e  r e q u i r e d  in te g r a n d  o f  one 
o f  equa tions  A -5 .1 ,  a s
The wavenumber squa red  dependen t  e x p o n e n t ia l  may be s e p a r a te d  by e x p r e s s in g  
each o f  th e  k domain i n t e g r a l  r e p r e s e n t a t i o n s  a s  t h e  p ro d u c t  o f  two k domain 
r e p r e s e n t a t i o n s ,
(A -5 .2 a )
(A -5 .2b)
i j  }(k)  = I Q(k)  l j ( }(k) ( A - 5 .3)
where
I 0 (k )  = 2 it e _6k2 (A -5 .4)
and th e  s p e c i f i c  s e p a r a t e d  k domain r e p r e s e n t a t i o n s  co r re sp o n d in g  t o  each  
o f  equa t ions  A-5.1 a r e
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(A -5 .5b)
(A -5 .5 c )
(A -5 .5 a )
The re q u ire d  i n t e g r a l s ,  r  domain r e p r e s e n t a t i o n s ,  may be re c o v e re d  from th e  
separa ted  r  domain r e p r e s e n t a t i o n s  by t h e  c o n v o l u t io n s ,
which a re  a l t e r n a t e  e x p r e s s io n s  o f  e q u a t io n s  A -5 .1 .  E v a lu a t io n  o f  t h e  r e q u i r e d  
in t e g r a l s  by th e  c o n v o lu t io n  t e c h n iq u e  r e q u i r e s  t h a t  th e  s e p a r a t e d  r e p r e s e n t a ­
t io n s  be e v a lu a t e d ,  by in v e r s e  t r a n s f o r m a t i o n ,  in  r  domain. The wavenumber 
squared dependent e x p o n e n t ia l  i n v e r s e  t r a n s f o r m a t io n  has been e v a l u a t e d  in  
Appendix A-4, e q u a t io n  A -4 .4 as
In( )(<") = i Q( r )  * i " ( } ( r ) = I q ( c ) i j ( ^ . c ) , ( A - 5 .6)
44 ( A - 5 .7)
The remaining s e p a r a te d  r  domain i n t e g r a l s ,
(A -5 .8 a )
k2n+1 cos ( 4 k /p 2- k 2)
(A -5 .8b )
n r dk i k r  k2n+1 sin(<Sk/p2- k 2 )
? 5( r > = f £ e ---------------------= —  . (A -5 .8 c )13 J.~ ** . .9  . 2 .  . . 9  .9
(k 2-k g )  s k /p g - k 2
may be e v a lu a te d  by c o n to u r  i n t e g r a t i o n  in  t h e  complex wavenumber p la n e .  I t  
i s  conven ien t  to  e x p r e s s  t h e  s i n u s o i d a l  te rm s o f  t h e  i n te g r a n d s  in  s e r i e s  
form,
c o s ( a k / p P )  = k2J ( - P|+ k 2 ) J* (A -5 .9 a )
s i n ( 6 k / p - - k  ) “  , 2 j  2 ? i
— f 4 “  = k  T 2 F i i r k ( - p3+k ) * (A- 5 -9b)
5 k / p | - k 2 J=0
so t h a t  t h e  s e p a r a te d  r  domain i n t e g r a l s ,  e q u a t io n s  A -5 .8 ,  may be e x p r e s s e d  in  
terms o f  one i n t e g r a l  fo rm ,
u2n+2j+l / 2 . . 2 > j  . i k r
, m i ) .  r  dk k ^ - p3 . .
J - < k 2- kf > ’ ( ’
as
l " 3 ( r )  -  (A -5 .11a )
I i4<r > ■ j 0 r a r r  1<n)<1) <A- 5 - , , b )
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The in te g r a n d  o f  i n t e r e s t ,  shown by e q u a t io n  A - 5 .10 , p o s s e s s e s  wavenumber p o le s  
a t  p lus  and minus kg and may p o s s e s s  z e ro  wavenumber p o le s  f o r  c e r t a i n  v a lu e s  
o f  the  i n t e g e r s  n and j .  S in ce  n i s  g r e a t e r  th a n  o r  equa l to  n e g a t iv e  two 
and j  i s  non n e g a t iv e  f o r  th e  i n t e g r a t i o n  o f  i n t e r e s t ,  t h e  in t e g r a n d  p o s s e s s e s  
a zero wavenumber p o le  o f  o r d e r  one when n e q u a ls  n e g a t iv e  one and j  e q u a l s  
zero and when n e q u a ls  n e g a t iv e  two and j  e q u a ls  one and p o s s e s s e s  a z e ro  
wavenumber p o le  o f  o r d e r  t h r e e  when n e q u a ls  n e g a t iv e  two and j  e q u a l s  z e r o .
The nonzero wavenumber p o l e s ,  + kg,  may be e i t h e r  im a g in a ry ,  e q u a t io n s  4 . 9 9 ,  
o r  r e a l ,  e q u a t io n s  4 .1 0 0 ,  depending  on t h e  r e l a t i v e  m agn itudes  o f  t h e  the rm al  
and th e rm a l -v is c o u s  d i f f u s i o n  c o e f f i c i e n t s .  Each p o s s i b l e  c a s e  o f  im ag ina ry  
o r  r e a l  nonzero  wavenumber p o le s  and z e r o ,  f i r s t  o r  t h i r d  o r d e r  z e r o  wavenumber 
poles r e q u i r e s  s e p a r a t e  e v a l u a t i o n .
For th e  c a s e  o f  im ag ina ry  nonze ro  wavenumber p o le s  in  t h e  ab s e n c e  o f  z e ro  
wavenumber p o le s  c o n to u r s  C  ^ and Cg, shown by f i g u r e  A -5 .1 ,  which each  c o n s i s t  o f  
a segment a lo n g  th e  r e a l  wavenumber a x i s ,  a long  which th e  i n t e g r a l  o f  e q u a t io n  
A -5 .10 i s  to  be e v a lu a t e d ,  and a c l o s i n g  h a l f  c i r c l e  w i l l  be u t i l i z e d .  The 
e x i s te n c e  o f  z e ro  wavenumber p o l e s ,  which must be avo ided  by t h e  c o n to u r s  and 
w il l  be exc luded  from t h e  c o n to u r s  i n t e r i o r  by small s e m i c i r c u l a r  se g m en ts ,  
r e q u i r e s  t h t  c o n to u r s  Cg and C^, shown by f i g u r e  A -5 .2 ,  be u t i l i z e d  f o r  th e  
in te g r a l  e v o lu a t io n .  I f  t h e  nonzero  wavenumber p o le s  a r e  r e a l ,  th e y  must be 
avoided by t h e  i n t e g r a t i o n  c o n to u r  a s  were t h e  z e ro  wavenumber p o l e s .  The 
r e s u l t s  o f  th e  e v a l u a t i o n  a r e  unchanged by in c lu d in g  o r  e x c lu d in g  t h e  r e a l  
wavenumber p o le s  from th e  i n t e r i o r  o f  th e  c o n to u r .  S in ce  e x c lu d in g  t h e  r e a l  
poles s i m p l i f i e s  t h e  e v a l u a t i o n ,  th e y  w i l l  be exc luded  by small s e m i c i r c u l a r  
contour segm ents .  The c o n to u r s  in  t h e  ab sence  o f  z e ro  wavenumber p o l e s ,  Cg 
and Cg, a r e  shown by f i g u r e  A -5 .3 and th e  c o n to u rs  w i th  z e ro  wavenumber p o l e s ,  
and Cg, a r e  shown by f i g u r e  A -5 .4.
Im aginary  k
X  Ip.
■> Real k
F ig u re  A-5.1 
Complex i n t e g r a t i o n  c o n to u rs  w ith  
th e rm a l - v is c o u s  wavenumber p o le s  
when 0 2 >D^
Im aginary  k
X  -ip
F ig u re  A -5 .2 
Complex I n t e g r a t i o n  c o n to u rs  w i th  z e ro
r\)
and th e rm a l - v is c o u s  wavenumber p o le s  2
when D g ^ i
Imaginary  k
- i p .
F ig u re  A -5 .3  
Complex i n t e g r a t i o n  c o n to u rs  w i th  
th e rm a l - v i s c o u s  wavenumber p o le s
when
Im aginary  k
- i p
Real k
F ig u re  A -5 .4  
Complex i n t e g r a t i o n  c o n to u rs  w i th  ze ro  





For th e  c o n d i t io n  o f  l a r g e r  therm al th a n  th e r m a l - v i s c o u s  d i f f u s i o n  
c o e f f i c i e n t ,
D2 > D1 , (A -5 .12a )
the  nonzero wavenumber p o le s  a r e  im a g in a ry ,
k5 = " k6 = i p 2 ’ (A—5 . 1 2b)
and th e  i n t e g r a t i o n s  w i l l  be i d e n t i f i e d  by a p r e s u b s c r i p t  2 ,
^  ,,2n+2j+l f  2 , t 2xj . i k r
! (n)(j) = r  dk k ( ~?3 \  (A-5 13)2  J . . 2 7 T  ( k - i p 2 ) ( k + i p 2 )  • ( A  5 . 1 3 )
In th e  absence  o f  z e ro  wavenumber p o le s ,  which co r re sp o n d s  t o  t h e  sum o f  
n and j  be ing  non n e g a t i v e ,  i n t e g r a t i o n  c o u n te rc lo c k w is e  around th e  c o n to u r s  
Cj and C2 i s  a p p r o p r i a t e  and equa l  t o  t h e  p ro d u c t  o f  2-rri and t h e  r e s i d u e  o f  
the  enc lo sed  p o le .  Thus t h e  i n t e g r a t i o n  around th e  c o n to u r  C-j may be 
expressed as
f dk
J r .  2*
k2n+2j+l ( . p2+k2 }j  e i k r  f_A ^  k2n+2j+ l ( _p2+k2 }j  fi1kr
_  _3   _ _  _
) q 2ir ( k - i p 2 ) ( k + i p 2 ) ^ 2tt ( k - i p 2 ) ( k + i p 2 )
f2ir iAei a da (Aei a ) 2n+2j+1 ( . p2+A2e i 2 a ) j e 1rACOs « - rA s in a  
■* ir 2n  (Ael a - i p 2 )(A e1a+ ip 2 )
= 2iri Residue (k = - i p 2 ) ( A - 5 .14)
In th e  l i m i t  a s  t h e  s e m i c i r c u l a r  c l o s i n g  c o n to u r  r a d i u s ,  A, becomes i n f i n i t e  
the  i n t e g r a t i o n  a lo n g  t h e  r e a l  wavenumber a x i s  i s  i d e n t i c a l l y  t h e  r e q u i r e d  
in t e g r a t io n  and th e  i n t e g r a t i o n  a lo n e  t h e  c l o s in g  h a l f  c i r c l e  e q u a l s  z e ro  
i f
r  sin o > 0
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(A-5.15)
This co n d i t io n  i s  s a t i s f i e d  a long  t h e  c l o s i n g  c o n to u r  o f  C-|, where s i n  a  
is  neg a t iv e ,  f o r  n e g a t iv e  v a lu e s  o f  r .  Thus th e  r e q u i r e d  i n t e g r a t i o n  may 
be eva lua ted  f o r  n e g a t iv e  v a lu e s  o f  r  a s
.2n+2j+l , 2 . . 2 J  Qik r
f  dk 3 . -  - 1' ( i n >2n+2j , 2 2 , j  p2r
J . ,  2 7  ( k - i p z')'CE+T^) 2 ( -1 p 2 '  ( 3 p2 } e
r  < 0 . ( A - 5 .16)
In teg ra t io n  a long  th e  c o n to u r  C2 y i e l d s  t h e  i n t e g r a l  e v a lu a t io n  f o r  p o s i t i v e  
values o f  r  and may be e x p re s se d  a s ,
,  dk k2"*2 j t ’ ( - » ^ 2 )J  e 1kr  fA dk k2" * 2J+1 ( -b |+ K 2) J  e i k r  
Jc 2 7  ( k - i p 2 ) ( k + i p 2 ) = j _ A 2 ir ( k - i p 2 ) ( k + i p 2 ) +
iAei a da (Ae1a) 2n+2j+1 (-P?+A2e i 2 a ) j  e irAc0Sa- rA s in “r _________________________________
J 0 2ir (Ae1a- i p 2 )(A e1a+ ip 2 )
= 2iri Residue (k  = ip n )  ( A - 5 .17)
In the  l i m i t  a s  th e  s e m i c i r c u l a r  c l o s i n g  c o n to u r  r a d iu s  becomes i n f i n i t e  th e
in te g r a t io n  a long  i t  becomes equal to  z e ro  f o r  p o s i t i v e  v a lu e s  o f  r ,  s i n c e
the c o n d i t io n  o f  e q u a t io n  A - 5 .15 i s  s a t i s f i e d ,  and th e  r e q u i r e d  i n t e g r a t i o n  may
be eva lua ted  as
k2n+2j+l , 2+k2 , j  i k r  
f  dk k < p3 k > e  _ i  \2n+2j , 2 2 J  .  p 2r  _ . n
J _  2ir (Tc~ip2)'(Tc+ip^) 2 ( l p 2 } ( - p 3 ' p2 ) e . r  > 0 .
(A-5.18)
The i n t e g r a t i o n ,  in  t h e  ab sence  o f  wavenumber p o l e s ,  has been e v a lu a t e d
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se p a ra te ly  f o r  n e g a t iv e  and p o s i t i v e  v a lu e s  o f  r  and may be e x p re s s e d  
fu n c t io n a l ly  f o r  a l l  v a lu e s  o f  r  a s
i,2n+2j+l / 2 , . 2 , j  J k r  „ i - .
T( n ) ( j )  f  dk ^_________ (~p3+k ) e  _ r  i , .  >2n+2j, 2 2 , j p - p 2 ' r l
2 "  2n ( k - i p 2 ) ( k + ip 2 ) J r T  2 ( l p 2^ ( "p2 ' p3 ) e
n + j  ^  0 . ( A - 5 .19)
When th e  in te g r a n d  o f  e q u a t io n  A -5 .13 p o s s e s s e s  a p o le  a t  z e ro  wavenumber in  
a d d i t io n  to  th e  im ag ina ry  wavenumber p o le s  t h e  c o n to u r s  C3 and a r e  a p p r o p r i ­
a t e  f o r  e v a lu a t io n  o f  t h e  i n t e g r a l .  Each c o n to u r  e n c lo s e s  an im a g in a ry  wave­
number p o le ,  as  in  t h e  absence  o f  a z e ro  wavenumber p o l e ,  and e x c lu d e s  th e  
zero wavenumber p o le  by a small s e m i c i r c u l a r  c o n to u r  segment o f  r a d i u s  e .  In 
the  l i m i t  as A becomes i n f i n i t e  th e  i n t e g r a t i o n  a lo n g  t h e  c l o s i n g  c o n to u r  i s  
equal to  z e ro  i f  th e  c o n d i t i o n  o f  e q u a t io n  A - 5 .15 i s  s a t i s f i e d  and in  t h e  l i m i t  
as e approaches  z e ro  t h e  r e a l  wavenumber i n t e g r a t i o n  e q u a ls  i t s  p r i n c i p a l  
value .  In  t h e s e  l i m i t s  th e  i n t e g r a t i o n  c o u n te r  c lo c k w ise  around  C3 f o r
n ega tive  v a lu e s  o f  r  may be e x p re s se d  as
/ 2 , . 2 « j  i k r  , 2 . . 2 » j  i k r
f dk <-p3+k > e _____________ _ f ~  dk ( - p 3*k > e________________ + Q  +
JC3 2n |c‘ 2n" 2j _1 ( k - i p 2 ) ( k + ip 2 ) 2ir k ' 2n-2 j _1 ( k - i p 2 ) ( k + ip 2 )
+ l i m i t  f  
e->0  J 2ir
t 2x 2J 2 a J  Qi r e e 1 a
i ee 1ctda ^~p3 e  > e_______________
2* / „ J < * \ - 2 n - 2 j - l  / J a  w  J e t .+ * "  ( e e  ) ( e e ,0 -1 p 2 ) ( e e , a +1p2 )
3 2tt1 Residue (k = - i p 2 ) , n + j < 0 ,  r < 0 .  (A,- 5 .2 0 )
In th e  l i m i t  a s  e ap p ro ach es  z e ro  th e  i n t e g r a t i o n  c lo c k w ise  a lo n g  t h e  semi­
c i r c u l a r  c o n to u r  a v o id in g  t h e  z e ro  wavenumber p o le  i s  equa l  t o  t h e  p r o d u c t  o f
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-iri and th e  r e s id u e  o f  t h e  z e r o  wavenumber p o le .  Thus t h e  p r i n c i p a l  v a lu e  
of  the  i n t e g r a l  w i th  z e r o  wavenumber p o le s  f o r  n e g a t iv e  v a lu e s  o f  r  may be 
expressed in  te rm s o f  th e  r e s i d u e s  a s  
t 2 . k 2 J  J k r
f“  At, (-Po+k ) ®
p   - 2 n i  Residue (k = - i p , )  -  iri R esidue  (k = 0 ) ,
J -  2ir k- 2 n - 2 j - l  (k . i p 2 ) ( k + ip 2 ) ^
n + j  < 0 , r < 0  . ( A - 5 .21)
In th e  l i m i t  a s  A app roaches  i n f i n i t y  t h e  c o n d i t i o n  o f  e q u a t io n  A - 5 .15 i s  s a t i s f i e d
by p o s i t i v e  v a lu e s  o f  r  f o r  i n t e g r a t i o n  a long  t h e  c l o s in g  c o n to u r  o f  and
th e re fo re  th e  I n t e g r a t i o n  a lo n g  t h a t  segment i s  equa l  t o  z e r o .  The i n t e g r a t i o n
clockwise around th e  c o n to u r  f o r  p o s i t i v e  v a lu e s  o f  r  then  becomes
t  2x12 J  J k r  / 2 . . 2 J  . i k r
dk ( - p3+k ) e   n f  dk ( - p 3+k } e________________ + 0 +  . p f  __
C  2 t t  k- 2 n - 2 j - l  (k_1p ) ( k+ip j J . *  2 t t  k- 2 n - 2 j - l  ( k_ ip ) ( k+ip )
f °  i  Pi o d ( -P ? + e 2e l 2 a ) j  e i r s e
+ l i m i t  I i e e
I  1* ITn J  2 i r  / J a , - 2 n - 2 j - l  / J a  • J a . , .  \e-h ) tt ( e e  ; J ( e e  - i p g H e e  + i p 2 i
= 2iri R esidue (k = ip g )  , n + j  < 0 , r > 0 .  ( A - 5 .22)
The i n t e g r a t i o n  a long  th e  s e m i c i r c u l a r  c o n to u r  a v o id in g  t h e  z e ro  wavenumber 
pole i s ,  a s  in  e q u a t io n  A -5 .20 ,  in  t h e  c lo c k w ise  d i r e c t i o n  and t h e r e f o r e  equa l  to  
the p roduc t  o f  -iri and th e  z e ro  wavenumber p o le  r e s i d u e  a l lo w in g  th e  
p r in c ip a l  v a lu e  o f  t h e  i n t e g r a t i o n  f o r  p o s i t i v e  v a lu e s  o f  r  to  be e x p r e s s e d  
as
r  dk C-pl+k2) J e , k r
P | ------------------  = Z r \  R esidue (k = i p , )  + iri R es id u e  (k  = 0 ) ,
2n k- 2 n - 2 j - l  (k _ ip 2 ) (k+1p2) 2
n + j  < 0 , r > 0  . ( A - 5 .23)
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Simple p o le s  a r e  e n c o u n te re d  a t  z e ro  wavenumber when t h e  sum o f  n and j  
equals minus one .  For t h e  i n t e g r a t i o n s  o f  i n t e r e s t  t h i s  o c c u r s  f o r  n equa l  
to  minus one and j  equal t o  z e ro  and f o r  n equa l  t o  minus two and j  eq u a l  
to  one. The z e ro  wavenumber p o le  r e s id u e  i s  th e n  s im ply
i 2 d
Residue (k = 0) =  s -  , n + j  = -1 . ( A - 5 .24)
2rr
Also, a ze ro  wavenumber p o le  o f  o r d e r  t h r e e  i s  e n c o u n te re d  when n e q u a l s  
minus two and j  e q u a ls  z e r o .  I t s  r e s i d u e  may be e v a lu a te d  a s
Residue (k=0) = 1 2tt( k - i p g ) ( k+ ip 2 ) = ~ 4  {1 + “ T " ^  •
n = - 2  , j  = 0 . (25)
Thus th e  p r i n c i p a l  v a lu e  i n t e g r a l  f o r  n e g a t iv e  v a lu e s  o f  r ,  e q u a t io n  A - 5 .2 1 ,  may 
be e v a lu a te d  when t h e  in te g r a n d  p o s s e s s e s  a s im p le  -zero wavenumber p o le  as
p r  dk ( - p3+k2)J e l k r  - 1 / 2  2 d  p2 r  i , 2 d  „ . , _ ,
P J_a  2* k ( k - i p 2 ) (k + ip 2 ) ( ' P a - ^  e “ 2p2 (_ p 3 } , n + J  -  1 ,
r  < 0 . ( A - 5 .26)
For a zero  wavenumber p o le  o f  o r d e r  t h r e e  t h e  p r i n c i p a l  v a lu e  i n t e g r a l
encountered  becomes
2 2
r  a v  J k r  •» Ppr  ,• PprP f  # - 3 --------   = r T e + A  O  + ~ V )  * n = -2  , j  = 0 ,
J -  k3 ( k - i p 2 ) ( k + ip 2 ) 2p* 2p2 2
r  < 0 . ( A - 5 .27)
For p o s i t i v e  v a lu e s  o f  r  t h e  p r i n c i p a l  v a lu e  i n t e g r a l ,  e q u a t io n  A -5 .2 3 ,  may be 
ev a lu a ted  when t h e  i n te g r a n d  p o s s e s s e s  a s im p le  z e ro  wavenumDer p o le  a s
and when th e  i n te g r a n d  p o s s e s s e s  a z e ro  wavenumber p o le  o f  o r d e r  t h r e e  a s
-  r  dk e i k r  _ i , - p 2 r  _ L , 1 + ! i i  n _ -  , _ nJ 2?r k 3 l t . • w fc+< i " ? 4 e  '  ,  4 ^  g ) 1 2 , j  -  0 ,J -*° k ( k - i p 2 ) ( k + ip 2 J Zp2 2p 2
r  > 0 . ( A - 5 .29)
Although th e  p r i n c i p a l  v a lu e  i n t e g r a l s  have been e v a lu a t e d  s e p a r a t e l y  f o r
nega tive  and p o s i t i v e  v a lu e s  o f  r  th e y  may be ex p re s se d  f u n c t i o n a l l y  f o r  a l l
r .  For a s im p le  z e ro  wavenumber p o le  in  th e  i n t e g r a n d ,  r e f e r i n g  t o  e q u a t io n s
A-5.26 and A -5 .28 ,  th e  i n t e g r a l  may be ex p re s se d  when n e q u a ls  minus one and j  e q u a l s
zero as
T( - l ) ( 0 )  _ „ f"  dk e i k r  _ r  - i  r . " p2 l r l , ,
2 '  p L  2 7  k- ( k- iF 2 ) ( k + i p 2 ) -  TFT ^ 2  Ce -  1 ]  * ( A"5 - 3 0 )
and may be e x p re s se d  when n e q u a l s  minus two and j  e q u a ls  one as
2 2 1 k r
r ( - 2 ) ( l )  _ p f  dk ( ~p3*k * e r  _ L  r /  2. 2 ,  " p2 l r l 2n r
2 "  P  2t r  k ( k - i p 2 ) ( k + i p 2 ) "  f r T  2p2 ^ p 2 ' p3^ e “ p3^ ’ ( A - 5 .31)
When n eq u a ls  minus two and j  e q u a ls  z e ro  th e  i n te g r a n d  p o s s e s s e s  a t h i r d  o r d e r  
zero wavenumber p o le  and th e  i n t e g r a l  e v o l u t i o n ,  r e f e r i n g  t o  e q u a t io n s  A - 5 .27 and 
A-5.29,  becomes
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Thus th e  i n t e g r a l  form shown by e q u a t io n  A -5 .13, which a p p l i e s  t o  t h e  c o n d i t i o n
of  l a r g e r  the rm al th a n  th e rm a l - v i s c o u s  d i f f u s i o n  c o e f f i c i e n t ,  has been
ev a lu a te d ,  a s  g iven  by e q u a t io n s  A - 5 .19, A -5 .30 ,  A -5 .31 and A -5 .32 ,  f o r  a l l
requ ired  va lu es  o f  t h e  i n t e g e r s  n and j .
The i n t e g r a l  form shown by e q u a t io n  A - 5 .10 need a l s o  be e v a lu a t e d  f o r  th e  
con d i t io n  o f  l a r g e r  th e rm a l - v i s c o u s  th e n  the rm al d i f f u s i o n  c o e f f i c i e n t ,
Dj > Dg , (A -5 .33a)
which y i e l d s  r e a l  nonzero  wavenumber p o le s ,
k5 = ' k6 = P1 ■ (A -5 .33b)
and th e  c o r re sp o n d in g  i n t e g r a t i o n  form i d e n t i f i e d  by t h e  p r e s u b s c r i p t  1 ,
k2n+2j+l ( . p2+k2 j j  fii k r  
I 1 = J_ „  2^ 7 ( k - P l )(k+P l )
In th e  absence  o f  z e ro  wavenumber p o l e s ,  t h e  sum o f  n and j  non n e g a t i v e ,  
i n t e g r a t i o n  around  th e  c o n to u rs  Cg and Cg i s  a p p r o p r i a t e  and equa l t o  ze ro  
s ince  th e  wavenumber p o le s  a r e  ex c lu d e d  from t h e  c o n to u r  i n t e r i o r s  by sem i­
c i r c u l a r  c o n to u r  segments o f  r a d i u s  e .  In t h e  l i m i t  a s  e ap p ro ach es  ze ro  
the  i n t e g r a t i o n  a long  t h e  r e a l  wavenumber a x i s  i s  equa l  to  i t s  p r i n c i p a l  v a lu e  
and in  t h e  l i m i t  a s  th e  r a d i u s  A app roaches  i n f i n i t y  t h e  i n t e g r a t i o n  a long  
the  c lo s in g  c o n to u rs  o f  Cg and Cg a r e  equa l to  z e ro  i f  th e  c o n d i t i o n  o f  
equa tion  A -5 .15 i s  s a t i s f i e d ,  a s  was shown f o r  c o n to u r s  C-j and Cg. In  t h e s e  l i m i t s  
the  i n t e g r a t i o n  a lo n g  Cg f o r  n e g a t iv e  v a lu e s  o f  r  may be e x p r e s s e d  a s
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k2n+2j+1(_p2+k 2 ) j g i k r  k2n+2 j+ l ( _ 2 +k2)j  fii k r
Jc 2 i t  ( k - p - j ) ( k + p - j ) : P  2 i r  ( k - P i ) ( k + p ^ )  +  0  +
5
,  . a i a ,2 n + 2 j + l ,  2 . ,  , a i a x 2 o  1 r ( - P l +ee ° )
,ir i c e  da ( " p1+ee ) ( - P g + t - p ^ e e  ) ) d e
+ l i m i t
e+0 2 u  2 i r  ( ( - p 1 + e e i a ) - p 1 ) ( ( - p 1 + e e i “ ) + p 1 )
t  ,  . . i a \2 n + 2 j+ 1  / 2 . ,  . J a , 2 , j  M P l+ e e 1 a)
♦ i w t  r  ^  l ^ c e  1— ‘r t f r g . - > >  , e-------------------
e-K) h n  n ( (p- j+ee a ) - p - | ) ( ( p 1+ee  “ J+ p j )
l a \
= 0 ,
r  < 0 . ( A - 5 .35)
as  e approaches  z e ro  each  i n t e g r a t i o n  c lo c k w ise  a long  th e  s e m i c i r c l e  a v o id in g  
the  r e a l  wavenumber p o le  i s  equa l  t o  th e  p ro d u c t  o f  -iri and th e  r e s i d u e  o f  
t h a t  p o le .  Thus t h e  p r i n c i p a l  v a lu e  i n t e g r a t i o n  f o r  n e g a t iv e  v a lu e s  o f  r  
may be ex p re s se d  in  term s o f  th e  r e s id u e s  as
r  dk k2 n t 2 J + , (-»3+k2 ) j  e , k r
f  — ( k - p , ) ^ ) -------------------   R es ,due  <k “ - p l> - * 1 RK fdlie  <k "  » l>  ■
r  < 0 . ( A - 5 .36)
As i t s  r a d iu s  ap p ro a ch es  i n f i n i t y  th e  i n t e g r a t i o n  a lo n g  th e  c l o s in g  c o n t o u r  o f  
Cg equa ls  z e ro  f o r  p o s i t i v e  v a lu e s  o f  r  a l lo w in g  th e  c o n to u r  i n t e g r a t i o n  to  be 
expressed  as
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[  d k  k  (  p 3  
J q  2ir ( k - p - j  J ( k + p - j ) 
6
;2 n + 2 j + l ( _ p 2 + k 2 ) j  e i k r
p f  dk K * p 3
J_a, Z" ( k - p , ) ( k + p , )
k2 n + 2 j+ l(_ p 2+k2 }j  e 1kr
P i ) ( k+ ^)
i a , 2 n + 2 j + l , 2.
( ( - p 1+ ee l a ) - p i ) ( ( - p 1+ ee ’ a )+p1 )
+
1ada (p-j+ee J 2n+2j+l / 2.
= 0 ,
( ( p i +Ee1ct) - p i ) ( (p-|+ee^a )+p^)
r  > 0 . (A -5 .37)
Again each p o le  i s  av o id ed  by a  s e m i c i r c u l a r  c o n to u r  segment c lo c k w is e  a lo n g  
which th e  i n t e g r a t i o n  i s  equal t o  minus one h a l f  th e  c o n t r i b u t i o n  o f  th e  
pole had i t  been in c lu d e d  in  th e  c o n to u r .
In terms o f  t h e  r e s id u e s  o f  th e  r e a l  wavenumber p o le s  t h e  p r i n c i p a l  v a lu e  
i n te g r a t io n  f o r  p o s i t i v e  v a lu e s  o f  r  i s
which i s  th e  n e g a t iv e  o f  th e  e v a lu a t io n  f o r  n e g a t iv e  v a lu e s  o f  r ,  e q u a t io n  A -5 .36. 
Therefore th e  p r i n c i p a l  v a lu e  i n t e g r a t i o n ,  in  th e  a b sen c e  o f  ze ro  wavenumber 
po les ,  may be ex p re s se d  f o r  a l l  v a lu e s  o f  r  a s
,2n+2 j+ l» 2+ t 2»j i k r
R esidue (k = -p-| )  + iri R es idue  (k = p^) ,
r  > 0 , ( A - 5 .38)
2 n + 2 i+ l ( .p 2 +k2 ) j e i k r
= f r T ^  (p-j)^n+^  ( - p 3 +P f ) ^ c o s ( p ^ r )  , n + j  ^  0 . (A -5 .39)
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When t h e  I n te g r a n d  o f  e q u a t io n  A -5 .34 p o s s e s s e s  a p o le  a t  wavenumber equa l  
to  ze ro  in  a d d i t i o n  to  th e  nonzero  r e a l  wavenumber p o le s  th e  c o n t o u r s  and 
C g , which avoid  th e  z e ro  wavenumber p o le  as  w ell a s  t h e  nonze ro  p o le s  by 
s e m ic i r c u la r  c o n to u r  segm ents ,  a r e  a p p r o p r i a t e .  I n t e g r a t i o n  a lo n g  t h e  c l o s i n g  
con tours  o f  and Cg i s  equa l t o  z e ro  f o r  n e g a t iv e  and p o s i t i v e  v a l u e s  o f  r  
r e s p e c t i v e ly  in  th e  l i m i t  a s  A app roaches  i n f i n i t y ,  a s  f o r  t h e  c o n to u r s  Cg and 
Cg. In th e  l i m i t  a s  e app roaches  z e ro  t h e  i n t e g r a t i o n  a lo n g  t h e  r e a l  wave­
number a x i s  i s  t h e  p r i n c i p a l  v a lu e  i n t e g r a l  and t h e  c lo c k w ise  i n t e g r a t i o n  
around each p o le  i s  equal t o  t h e  p ro d u c t  o f  -iri and th e  r e s i d u e  o f  t h e  wave­
number p o le .  Thus t h e  i n t e g r a t i o n  c o u n te r c lo c k w is e  around  C^ f o r  n e g a t iv e  
va lues  o f  r  becomes
/ 2 . . 2 J  J k r  , 2 , . 2 Aj  i k r
dk ( - p3+ k }  e = r »  dk ( -P 3+k ) e___________
c?  2ir k"2n" 2 j - 1 ( k - p 1 ) ( k + p 1 ) J® 2lr k ' 2n"2 j _ 1 ( k - p 1 ) ( k + p . | )
-iri Residue (k = -p ^ )  -  iri Residue ( k = p-j) -  iri R esidue  (k = 0) = 0 ,
n + j < 0  , r < 0  . ( A - 5 .40)
and th e  i n t e g r a t i o n  c o u n te rc lo c k w ise  around Cg i s ,  f o r  p o s i t i v e  v a l u e s  o f  r ,
i  J k r  / 2 . . 2 J  J k r
dk  ^ 3 } e = p r  dk ( - p3*k }  e______________ . n .
J 2ir k - 2 n - 2 j - 1  ( Ic-P l ) ( k + p , )  J - ®  2 * k - 2 " - 2^ 1 ( k - p 1 ) ( k + p 1 )
-  iri Residue (k = -p-j) -  iri Residue (k = p^) -  iri R esidue  (k  = 0) = 0 ,
n + j < 0  , r > 0  . (A -5 .41)
Thus th e  p r i n c i p a l  v a lu e  i n t e g r a l  may be ex p re s se d  f o r  a l l  v a lu e s  o f  r  in  te rm s  
o f  th e  r e s id u e s  as
= j p y  w i[R es idue  (k = -p ^ )  + R esidue (k  = p^) + R esidue  (k = 0 ) ]  ,
n + j  < 0  . (A-5.42)
The sum o f  th e  r e s id u e s  o f  t h e  s im p le ,  nonzero  v/avenumber p o le s  may be 
eva lua ted  f o r  a l l  v a lu e s  o f  t h e  i n t e g e r s  n and j  t o  be
as was u t i l i z e d  in  th e  i n t e g r a l  e v a l u a t i o n  in  th e  ab sen c e  o f  wavenumber p o l e s ,  
equation  A -5 .39.
The e f f e c t  o f  th e  a d d i t i o n a l ,  z e ro  wavenumber p o le  on t h e  i n t e g r a l  e v a l ­
u a t ion  i s  d i s p l a y e d  by i t s  r e s i d u e .  For t h e  i n t e g r a l s  o f  i n t e r e s t  t h e  wave­
number p o le s  may be o f  o r d e r  one o r  o f  o r d e r  t h r e e  depending  on t h e  v a l u e s  o f  
n and j .  Simple z e ro  wavenumber p o le s  a r e  en c o u n te re d  when t h e  sum o f  n and j  
i s  equal to  minus one r e s u l t i n g  in  t h e  r e s i d u e  e v a lu a t io n
A zero  wavenumber p o le  o f  o r d e r  t h r e e  o c c u r s  f o r  t h e  i n t e g r a t i o n s  o f  i n t e r e s t  
only when n e q u a ls  minus two and j  e q u a ls  z e ro  which y i e l d s  t h e  r e s i d u e  e v a l ­
uat ion
( - p3 +p? ) J - i p -ir i p , r  
Residue (k = - p -j) + R esidue (k = p , ) = — - — ( e + e
4 w ( p 1 ) “
( A - 5 .43)
I z aJ - ( - p3 )
Residue (k = 0)  -------5—  , n + j  = -1 .
2ir pi
(A -5 .44)
Residue (k = 0) = l i m i t  
k- 0
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Thus when th e  i n te g r a n d s  p o s s e s s  a  z e ro  wavenumber p o le  in  a d d i t i o n  to  t h e  
rea l nonzero p o le s  t h e  i n t e g r a l s  o f  i n t e r e s t  may be e v a lu a t e d  by s u b s t i t u t i n g  
the p roper r e s id u e  e v a lu a t io n  in  e q u a t io n  A -5 .42. For t h e  i n t e g e r  v a lu e s  of. n 
equal to  minus one and j  equal t o  z e ro  th e  i n t e g r a l  e v a l u a t e s  as
. i k r  r  ,
k+o7T = TrT 1  _
P1
lI(-1)(°) = p ^  k(lc-p1j( piyI fl'T [ C0 S (P i r )  '  * (A -5 .46)
and a l s o  f o r  a  s im p le  z e ro  wavenumber p o le  w i th  n equa l  t o  minus two and j  e q u a ls  
to  n th e  i n t e g r a l  e v a lu a t io n  i s
/ 2 . . 2 » i k r
i I ( - 2 ) ( D  = p k.(lcI p. ) (k .+.p.. j = K p ^ - p *) c o s ( P l r )  + 0* ]  . (A -5 .47)
when th e  in te g r a n d  p o s s e s s e s  a z e r o  wavenumber p o le  o f  t h i r d  o r d e r ,  n equa l  to
minus two and j  equal t o  z e r o ,  t h e  i n t e g r a l  e v a l u a t e s  a s
’ ,< ' 2H 01 ■ p t “ s ( B i r )  ■ 1 + ^  • (fl- 5 -481
This com pletes th e  e v a lu u t i o n  o f  t h e  i n t e g r a l  form shown by e q u a t io n  A - 5 .34 f o r  a l l  
requ ired  v a lu e s  o f  th e  i n t e g e r s  n and j ,  e q u a t io n s  A - 5 .39 ,  A - 5 .46 ,  A -5 .47  and A -5 .48, 
which co rresp o n d  to  t h e  c o n d i t i o n  o f  l a r g e r  th e r m a l - v i s c o u s  th a n  the rm al d i f f u s i o n  
c o e f f i c i e n t .
Thus th e  g e n e ra l  i n t e g r a l  form shown by e q u a t io n  A - 5 .10 has been e v a lu a t e d  
fo r  a l l  o f  th e  r e q u i r e d  v a lu e s  o f  t h e  i n t e g e r s  n and j  f o r  each  c o n d i t i o n  o f  
imaginary, e q u a t io n  A - 5 .13, o r  r e a l ,  e q u a t io n  A -5 .34 ,  non z e r o  wavenumber p o l e s .
The r  domain i n t e g r a l s  o f  e q u a t io n  A -5 .8 , which a r e  r e q u i r e d  f o r  t h e  c o n v o lu t io n  
e v a lu a t io n ,  a r e  r e l a t e d  to  th e  g e n e ra l  i n t e g r a l  form by e q u a t io n s  A - 5 .11. S in ce  
d i s t i n c t  e v a lu a t io n s  o f  t h e  g e n e ra l  i n t e g r a l  were d e r iv e d  f o r  im a g in a ry  and
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rea l po les  o f  th e  i n t e g r a n d ,  t h e  r  domain i n t e g r a l s  m ust a l s o  be d e r iv e d  
s e p a ra te ly .
The nonzero  v/avenumber p o le s  o f  t h e  in te g r a n d s  a r e  im ag ina ry  f o r  t h e  
cond it ion  o f  l a r g e r  the rm al d i f f u s i o n  c o e f f i c i e n t  th a n  th e r m a l - v i s c o u s  damping 
c o e f f i c i e n t  and t h e  i n t e g r a l s  w i l l  be i d e n t i f i e d  by p r e s u b s c r i p t  2 .  For t h i s -  
cond it ion  th e  r  domain i n t e g r a l  which i s  d e f in e d  by e q u a t io n  A -5 .8a  i s  r e l a t e d  
to  th e  g en e ra l  i n t e g r a t i o n  form by e q u a t io n  A -5 .11a .  In  t h e  ab sen c e  o f  z e ro  
wavenumber p o le s  t h i s  i n t e g r a l  may be e v a l u a t e d ,  u t i l i z i n g  e q u a t io n  A - 5 .19 ,  a s
When th e  in te g ra n d  p o s s e s s e s  a s im p le  z e ro  wavenumber p o le  t h e  g e n e ra l  
in te g r a l  e v a lu a t io n  o f  e q u a t io n  A -5 .30 a p p l i e s  and y i e l d s
and f o r  a t h i r d  o r d e r  p o le  a t  z e ro  wavenumber e q u a t io n  A -5 .32 may be used  f o r  th e  
eva lu a t io n
The r  domain i n t e g r a l  d e f in e d  by e q u a t io n  A -5.8b i s  e x p re s se d  in  e q u a t io n  A-5.11b 
as a s e r i e s  o f  th e  g e n e ra l  i n t e g r a l s .  When th e  i n te g r a n d  does n o t  p o s s e s s  a 
pole a t  wavenumber equal t o  z e ro  and t h e  i n t e g r a l  may be e v a lu a t e d  in  s e r i e s  
form as
, n > 0 . (A -5 .49a)
(A-5.49b)
(A -5 .49c)
n > 0 . (A-5.50)
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Noting t h a t  th e  s e r i e s  1s a h y p e r b o l i c  c o s in e  f u n c t i o n  and t h a t  t h e  p re c e d in g  
group o f  terms i s  i d e n t i c a l l y  t h e  i n t e g r a l  e v o lu t io n  o f  e q u a t io n  A -5 .4 9 a ,  t h e  
i n te g r a t io n  may be e x p re sse d  in  c lo s e d  form as
2 I i 4 ^ ( r ) = 2I 1 3 ^ r ) cosh (fip2 / p | + ^ | )  , n > 0  .
I f  th e  in te g ra n d  p o se s se s  a s im p le  z e r o  wavenumber p o le  i t s  e f f e c t  w i l l  be 
ex h ib i te d  by an a d d i t i o n a l  term  o f  t h e  f i r s t  i n t e g r a l  in  t h e  s e r i e s
l ( - D ( r )  „  j H X O )  + y j t n - l X j )  =
2 1 4  2  a  x f j y r  2
J ” I
-  r  1 - 1 r i  4. «"P2*r l V fi2j' u  j  2+ 2»2j
+ e  j | 0 T 2 D T  p2 / p 2+p3 } ]  •
Again th e  s e r i e s  r e p r e s e n t s  a h y p e r b o l i c  c o s in e  f u n c t i o n  and t h e  r  domain 
in te g r a l  e v a lu a t io n  becomes
2 I i 4 1^(r ) = - 7  2*13 cosh ( <5p2 l/p2+p3^ + J r f  1  ^ 2  
P 2 p2
A t h i r d  o r d e r  z e ro  wavenumber p o le  o f  t h e  i n te g r a n d  r e s u l t s  in  t h e  s e r i e s  
form e v a lu a t io n ,
I (~ 2 ) / \ j ( - 2 ) ( 0 ) + a £  t ( —2 ) ( 1 ) + y a f i .  (n = - 2 ) ( j )  =
2 14 2 21 21 l i j J T  2
2 2 .2 2 2 | |  oj _ _ _
r  i  1 r ,  P2 6 P 2p3 - p 2 l n  _ 6 2J . / 2.  2 ,2 j- i





which may be r e e x p re s s e d  a s
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  .2 2 3 2 2
T( - 2 ) / r \ -  i _  T(n = 0 ) /  \ , 2 .  2,  r  i 1 n  . 6 P2P3 . p2 r  ,
2*14  ^ '  4 2 13  ^ '  c o sh (5 p 2 /  p2+p2) “ T fT  2 4  ^ 2 T '  ^Oa 1 * ft.*p2 p2
(A -5 .52b)
The r  domian i n t e g r a l  d e f in e d  by e q u a t io n  A -5 .8c  and e x p re s s e d  in  s e r i e s  form by 
equation A - 5 . l i e  becomes, in  th e  ab sen ce  o f  z e ro  wave number p o l e s ,
T( n ) » » _ r  <S2j  T( n ) ( j )  _  r  i  , 2 n  _ _ p 2 1r I "  s 2j' , ,  , 2 ,  2 , 2 ^
2 15 ( r )  -  i 0 T23+TTT 2 -  JF T  2 ( l p 2 } e 123+771 (- p2 /  p2+p3 } *
n > 0 (A -5 .53a )
The s e r i e s  form i s  t h a t  o f  a h y p e r b o l i c  s i n e  f u n c t i o n  d iv id e d  by i t s  argum ent 
which a l low s  th e  i n t e g r a l  t o  be e x p re s se d  as
2I 15) ( r )  = 2 I 13) ( r )  -  0 (A -5 .53b)
6p 2 /  p2+p3
I f  th e  in te g r a n d  p o se s se s  a s im p le  z e ro  wavenumber p o le  t h e  s e r i e s  form e v a lu ­
a t ion  o f  th e  i n t e g r a l  i s
T ( - l ) ( r )  = t( - D ( 0 ) + y , 62J t( n = - l ) ( j ) _
2 15 ( r )  2 + ( 2 j + l ) !  2
r  i -1 " P? M  "  T~T 2j'
= TFT 2 l ['1+e .L T2J+T7T {ip2 7 p2+p3) ]
p2 J - °  (A -5 .54a )
and may be e x p re sse d  in  c lo s e d  form as
2i i ; 1 ) M  •  4  2 » i r 0 | c-)   ^ t t t H  <*-5 - s4b>
P2 6p2 /  p2+p  ^ P2
This com pletes  th e  e v a lu a t io n  o f  t h e  r  domain i n t e g r a l s ,  w i th  im ag in a ry  non
zero wavenumber p o le s  o f  t h e  i n t e g r a n d ,  t h a t  a r e  r e q u i r e d  f o r  c o n v o lu t io n .
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The nonzero  wavenumber p o le s  o f  t h e  i n te g r a n d s  a r e  r e a l  f o r  t h e  c o n d i t i o n  
of l a r g e r  th e rm a l - v is c o u s  damping c o e f f i c i e n t  th a n  the rm al d i f f u s i o n  c o e f f i c i e n t  
and th e  i n t e g r a l s  w i l l  be i d e n t i f i e d  by th e  p r e s u b s c r i p t  1 . For t h i s  c o n d i t i o n  
the r  domain i n t e g r a l s  o f  e q u a t io n s  A -5 .8 a r e  r e l a t e d  by e q u a t io n s  A - 5 .11 to  
the  g en e ra l  i n t e g r a l  form o f  e q u a t io n  A -5 .34. The r  domain i n t e g r a l  which i s  
defined by e q u a t io n  A -5 .8a may be e v a lu a t e d ,  in  th e  a b sen c e  o f  z e ro  wavenumber 
po le s ,  by i t s  r e l a t i o n  to  th e  g e n e ra l  i n t e g r a l  e v a l u a t i o n  shown by e q u a t io n  
A-5.39
1 ^13(r ) = ^  = J r y 7 P i n co s (p - jr )  ,  n ^ 0  . (A -5 .55a )
when th e  i n te g r a n d  p o s s e s s e s  a s im p le  p o le  o f  z e ro  wavenumber th e  g e n e ra l  
in te g r a l  e v a lu a t io n  g iv en  by e q u a t io n  A -5 .46 may be used  t o  e v a l u a t e  th e  i n t e g r a l  
as
1 I l(31 ) ( r > = 1I ( _ 1 ) ( 0 )  = T F T I T  Ecos (A-5 .55b)
P1
and, f o r  a t h i r d  o r d e r  z e ro  wavenumber p o le  o f  th e  i n t e g r a n d ,  t h e  g e n e ra l  
i n te g r a l  e v a lu a t io n  shown by e q u a t io n  A -5 .48 a p p l i e s  and y i e l d s
, l j ; 2 ) ( r )  -  ^  j - L  [COS ( P , r )  -  ,  ♦  f j L ]  . ( A_ 5 5 5 e )
The r  domain i n t e g r a l  d e f in e d  by e q u a t io n  A-5 .8b  i s  r e l a t e d  to  a s e r i e s  o f  g e n e ra l
i n t e g r a l s  by e q u a t io n  A - 5 . l i b .  In th e  ab sence  o f  z e ro  wavenumber p o le s  o f  th e
in te g ra n d ,  th e  s e r i e s  form e v a lu a t io n  o f  th e  i n t e g r a l  i s
T( n ) / r x _ r  <52^ i  T( n ) ( j )  _ r  i  2n , ' , r  623 , .  , r T > 2 j
1 1 4  T t j i r  1 “ T r f  2 P1 c o s ( p i r ) x f jT T  —P1 P1 - p 3^ *
n > 0 . (A-5.56a)
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As f o r  t h e  c o n d i t io n  o f  im ag ina ry  nonzero  wavenumber p o le s  o f  t h e  
in te g ran d ,  e q u a t io n  A -5 .50b , t h e  s e r i e s  r e p r e s e n t s  a h y p e r b o l i c  c o s in e  fu n c t io n  
and th e  c lo sed  form e v a lu a t i o n  o f  t h e  i n t e g r a l  i s
A f W  = A l ' W  COsh C V V p3> • n - °  • (A -5 .56b)
I f  th e  in te g ra n d  p o s se s se s  a s im p le  z e ro  wavenumber p o le  t h e  a p p r o p r i a t e  s e r i e s  
form e v a lu a t io n  i s
t H ) / - )  = j H K O )  + y £ L _  j ( n = - l ) ( j )  „
r i4  l 1 I23TT r
„  2 j   ♦
= - J 7 T I" " T  C-1 + c o s (p i r ) 'c l j j i" ( i p 1 \ ~P3 ) 23] (A -5 .57a )
which may a l s o  be e x p re sse d  as
l I 141 ) ( r ) = ' T  l 1! ^  cosh(f ip l / p r p3 ) ’  T r T I ' T  • (A -5 .57b)
Pi P-,
A t h i r d  o r d e r  wavenumber p o le  o f  th e  in t e g r a n d  r e q u i r e s  t h a t  t h e  s e r i e s  form 
ev a lu a t io n  o f  t h e  i n t e g r a l  be
t ( - 2 ) / H  _ j ( - 2 ) ( 0 )  + 6_ . ( - 2 ) 0 )  + y  x( n = - 2 ) ( j )
1M4 l 1 + 2! I 1 + T23TT l 1
= TrTIT'  C"1 + “ 1 - + — + cos(P]r) (ISp/ p^-p2)20’]
and r e s u l t s  in  th e  c lo s e d  form e v a lu a t io n
(A -5 .58a )
l ^ t r )  = \  1 I $ S = 0 ) ( r> c o s h ( 6 P l / p 2 - p2 )  -  ( i  -  ) m (A.5.58b)
Pi 1 P]
The r  domain i n t e g r a l  d e f in e d  by e q u a t io n  A -5 .8c  i s  r e l a t e d  by e q u a t io n  A - 5 . l i e  
to  a s e r i e s  o f  g e n e ra l  i n t e g r a l s .  I f  t h e  i n te g r a n d  does n o t  p o s s e s s  p o le s  
a t  wavenumber equal t o  z e ro  t h e  i n t e g r a l  may be e v a lu a t e d  in  s e r i e s  form as-
T( n ) / „ \  _ r  ^  T( n ) ( j )  _ r  i  2n , , r  <s2 j  ,  2 2»2j
1 15 ^  ( 2 j + l )! I 1 "  J r f  2 P1 c o s ( p l r )  T2j+TyT (- p l / p l ‘ p3^ ,
n ^  0 . (A -5 .59a )
Since th e  r e s u l t i n g  s e r i e s  form i s  t h a t  o f  a h y p e r b o l i c  s i n e  f u n c t i o n  d iv id e d  
by i t s  argum ent,  t h e  i n t e g r a l  e v a lu a t io n  may be e x p re s se d  a s
= l I 13, ( r )  — . n > 0  . (A -5 .59b), , 2  2 
1 1 - p 3
I f  th e  in te g r a n d  p o s s e s s  a s im p le  z e ro  wavenumber p o le  t h e  i n t e g r a l  may be 
eva lua ted  in  s e r i e s  form as
*2j
t ( - 1 ) m  = i H ) ( ° )  + y . r  r (n  r i s  r  A  (2j+i)! r
= - D ( j )  _
•_ r ? i + n i  i*
,2 j
= ITT  2 ^2  C_1 + C0S( P l r ) ( 2 j + l ) !  ( ± P l / P l - P 3 ) ]  (A -5 .60a )
which may a l s o  be e x p re s se d  as
l ( - D ( r ) = l _  T ( n ° 0 ) / r i  S in h U p l / o 1 -P 3) r  i 1 (A-5 60b)ri5 2 r i 3  [r) ~ M  2 2 * bUD;
P 1 6 p - | / p - | - p 3  P 1
These i n t e g r a l  e v a l u a t i o n s ,  f o r  r e a l  wavenumber p o le s  o f  t h e  i n t e g r a n d ,  com ple te  
the  e v a lu a t io n  o f  t h e  s e p a r a t e d  r  domain i n t e g r a l s ,  d e f in e d  by e q u a t io n s  A -5 .8 ,  and 
allow th e  r e q u i r e d  c o n v o lu t io n s  t o  be perfo rm ed .
*—
Sfffl'/J   -...............................................   — .-......*......    ‘ ’ ' .................. ......
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Each o f  th e  t h r e e  I n t e g r a l  ty p e s  t o  be e v a l u a t e d ,  e q u a t io n s  A-5.1 where 
the  i n t e g e r  n d e te rm in e s  t h e  e x i s t a n c e  o f  an o r d e r  o f  t h e  i n t e g r a n d ' s  z e ro  
wavenumber p o l e s ,  may be e x p re s se d  by a p p l i c a t i o n  o f  e q u a t io n  A - 5 .6 a s  a con­
v o lu t io n  o f  two f u n c t i o n s  o f  r .  These f u n c t i o n s  a r e  I g C r ) ,  a s  d e f in e d  and 
ev a lu a ted  in  e q u a t io n  A -5 .7 and th e  form o f  t h e  t h r e e  i n t e g r a l s  o f  e q u a t io n  A -5 .8 ,
1 ^  j ( r ) ,  which co r re sp o n d s  t o  t h e  p a r t i c u l a r  one o f  t h e  t h r e e  i n t e g r a l  forms 
to  be e v a lu a t e d .  The e v a lu a t io n s  o f  t h e  i n t e g r a l  forms o f  e q u a t io n  A -5 .8 and 
th e r e f o r e  t h e  c o n v o lu t io n s  forms o f  th e  d e s i r e d  i n t e g r a l s  a r e  c r i t i c a l l y  
dependent on t h e  wavenumber p o le s  o f  t h e  i n t e g r a n d s .  The e x i  s t a n c e  o f  an ,
o rder  o f  t h e  z e ro  wavenumber p o le s  i s  d e te rm in e d  by t h e  i n t e g e r  n and 
c o n d i t io n  o f  im ag ina ry  o r  r e a l  nonzero  wavenumber p o le s  depends on t h e  
r e l a t i v e  m agnitudes o f  th e  therm al d i f f u s i o n  c o e f f i c i e n t  and th e r m a l - v i s c o u s  
damping c o e f f i c i e n t , .
For t h e  c o n d i t i o n  o f  l a r g e r  therm al th a n  th e r m a l - v i s c o u s  c o e f f i c i e n t s  th e  
nonzero wavenumber p o le s  a r e  im a g in a ry .  The i n t e g r a l s  whose i n t e g r a n d s  p o s s e s s  
these  wavenumber p o le s  w i l l  be i d e n t i f i e d  by a p r e s u b s c r i p t  2 ,  t h u s  t h e  c o n v o lu t io n  
form o f  th e  d e s i r e d  i n t e g r a l s  becomes
2r ( ) = I 0 ( r )  * 2*1 ( ) ( r )  = [ _  d? I 0 (r_ i:)  2*1 ( ) ( c )  • ( A - 5 .61)
In the  absence  o f  nonzero  wavenumber p o le s  o f  t h e  i n t e g r a n d s ,  n n o n n e g a t iv e ,  th e  
f i r s t  ty p e  o f  i n t e g r a l ,  e q u a t io n  A - 5 . l a ,  may be e x p re s s e d  a s  a  c o n v o lu t io n  o f  th e  
in te g r a l  e v a lu a t i o n s  o f  e q u a t io n s  A -5 .7 and A -5 .4 9 a ,
2*3 = *0( r )  * 2*13{ r)  = ( i p 2)2n I  4  j” d? e 46 Tf r e P2U! n > ° -  (A -5 .62a )
Since t h e  in t e g r a n d  o f  t h e  c o n v o lu t io n  i n t e g r a l  i s  d i s c o n t in u o u s  a t  ? equa l  t o  
ze ro ,  th e  c o n v o lu t io n  s e p a r a t e s  i n t o  a sum o f  two i n t e g r a l s  a s
230
J .  i n s l  -o c ,o .  (rr&L 0 ,
2! 3 = C |^d?e 45 e 2 -  J d ? e  46 e 2 J .  (A-5 .62b)
By com pleting  t h e  s q u a re s  o f  th e  c te rm s in  t h e  arguem ents  o f  th e  i n te g r a n d  
e x p o n e n tia ls  and by per fo rm ing  th e  i n t e g r a t i o n  v a r i a b l e  s u b s t i t u t i o n s
(c - r+ 2 6 p 2 ) (-?+ r+ 26p? )
ni  ------ --— —  and n? =  —  (A -5 .6 3 a ,b )
1 2 /5  2 2 /6
in th e  f i r s t  and second  i n t e g r a l s  r e s p e c t i v e l y ,  th e  c o n v o lu t io n  may be e x p re s se d  
as
r+2<Sp2
n ,2n  ^  r  {6p2 ' p2r )  f" _ ( n l )2 ( S p \ + p 2 r )  r 2 / s  - ( n 2 ) 2
2l 3 = ( i P 2 ) dn i e 1 +e 2 2 dn2 e  2 ]  .
2
2 /6  ( A - 5 .64)
Since th e  i n t e g r a l s  have been ex p re s se d  in  t h e  form o f  t h e  complem entary  G auss ian  
e r r o r  f u n c t i o n ,
e r f c ( x )  = —  p  dn e _n2 , ( A - 5 .65)
/•* J x
the  f i r s t  ty p e  i n t e g r a l  w ith  im ag ina ry  in te g r a n d  wavenumber p o le s  o n ly  may be
expressed  in  te rm s o f  known f u n c t i o n s  as 
2
n , ?n 6p? ~p?r -r+26p? p2r  r+26p9
- I -  = ( i p 2 ) e 2 [ e  2 e r f c (  - )  -  e 2 e r f c  ( - ) ]  , n > 0 . ( A - 5 .66)
2 J 2 2 2 /6  2 /6
When th e  i n te g r a n d  p o s se s se s  a s im p le  p o le  a t  wavenumber equa l  to  z e ro  th e  
I n te g r a l  e v a lu a t io n  o f  e q u a t io n  A-5.49b i s  t h e  a p p r o p r i a t e  second  f u n c t i o n  o f  th e  
co nvo lu t ion  and y i e l d s
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2
24 _1) ■ W >  * ^  - f  C  ^  e" TcT (e"P2' 51 =
_  -  _ I m l £  . D | c i _  .  .(r-s)2
45 Tfr-
(A - 5 .67)
The f i r s t  te rm  c o n t a in s  th e  same c o n v o lu t io n  i n t e g r a l  form a s  in  t h e  ab sence  o f  
zero wavenumber p o le s  and t h e r e f o r e  t h i s  te rm  may be r e l a t e d  t o  t h a t  i n t e g r a l .
The in t e g r a l  o f  t h e  second te rm  may a l s o  be r e l a t e d  to  a p r e v io u s l y  e v a lu a t e d  
in te g r a l  by per fo rm ing  t h e  v a r i a b l e  s u b s t i t u t i o n ,
C' = r  -  c . ( A - 5 .68)
which y i e l d s  t h e  second te rm  e x p r e s s io n ,
! > '  i ^ t r  • (A- 5 - 6912p;
Thus t h e  f i r s t  te rm  may be r e l a t e d  t o  t h e  i n t e g r a l  form o f  e q u a t io n  A -5 .62a and th e  
second term may be r e l a t e d  to  t h e  i n t e g r a l  o f  e q u a t io n  A -4 .1 7 a ,
2 4 1 ) = 4  - I " =0 + 4  • (A -5 .70a)
U t i l i z i n g  th e  f i r s t  te rm  i n t e g r a l  e v a l u a t i o n ,  e q u a t io n  A - 5 .66 ,  and t h e  second te rm  
in t e g r a l  e v a l u a t i o n ,  e q u a t io n  A -4 .2 8 a ,  t h e  f i r s t  ty p e  i n t e g r a l  w i th  a s im p le  z e ro  
wavenumber p o le  o f  t h e  in te g r a n d  in  a d d i t i o n  to  im ag ina ry  wavenumber p o le s  may 
be e x p re sse d  as
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24 _ 1 ) = 4  {2 iS =0 - 1 .  e r f ( - ^ ) }  =
2 3  p2 2 / s
2
. 6p? - p 9r  - r+ 2 6 p 9 p 2r  r+26p9
= - 4  ( e  2 [ e  * e r f c (  - ) - e  * e r f c (  - ) ]  -  2 e r f ( — )} . (A -5 .70b)
2 p ,  1 / E  2 / s
When t h e  i n t e g r a n d  o f  t h e  f i r s t  ty p e  i n t e g r a l ,  e q u a t io n  A - 5 . l a ,  p o s s e s s e s  a 
t h i r d  o rd e r  p o le  a t  z e ro  wavenumber, n eq u a l  t o  minus tw o ,  t h e  i n t e g r a l  
ev a lu a t io n  o f  e q u a t io n  A -5.49c m ust be used  a s  th e  second  convo lved  f u n c t i o n  
and r e s u l t s  in  th e  c o n v o lu t io n  e x p r e s s io n
24 ‘ 2) ■ v r > * ' !  J 1  d= e ’  1I^ ” 1| r [ ( e ' P 2 l t l - i ) -  ^ 4 - ]  ■
2 »\2
C
TsT-  1 / 7 f  d r e " ^ ”  ^ f e "P 2 ,? l  11 1 / 7  f d c e " ^" Z j ' * L d c e  T t r ( e  ■1 ) - ^ | / 7 J J c e
( A - 5 .71)
The f i r s t  term  c o n t a i n s  t h e  same c o n v o lu t io n  i n t e g r a l  form as  f o r  a s im p le  
wavenumber p o l e ,  e q u a t io n  A - 5 .67, and by th e  i n t e g r a t i o n  v a r i a b l e  s u b s t i t u t i o n  o f  
equation  A -5 .68 th e  second te rm  becomes
i J j ' j  C d‘, , ’ ifcl’ £ £ £  (A' 5-72)
which c o n ta in s  t h e  i n t e g r a l  form o f  e q u a t io n  A -4 .1 7 b ;  th u s  t h e  c o n v o lu t io n  may 
be r e l a t e d  to  p r e v io u s l y  e v a lu a t e d  i n t e g r a t i o n  forms a s
2: 3 ' !> = T  a ’ a ' ”  * 4  d I 3‘ 2 , ( r > • (A- 5 - 73a)
P 2 p2
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By s u b s t i t u t i n g  th e  i n t e g r a l  e v a l u a t i o n s . o f  e q u a t io n s  A -5 .70b  and A -4 .28b  t h e  
f i r s t  ty p e  i n t e g r a l  w ith  t h i r d  o r d e r  z e r o  wavenumber and im a g in a ry  wavenumber 
poles o f  th e  i n te g r a n d  may be e v a lu a te d  a s
The second ty p e  o f  I n t e g r a l  t o  be e v a l u a t e d ,  e q u a t io n  A - 5 . l b ,  may be e x p re s s e d  
when t h e r e  a r e  no z e r o  wavenumber p o le s  o f  t h e  i n t e g r a n d ,  a s  a c o n v o lu t io n  o f  
the  i n t e g r a l  e v a lu a t io n s  o f  e q u a t io n s  A -5 .7 and A -5 .50,
Since th e  arguement o f  th e  h y p e r b o l i c  c o s in e  f u n c t i o n  i s  in d e p e n d e n t  o f  r  t h e  
fu n c t io n  i s  inde p en d e n t  o f  t h e  c o n v o lu t io n  i n t e g r a t i o n  and t h e  second type  
in te g r a l  i s  s im ply  r e l a t e d  to  t h e  f i r s t  ty p e  i n t e g r a l  e v a l u a t i o n  o f  e q u a t io n  
A-5.62a a s ,
2ljj = cosh^pg/pjj+p^) 2*3 =
- ( 2  + 26pi;+p?r2 ) e r f ( — ) -  2 /  -  p ? r  e
& C 0 _ /T  I T  C
S „  46
(A -5 .73b)
2l J  = I Q( r )  * 2*?4 ( r ) = *0 ( r ) * 2 ! 13( r )  co s h (5 p 2 /p 2+p2 ) , n > 0 . (A -5 .74a )
n > 0 (A-5.74b)
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A sim ple  z e ro  wavenumber p o le  o f  t h e  i n t e g r a n d ,  n equa l  t o  minus o n e ,  
re q u ire s  t h a t  t h e  second convolved  i n t e g r a l  be t h a t  o f  e q u a t io n  A - 5 . 51 which a l s o  
d i f f e r s  from th e  c o r re sp o n d in g  f i r s t  ty p e  i n t e g r a l  c o n v o lu t io n  by t h e  same 
hyperbo lic  c o s in e  f u n c t io n  a s  shown,
2*4 ^  = * 2I 1 4 ^ r  ^ =
= I 0 ( r ) * C*4 2 * 1 3 ° ^  cosh  ( 6p2>/p2+p3^ + T r T T T ^  =
P 2  1 1 2 p 2
  _  ( r - t ) 2
= 4  c o s h ( 6p2 / p 2+p3) 2 I 3=0 + " T I  d? e  46 l l r  • (A -5 .75a )
P 2 2 p 2  J - »  i ^ 1
The f i r s t  term o f  th e  c o n v o lu t io n  i s  s i m i l a r  to  t h e  c o n v o lu t io n  in  t h e  ab sen ce
o f  ze ro  wavenumber p o le s  and t h e  second te rm  i s  i d e n t i c a l  t o  t h e  second te rm  o f
the  f i r s t  ty p e  i n t e g r a l  w i th  a s im p le  z e ro  wavenumber p o l e ,  e q u a t io n  A -5 .57. As 
a r e s u l t ,  th e  f i r s t  te rm  e v a l u a t i o n  i s  s i m i l a r  to  t h a t  o f  e q u a t io n  A -5 .74 and th e  
second term e v a lu a t io n  i s  t h e  second te rm  o f  e q u a t io n  A -5 .70 y i e l d i n g  th e  e v a l u a t i o n  
o f  th e  second ty p e  i n t e g r a l  w ith  a z e ro  wavenumber p o le  o f  t h e  i n t e g r a n d ,
j H )  = dL i n=0 + J L  T H ) # r )  =
2 4 2 2 4 2 d 3
P 2 P 2
2
i  r j — o’ <5Po -P ? r  -r+26p« p « r  r+26p? ^
= — 2 1cosh (6p2 / p 2+ p - ) e  [e  e r f c ( — — — ) - e  e r f c ( -----------) ] - 2 e r f ( — ) [  .
2p2 ( 3 2 / s  2 / s  2 / 6  >
(A -5 .75b)
When th e  i n te g r a n d  o f  t h e  second ty p e  i n t e g r a l  p o s s e s s e s  a t h i r d  o r d e r  p o le  
a t  zero  wavenumber, n equal to  minus tw o, t h e  i n t e g r a l  e v a l u a t i o n  o f  e q u a t io n  





(A -5 .76a )
In th e  l a s t  c o n v o lu t io n  r e p r e s e n t a t i o n  ab o v e ,  t h e  f i r s t  te rm  i s  s i m i l a r  t o  t h e  
convo lu tion  in  th e  absence  o f  z e ro  wavenumber p o l e s ,  t h e  second  te rm  c o n t a i n s  
th e  same i n t e g r a l  a s  in  t h e  l a s t  te rm  o f  e q u a t io n  A -5 .67  and t h e  t h i r d  te rm  c o n t a in s  
the  same i n t e g r a l  a s  t h e  l a s t  te rm  o f  e q u a t io n  A -5 .7 1 .  T h e r e f o r e  t h e  f i r s t  te rm  i s  
s im i la r  to  t h e  e v a l u a t i o n  o f  e q u a t io n  A -5 .74  and t h e  second  and t h i r d  te rm  i n t e g r a l s  
may be e v a lu a te d  a s  th e  l a s t  te rm s o f  e q u a t io n s  A -5 .70  and A -5 .73  r e s p e c t i v e l y .  Thus 
the  second ty p e  i n t e g r a l  w i th  a  t h i r d  o r d e r  z e ro  wavenumber p o le  may be e v a lu a te d
as
f >  ♦ h  d I 3 ' 2 ) <r > '
c o s h (6 p p /p 9+ p , )  e [e
The t h i r d  ty p e  o f  i n t e g r a l  t o  be e v a l u a t e d ,  e q u a t io n  A -5 .1 c ,  i s  equa l  t o  a 
convo lu tion  o f  th e  i n t e g r a l  e v a l u a t i o n s  o f  e q u a t io n s  A -5 .7  and A -5 .53  in  t h e  ab sen ce  
o f  zero  wavenumber p o le s  o f  t h e  i n t e g r a n d ,
s in h ( 6 p 2 /p?+p?)
Zl 5 = I 0 ( r )  * 2 I 15( r )  = * 2 I 13( r )  -------- —  * n > 0 . (A -5 .77a )
Spg/pg+Pj
Since th e  arguem ent o f  t h e  h y p e r b o l i c  s i n e  f u n c t i o n  i s  in d e p e n d e n t  o f  t h e  con­
v o lu t io n  i n t e g r a t i o n ,  in  t h e  ab s e n c e  o f  z e ro  wavenumber p o le s  t h e  t h i r d  ty p e  
in te g r a l  e v a lu a t io n  i s  s im ply  r e l a t e d  to  t h a t  o f  t h e  f i r s t  ty p e  i n t e g r a l  a s
_ s in h ( 6 Pg / p |+ p | )  _
2 5 '  g— 2  2 3
6p2l/,P2+p3
o_ j ,  s i n h U p p /p ^ + p - )  6p2 - p 2r  - r+ 2 6 p ? p ? r  r+26p?
= ( ip o )  3-  e  2 [ e  e r f c (  - ) - e  2 e r f c (  - ) J  ,. ,  2 . 2  2 /6  2 /6  
6f>2'P2*f>3
n > 0  . (A-5-77b)
When th e  i n te g r a n d  o f  t h e  i n t e g r a l  p o s s e s s e s  a s im p le  p o le  a t  wavenumber 
equal to  z e r o ,  n equal to  minus o n e ,  t h e  a p p r o p r i a t e  second  convo lved  f u n c t i o n  
i s  th e  i n t e g r a l  e v a lu a t io n  o f  e q u a t io n  A - 5 .54 which y i e l d s  t h e  c o n v o lu t io n  form,
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The f i r s t  te rm  o f  th e  c o n v o lu t io n  i s  s i m i l a r  t o  t h e  c o n v o lu t io n  in  th e  
absence o f  z e ro  wavenumber p o le s  and t h e  second te rm  i s  i d e n t i c a l l y  t h e  second 
term o f  e q u a t io n  A -5 .67. T h e re fo re  t h e  t h i r d  ty p e  i n t e g r a l  w i th  a s im p le  z e ro  
wavenumber p o le  may be e v a lu a te d  by e v a l u a t i n g  t h e  two te rm s o f  th e  c o n v o lu t io n  
form, e q u a t io n  A -5 .7 8 a ,  a s  in  e q u a t io n s  A - 5 .77 and A - 5 .70 r e s p e c t i v e l y ,
, M ) a i  t"=0 + 1 r("l )f-\




?  ?  2s i n h ( 6 p , / p , + p , )  6p0 -P o r  -r+26p« p 0r  r+2<5p, 
-Z _ L _ 3 _  e 2 [ e  2 e r f c ( -----------------------—) - e  2 e r f c ( ---------*•)]
. j T T l  2 / E  2 / E
p2 p2 p3
-  2 e r f  (— )
2 / E
. (A -5 .78b)
This com pletes  th e  e v a lu a t io n  o f  t h e  d e s i r e d  i n t e g r a l s ,  e q u a t io n s  A -5 .1 ,  f o r  a l l  
n ecessa ry  z e ro  wavenumber p o le s  o f  t h e  i n te g r a n d  when t h e  nonzero  wavenumber 
poles a r e  im a g in a ry ,  which co r re sp o n d s  t o  t h e  c o n d i t i o n  o f  l a r g e r  therm al d i f f u s i o n  
c o e f f i c i e n t  th a n  th e rm a l - v i s c o u s  damping c o e f f i c i e n t .
The i n t e g r a l s  o f  e q u a t io n  A-5.1 need a l s o  be e v a lu a t e d  f o r  th e  c o n d i t i o n  o f  
l a r g e r  th e rm a l - v is c o u s  th e n  the rm al d i f f u s i o n  c o e f f i c i e n t  which r e s u l t s  in  
rea l  nonzero wavenumber p o le s  o f  t h e  i n t e g r a n d .  These i n t e g r a l s  w i l l  be 
I d e n t i f i e d  by a p r e s u b s c r i p t  1 and may be e v a lu a te d  by t h e  c o n v o lu t io n  form
l 1" ) = I 0 ( r )  * l l!l(  ) ( r )  = C  d? I 0 ( r_ c )  1! 1( ) ( ? )  • (A -5 .79 )
The f i r s t  ty p e  o f  i n t e g r a l ,  e q u a t io n  A - 5 . l a ,  may be e x p r e s s e d  in  t h e  ab s e n c e  o f  ze ro  
wavenumber p o le s  o f  t h e  i n te g r a n d  a s  a c o n v o lu t io n  o f  t h e  i n t e g r a l  e v a lu a t i o n s  
o f  e q u a t io n s  A -5 .7 and A -5 .5 5 a ,
The d i s c o n t i n u i t y  in  th e  i n te g r a n d  o f  t h e  c o n v o lu t io n  may be e l i m i n a t e d  by 
exp ress ing  th e  i n t e g r a l  a s  t h e  sum o f  two c o n t in u o u s  i n t e g r a l s .  F ur the rm ore  
expanding th e  c o s in e  f u n c t io n  in  e x p o n e n t ia l  fo rm , t h e  c o n v o lu t io n  may be 
expressed a s  t h e  sum o f  f o u r  i n t e g r a l s ,
Tn _ 2n i  , ir 
1 3  ~ P1 7  0
rJn . L t z l L .  idc e 45 e l p i ?  +  rJo ( r - c ) ‘ IPiCd e e  45 e 1
- I P l ?
(A-5.80b)
By com pleting  th e  sq u a re s  o f  t h e  c te rm s in  t h e  a rgum ents  o f  t h e  in t e g r a n d  
ex p o n e n t ia ls  and by perfo rm ing  t h e  i n t e g r a t i o n  v a r i a b l e  s u b s t i t u t i o n s ,
C-r-i26p.j c-r+i2(Sp-] -?+r+i26p-| - c+ r - i2 6 p - |
n-j —   , Hq = _ , n n ~   and m
2/6 2 /6 M E 2 /6
(A -5 .8 1 a ,  
b , c , d )
in th e  f i r s t ,  second ,  t h i r d  and f o u r t h  i n t e g r a l s  r e s p e c t i v e l y ,  t h e  c o n v o lu t io n
becomes
Tn _ 2n iv^T _-<Spl 
1 3  ” P1 ~ 2 ~
»-i26p 1
1 p , r 2 /6 - ( m )  - i P i r
dm  e +e
+e
1 p i r
- r - i2 6 p - |
2v7
r+i26p-|
2 /6  - ( n , ) 2 - ip - j r
d n ,  e  +e
« e + 1 2 6 P ' j
2/6
< » + i 2 6 p - j
Z / E  - ( n ? ) 2
dn? e
- r + i 2 6 p 1
Z J E
r - i 2 6 p i
Z / E  - ( n 4 ) ‘
. dn4 e  4
<«>-i26pi
2/iT
. (A -5 .82)
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Each o f  th e s e  i n t e g r a l s  may be e x p re s s e d  a s  t h e  d i f f e r e n c e  o f  two G auss ian
e r r o r  f u n c t i o n s  o f  complex a rguem ent,
? fX+iy 2
e r f ( x + i y )  = —  dn e  ,
•fir J 0
th e r e f o r e  th e  c o n v o lu t io n  becomes,
ip i  r  <=-i26p1 - r - i2 5 p - |  - i p ^ r  °»+i26p
Tn _ 2n in  " <5pl 
1 3  '  P1 “ 4 e
[ e r f ( -
2 /6
4 - e r f ( -
2 /6
L)]+ e  ' [ e r f ( -
2 /6
) -
- r + i2 6 p ,  i p , r  r+ i2 6 p ,  °°+i26p-,
e r f (   — )]+ e  [ e r f ( — —— ) - e r f ( — - — ) ]  +
2 /6  2 /6  2 /6
- i p - | r  r- i26p-j
+e [ e r f (
2 /6
) - e r f ( -
—i2fip ^  
2 /6
L)]
( A -5 .83)
( A - 5 .84)
S im p l i f i c a t i o n  i s  p o s s i b l e  b ecause  t h e  G auss ian  e r r o r  f u n c t i o n  i s  an odd 
fu n c t io n  o f  i t s  arguem ent and i s  equa l  t o  u n i t y  f o r  an  i n f i n i t e  r e a l  p a r t  o f  
i t s  arguement l a r g e r  th a n  t h e  im ag ina ry  p a r t  o f  i t s  a rg uem en t ,
e r f ( - x - i y )  = - e r f ( x + 1 y )  ,




All te rm s which a r e  s p e c i f i c a l l y  i n f i n i t e  in  e q u a t io n  A -5 .84 r e s u l t  from t h e  
co n v o lu t io n  be ing  perform ed o v e r  an i n f i n i t e  medium and m ust be l a r g e r  th a n  any 
o th e r  te rm s which may become i n f i n i t e  b u t  must be w i th in  t h e  medium. As a 
r e s u l t  a l l  e r r o r  f u n c t i o n s  w i th  s p e c i f i c a l l y  i n f i n i t e  r e a l  p a r t s  o f  t h e  
arguement a r e  equa l  t o  u n i t y  and u t i l i z i n g  th e  odd p r o p e r ty  o f  t h e  e r r o r  f u n c t i o n ,  
equa t ion  A -5 .8 5 a ,  th e  f i r s t  ty p e  i n t e g r a l  w i th  o n ly  n o n z e ro ,  r e a l  wavenumber p o le s  
o f  i t s  i n te g r a n d  maybe e v a lu a te d  a s
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o
?n _lSPl *p l r  r+ i2 6 p .  - i p , r  - r + i2 6 p ,
, l 5  = Pf  i f e  [ e  e r f ( — — L) -  e 1 e r f ( — — - - ! ) ]  . (A -5 .86)
1 J  1 c  2 /5  2 /5
An a l t e r n a t e  form may be d e r iv e d  th ro u g h  use o f  th e  e r r o r  f u n c t i o n  p r o p e r t y ,  
th a t  th e  e r r o r  f u n c t i o n  i s  equa l  to  t h e  c o n ju g a te  o f  t h e  e r r o r  f u n c t i o n  o f  
conjugate arguem ent,
e r f (x + iy )  = Real [ e r f ( x + i y ) ]  + i  Im ag inary  [ e r f ( x + i y ) ]
= Real [ e r f ( x - i y ) ]  -  i Im ag inary  [ e r f ( x - i y ) ]  (A -5 .87)
By e x p re ss in g  th e  e x p o n e n t ia l  o f  im ag ina ry  arguem ent and th e  e r r o r  f u n c t i o n  o f  
complex arguem ent in  term s o f  r e a l  and im ag ina ry  p a r t s  and by u s in g  t h e  con­
ju g a te  p r o p e r ty  o f  t h e  e r r o r  f u n c t i o n  th e  f i r s t  ty p e  i n t e g r a l  may be e x p re s s e d  
as
n 7n -l5pl { r + i2 5 p ,  ' r+ i2 6 p .  \
, 1 ,  = p, I tt e  l c o s ( p 1r )  R e a l [ e r f ( ------------ ) ] - s i n ( p , r )  I m a g i n a r y [ e r f ( ------- :— ) ] [
>• 2 /6  1 2 /6  >
(A -5 .88)
which i s  p u r e ly  im ag ina ry .
A s im p le  z e ro  wavenumber p o le  o f  t h e  f i r s t  ty p e  i n t e g r a l ' s  in t e g r a n d  r e q u i r e s  
th a t  th e  i n t e g r a l  e v a lu a t i o n  A-5.55b be u t i l i z e d  as t h e  second c o n v o lu t io n  f u n c t io n  
in eq u a t io n  A -5 .88. T h is  y i e l d s  t h e  c o n v o lu t io n  form o f  th e  d e s i r e d  i n t e g r a l ,
.  (r-| ? 2.
l 4 _1) = I 0 ( r )  * ^ 3 % )  4 / f  f  d ; e  ^  ( « s ( p iC ) - 1 ) =
2p-| 1 1
, _  _  .  i c i i i  .  _  _  . l E s i i
* 73 r . d t e i f r c o s ( ° t 5 > - r i / f f  dse Ttr
2p1 - *  2»1 ' (A -5 .89a )
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The i n t e g r a l  in  t h e  f i r s t  te rm  i s  i d e n t i c a l l y  t h e  i n t e g r a l  in  t h e  ab sen ce  
o f  ze ro  wavenumber p o le s  and t h e  second  te rm  i s  i d e n t i c a l l y  t h e  second  te rm  
o f  e q u a t io n  A - 5 .67 which i s  t y p i c a l  in  t h e  p re s e n c e  o f  a z e ro  wavenumber p o le .
T here fo re  t h e  e v a lu a t io n  o f  t h e  f i r s t  te rm  i s  s i m i l a r  t o  t h e  e v a l u a t i o n  
given by e q u a t io n  A-5.86 and t h e  second te rm  e v a l u a t i o n  i s  i d e n t i c a l l y  t h e  
second term o f  e q u a t io n  A - 5 .70 and th e  f i r s t  ty p e  i n t e g r a l  w i th  a s im p le  z e ro  
wavenumber p o le  o f  t h e  in t e g r a n d  may be e v a lu a t e d  a s
t( - D = L -  Tn=0 _ 1 j { - l ) / r )  .
1*3 2 1*3 T  d*3
P1 P1
2
, (  - 6 p ,  1 p , r  r+ i2 6 p ,  - i p , r  - r + i2 6 p ,  „ i
= e  1 [e  1 e r f (  -  e 1 e r f ( ------------ ±-)]-2 e r f ( - E _ ) [  .
2p2 I Z / s  2 / E  2 / E  > (A -5 .89b)
When t h e  in te g r a n d  o f  t h e  f i r s t  ty p e  i n t e g r a l  p o s s e s s e s  a t h i r d  o r d e r  
pole o f  th e  i n t e g r a n d ,  n equa l  t o  minus two, t h e  i n t e g r a l  e v a l u a t i o n  o f  e q u a t io n  
A-5.55c i s  a p p r o p r i a t e  a s  t h e  second o f  t h e  convo lved  f u n c t i o n s  and y i e l d s  th e  
convo lu t ion  e x p r e s s io n
( r - g ) 2 p2?2
i4'2) ■ V> * iIi3Z)(r) ■ rr ' f  I <•« •' 45 itr cccos(0le3-i)* V ]  ■
<-P-j m
(A -5 .90a )
The f i r s t  te rm  c o n t a in s  t h e  same c o n v o lu t io n  i n t e g r a l  form a s  f o r  a s im p le
zero  wavenumber p o l e ,  e q u a t io n  A -5 .8 9 ,  and t h e  second  te rm  i s  i d e n t i c a l l y  t h e  second
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term o f  e q u a t io n  A -5 .71 which i s  t y p i c a l  in  t h e  p r e s e n c e  o f  a t h i r d  o r d e r  z e ro  
wavenumber p o le .  By e v a lu a t in g  each  term a s  done p r e v i o u s l y  t h e  f i r s t  ty p e  
in te g ra l  w i th  t h i r d  o r d e r  ze ro  wavenumber p o le s  o f  t h e  i n t e g r a n d  may be 
expressed as
t ( - 2 )  _ j _  , ( - D . L  T ^ r l  = 
1 3  2 1 3  2 d 3 [ r )
J1 '1
_ 1 1 T _
"  ?  4 
P1
-ip-. i p , r  r+ i2 5 p ,  - i p ,  r  - r + i2 5 p n e  ' [ e  1 e r f (  i ) - e  1 e r f ( ------------ i - ) ]  +
2 /6 2 /6
+(-2+26p^+p^r ) e r f ( — ) + 2 /  j  p f /  e 
1 1  2 /6  5 1
(A -5 .90b)
The second ty p e  o f  i n t e g r a l  t o  be e v a l u a t e d ,  e q u a t io n  A -5 .1 b ,  may be e x p r e s s e d ,  
in th e  absence  o f  z e r o  wavenumber p o l e s ,  a s  a c o n v o lu t io n  o f  t h e  i n t e g r a l  
e v a lu a t io n s  o f  e q u a t io n s  A -5 .7 and A - 5 .56,
tI J  = = I o ( r )  * 1Z13( r )  c ° s h ( 6 P l / p 2 - p 2) , n > 0 . (A -5 .91a )
The h y p e rb o l ic  c o s in e  f u n c t io n  i s  in d e p en d e n t  o f  th e  c o n v o lu t io n  i n t e g r a t i o n  so 
the  second ty p e  i n t e g r a l  i s  s im ply  r e l a t e d  to  t h e  f i r s t  ty p e  i n t e g r a l  a s
= c o s h f S p ^ p ^ - p j )  ^ 3  =
2
?n 9— 9 -4P i i P i f  r+12fip. - i p , r  - r + i2 6 p ,
■ p ? n ^ c o s h ( « P l / p ? - P‘ ) . e  ‘ [ e  1 e r f (  4  -  e  1 e r f (  1-)] ,
1 6 1 1 3 .  2 / $
n > 0 (A-5.91b)
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When t h e  in te g r a n d  p o s s e s s e s  a s im p le  z e r o  wavenumber p o l e ,  n equa l t o  
minus one ,  t h e  second convolved f u n c t i o n  sh o u ld  be t h e  i n t e g r a l  in  e q u a t io n  
A-5.57 which y i e l d s  t h e  c o n v o lu t io n  form ,
The f i r s t  te rm  o f  th e  c o n v o lu t io n  i s  s i m i l a r  t o  t h e  f i r s t  te rm  in  t h e  ab sen ce  o f  
zero wavenumber p o le s  a s  e v a lu a t e d  in  e q u a t io n  A -5 .91. The second  te rm  i s  t y p i c a l  
of i n t e g r a l s  w ith  s im p le  z e ro  wavenumber p o le s  a s  in  e q u a t io n  A - 5 .67 and e v a lu a te d  
in e q u a t io n  A -5 .70. As a r e s u l t ,  t h e  f i r s t  ty p e  i n t e g r a l  w i th  a  s im p le  z e ro  
wavenumber p o le  o f  t h e  in te g r a n d  may be e v a lu a t e d  as
(A-5.92b)
A t h i r d  o r d e r  p o le  a t  z e ro  wavenumber o f  th e  i n t e g r a n d ,  n eq u a l  to  minus 
two, r e q u i r e s  t h a t  t h e  second convo lved  f u n c t i o n  be t h a t  o f  e q u a t io n  A -5 .58 and • 
r e s u l t s  w i th  th e  c o n v o lu t io n  form ,
i t "  = ‘o( r > * i ' u ’ m  ■
-  I 0 W  * , I ? 3 °  c o s M i „ , 4 ^  -  ■
P] 1 ' 2p1
COSh(6p ,/p- ,-p ,)  .1
r+12fip r+i2<Sp
-2- |  c o s h ^ / p ^ e  [e  e r f ( 1 ) ]  - 2 e r f ( J U }  .
2 / 6  >
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= I Q( r )  * C^f ^ " ^ ( r )  cosh(6p 
P1
co sh (6 P l / p , - p , )  ,1
(A -5 .93a )
In th e  l a s t  c o n v o lu t io n  r e p r e s e n t a t i o n  above ,  t h e  f i r s t  te rm  i s  s i m i l a r  t o  th e  
convo lu tion  in  t h e  absence  o f  z e ro  wavenumber p o le s  and t h e  i n t e g r a l s  in  t h e  
second and t h i r d  te rm s a r e  th e  same as  c o n ta in e d  in  e q u a t io n s  A -5 .67 and A - 5 .71 r e ­
s p e c t iv e ly .  E v a lu a t in g  th e  f i r s t  term a s  in  e q u a t io n  A - 5 .91 and e v a l u a t i n g  th e  
i n t e g r a l s  c o n ta in e d  in  th e  second and t h i r d  te rm s a s  in  e q u a t io n s  A - 5 .70 and A - 5 .73 
r e s p e c t i v e l y ,  th e  second ty p e  i n t e g r a l  w i th  a t h i r d  o r d e r  z e ro  wavenumber p o le  
of  th e  in te g r a n d  may be ex p re s se d  as
•s— -k  -6p-i i p , r  r+i2<5p 
c o s h ( 6 p , / p , - p , ) e  [e  e r f ( ----------
r+ i  26p
(A -5 .93b)
+ ( - 2  + 25p2 + 62p^pg + p2r 2 ) e r f ( — ) + 2 ✓ £  p2r  e<5 2_ ^ 46
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The t h i r d  ty p e  o f  i n t e g r a l ,  e q u a t io n  A -5 .1 c ,  in  t h e  ab s e n c e  o f  z e ro  wavenumber 
poles o f  t h e  i n te g r a n d  may be e x p re s s e d  a s  a c o n v o lu t io n  o f  t h e  i n t e g r a l  
e v a lu a t io n s  o f  e q u a t io n s  A -5 .7 and A -5 .59.
1— 2n n n s i n h ( f i p , / p i - p , )
j l g  = I 0 ( r )  * 1 l ” 5 ( r ) = I Q( r ) * ^ ( r )   - L , n > 0 . (A -5 .94a)
S p / p f - p f
Since th e  arguem ent o f  t h e  h y p e r b o l i c  s i n e  f u n c t i o n  i s  in d e p e n d e n t  o f  t h e  
convo lu tion  i n t e g r a t i o n ,  th e  t h i r d  ty p e  i n t e g r a l  e v a l u a t i o n  in  t h e  a b sen c e  
of ze ro  wavenumber p o le s  i s
,n  _ s in h ( 6 P l / p f - p | )  rn _
1*5 " 1*3 "
6P] / p r p3
p p 2
. s i n h ( 6 p , / p , ' - p - )  -5 p ,  i p , r  r + i2 5 p ,  - i p , r  - r + i2 6 p ,
= p ? ^  ---------- - L - 1 - 3 e [ e  1 e r f ( - — L)-e------1 e r f ( ------— *-)] ,, 2 /6  2 /6  
1 l ” p3
n > 0 . (A -5 .94b)
When th e  i n te g r a n d  o f  th e  t h i r d  ty p e  i n t e g r a l  p o s s e s s e s  a s im p le  p o le  a t  
zero wavenumber, n equal to  minus on e ,  th e  i n t e g r a l  e v a l u a t i o n  o f  e q u a t io n  A - 5 .60 i s  
the  a p p r o p r i a t e  second f u n c t i o n  o f  th e  c o n v o lu t io n  r e p r e s e n t a t i o n ,
,4 '” ■ ‘o'1-’ * i 'k ’w ■
F T ,
■ ‘ o M  *  £  .  r  ,
pi 1 13 . , n  | r |  2P?
P1 p l ”p3
2
1 s in h (5 P l / Pf ^ f )  Q - i j j S i -
p ?  , T ~ 7  1 3  " 2pl 6 J -  W  ‘ (A -5 .95a)
H  f ip j /p j - p ^
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The f i r s t  te rm  o f  t h e  c o n v o lu t io n  i s  s i m i l a r  t o  t h e  c o n v o lu t io n  in  t h e  a b sen c e  
o f  ze ro  wavenumber p o l e s ,  e v a lu a te d  in  e q u a t io n  A - 5 .94 ,  and t h e  i n t e g r a l  con­
ta in ed  in  th e  second te rm  i s  t y p i c a l  in  t h e  p re s e n c e  o f  s im p le  z e r o  wavenumber 
poles a s  in  e q u a t io n  A -5 .67 and e v a lu a te d  in  e q u a t io n  A - 5 .70. Thus t h e  t h i r d  ty p e  
in te g r a l  w ith  a  s im p le  z e r o  wavenumber p o le  o f  t h e  i n t e g r a n d  may be e v a lu a t e d  
as
r H )  3 J _n - 1 / =   Tn=0 1  t(~ 1 ) /
1 5  2 r 5  2 d*3 m
P1
-




s i n h ( « p , / p , - p , )  -6 p i  i p , r  r+ i2 6 p ,  - i p , r  - r+ i2 f ip ,
 3 e [e  1 e r f ( — — L)-e 1 e r f (  — - 4 ]
.  j T T  2 / 6  2 / 6
-2  e r f  ( - ^ - )
2 / 6
(A-5 .95b)
This com pletes  th e  e v a lu a t io n  o f  th e  d e s i r e d  i n t e g r a l s ,  e q u a t io n s  A -5 .1 ,  f o r  a l l  
necessary  z e ro  wavenumber p o le s  o f  t h e  i n te g r a n d  when t h e  nonzero  wavenumber 
poles a r e  r e a l ,  which c o r re sp o n d s  t o  t h e  c o n d i t i o n  o f  l a r g e r  th e r m a l - v i s c o u s  
damping c o e f f i c i e n t  than  the rm al d i f f u s i o n  c o e f f i c i e n t ,  and a lo n g  w i th  t h e  
previous e v a lu a t io n s  f o r  im ag ina ry  nonzero  wavenumber p o le s  c o m p le te s  a l l  
req u ired  e v a lu a t io n s  o f  t h e s e  i n t e g r a l s .
